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M = m&er of identical eqpiprients operat* at the locaticti 

B = fi>oid available àiàget ($1 c h h g  prid t 

R = ccmstant ard ocmron interest rate for inventory holding costs H 

($/$/the 

j = bckx of part ( i t e n )  types (j=l,Z,..,J) 
fj = tk-to-fail-  cïensiw (paf) of i t e n  j  

'1 = itm or  carpnent failure rate (fr/time) 

ql = Pois- prcbability rnass finictian (prb) 
6j = missan rate -ter for a f h d  t h  m d  

Fj = m a t i v e  distritution functiogl (cdf) 

Pj = Qlerrr?nw adf = 1-Fj 

hj = CjR = ~ E I I ~ O ~  -1- costs for i tan j 
H = Ç hj = total inveritoq holding msts ($) 

9 = pirdiase mst for iten j ($/itm) 

Cs = Z ~ j S j  = total plrdiaçe COS~S ($1 
Sj = up-to inventoq level for itm j at  the kgunimg 

. . 
of the period 

{s)={s~, j=1,2, ..,JI = -tory w t i w  vector of al1 itars at the 
o .  begmmng of the period 

BO,= w e d  of backorders for iten j 
aO = total acpected systm baclarders = 

9 = availability for i t e m  j 
=3 

AS = systan availability = '9 
Anç= expeded prcporticai of quiprrents still operatiaîal at t h e  end of 

the period 

i = iridex for m m b r  of locations (i=1,2, . . . 1) 
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This thesis investigates the clurwt imentary nodel u s d  in the 

Canadiari Arrried Forces (Army) to field çpare parts to various self - 
organizatim (units) to sustain operatiamî equiprents for 

fiwd cycle perids. Since the current mdel de- -tory 

leveïs for eadi spare j, j=i, ..,J up to a W i e d  fixeü availability 
Service masure wh i&  is the çaie for each ken, UR p~cpose and anaïyze 

b+m distinct niodels ki &ch the djective saqht is to detemine the 

optimal mmber of spares 9. j=1,. .,J (<misidered c<rmçlnrebles or thruw- 

amy müules subject t o  Poissai darerds) nqukd at the begunutlg 
. . 

of 

the perid in order to uptirdze syçtm perforniance by either 1) 

nrsucirnizing systgn d a b i l i t y  Aç -/or minhn iz ing  total -ed 

çystan badadem BO, coais trairiied to a specified budget. Both rrodels 

~t in +imi~ei  stock I ~ S  {S j, j =1, . . . J} thae are m - t d y  

the sam. V a r i o u s  salutian =thaïs for solving this non-linear integer 

qtinrizatian type of groblan such as dyMmic programning, rrarginal and 

Lagzaqe analysis are imrestigated and cixpare both müels vs the 

curreot rn i i i t a ry  irodel; sinple heuristics are develaped to irtpmve near 
optimal solutions. W e  alço analyze the link between both wonriance 

msasmes and dweicp a mre erapriate masure of -tan perfonmne: 

the expcted n m b ~  (ard proportion) of equi-ts still qeratimal a t  

t h e e r r ï o f t h e p e r i o d o r ~ , w i t h a r d w i t h a i t p a r t f a i l u r e  

dqemkmies. Variants ard extemians to miltiple locatian ani 

irdentured types of syçtars are also discussed. We include rardady 

generated nunorical test pmblars, wbse resuits signif icantly 
umbrscore the usefulneçs of the p m  pme&res across al1 

rreaçwsofsystenperfornianceAç, B3ardAAç. 



In the pst, several traditionai types of inventos. systers have 

been studied d accarnt for hm&&s of papers iud articles that hare 

been prblisbed in the literatue. V a r i a s  policies were amlyzed such 

as cc~ltinuous al33 periodic &ew rriodels, w i t h  and w i t h c u t  reorder 
point levels, deterministic ami variable deiivery lead th, ccnstant 

arid stochastic -, backorders vs 1st sales, cançurriables vs 

repairables. . . A class of inventory syçtais that have been the focniç of 

further s w  in the past 20 years are those associated w i t h  varias 

cmbinations of miltiple itan, rniitiple i~dentures, miltiple location 
arid milti-echelan types of irrventory systarrs for both cansuirable ard 

repairable itgtls. 

In this thesis, w e  =strict air attention to the -t n d d  

used by the Qniadian Amxi  Forces (Land elernent) to  field çpareç to 

self-cantained units and we k s t i g a t e  ard rmpare two alternative 
mltiple itm -tory rrodels, each subjected to a one-period, 

static~iazy Poisson fai iure process for ccaislrmable or thnni-aq 

repairahle i t e r s .  

It is mtivated by the caçe where a set of identical operating 

equiprients or machines, subject to ratdan arvl iroependent failures, 
need to be sqprted by an iwentory of spare asserblies or parts that  

w i i l  mdmhe or minimize a defined systan performnce masure; çeveral 

inportant Variants of the basic mdels are hestigated. 

In particular, &jective is to determine h m  mny of -ch type 
of asçecci31ies or itars to pircbase ard stodc in imentq,  or the 
order-q-to quantiw vectcar {s) = {sj, j=i,2,. .,J} at the b- . . 

of 
each cycle period either to 1) niaxiniize systan availabiliw Aç &/or 
2 )  e e  total -ed systan baclcorders E(EJ3) -ch w i i ï  be 

deM,ted 83, and subject to a fixed single investnirit àidgetary 

cunstraint copisisting of purchashg aosts. These t w o  rroclels will be 

formilated in chapter 2 and be h a m  as rrrriel p1 and p2 reSpective3~. 



Iherarairderofchapter1willdescribethe<1irrentrrndelusedby 

the QMdian Armed Forces (Lard elment) , and the systm performaflce 

masures Ussa to detennine the n d x r  of spres (sj, 1 ,  J }  in orüer 

ta keep a set of M identical equipm~ts operat- durhg fixed cycle 

pericds. 

in chapter 2, the necessary notation, t-logy and definitianç 

used t h x q h m t  the thesis are introduced arxi indudes the descriptian, 
iomdaticn and assmptianç for the two  different single lccatian, 

miltiple itan -tory ripdels ET and P2 for CQIlSUIItab1es or repairable 

(thruw-away m) , the basic building block f rom &ch rriore carplex 
extensims can be analyzed in later chapters. It alço disnisses various 

çakitian r r e t h d s  ani variants that yield the sare çolutians k t  

lead to different managerial interpretatim. A Aiterature rwiw is 

lllcluded. 

Chapters 3 ta 6 describe the varias methodç and inportant factors 

us& to &tain the near or cptiniil çalutiai  -or (3 , j 1 . . , J} for 
each nodel P l  ard P2 and their  related d a n t s ,  so t h a t  they rray be 

carparedwiththecurrentmilitary~andcansideredforeventuai 

irrplementatian. 

Ln chapter 3, dpamic prograrmiing rrethodology is deçcribed to 
solve for the qtirral solution to the problem; udcminated çolutian 

vectors {sj} can be -ted for Varias trdget values ard are 

guaranteed to be optirrial d y  if al1 possihle hdget values are 
emmrateci at every stage; asçociated d o u s  ~~[~putaticmal 
difficuities are discussed wbich lead t o  a DP appmximticn rrethodology 

w i t h  innarents (or diçcretized values) at every s w  and a laver 

baml an the total cost salutian CS is derived. B@.vaLent= KTLL and CAP 

network structures illustrating both m ù d s  are presented. T h e  

requiraiPnt to -op faster and mre efficient r r r e t h o d s  is also 

discuçsed. 

-ter 4 analyzes the mrghal analysis proœüure used to &tain 
near or qirral solutians for both niodels Pl and P2, based (ai the 



Pois- distributim. by genezathg successive undrminated allocations 
(but na neœssarily ail of thml until the m;ucimm mailable tazdget 

has been reachd; error boum% ai the systan availability perfo- 

masure Aç for rrndel P1 a d  for expcted -tan backoders Bû of nrdel 

PZ as well as ermr banids cni the total costs çolutians Cç are 
Mm. W e  extesid the anaïysis by ciezi- a sirrple heuristic, 

-ch will be &ed the r*top-upu marginal analysis pmaghue, that 

can significantly irrprove the perforrrance rreasures, particularly for 

1- biget values, ami -ce the total coçt saluticn CS to within the 

least v i v e  of all J i t e m  or an emr less than the m i n  {cj, 
j=l, . -,JI- 

Switching the cbjective functim w i t h  the canistraint in each of 

the nodel results in t w o  variants of the mrlels when minirriizw costs, 

called nodels Pïa ard ma, &ch give the sam of undrniinated 

solution vectors {sj, j =1, . . , J) but lead to a different -w 
interpretatim. 

-ter 5 derives Lagrange miltipliers for each n d e l  axd provides 

accurate and wful 1- atd q p e r  km-& to heïp us calailate (as 

opposeù to guessiq) the first estimted value of the rmltiplier, fmn  

w h i c h  the efficient bisection search technique can tben be used to 
abtain the near ar cptirral salutim to the pmblgn even faster than the 

nrYginal anaiyçis proceràire; the Lagrange mtipliers for mxlel 

vaz-hnts F'îa and P2a are also inci-. 
-ter 6 uses similatian to analyze the ad of cycle effect a d  

its h p c t  an systan aailability Aç due to part failure depnkxies; 

an equivalent systm avaiïability masure EAç s defined an3 is 

carpared to an alternate and mm qpcpriate masure of systan 

wonriance % = average proportion of equiprents still qerational at 

the end of the cycle, by var- the nuber of operatiCIaICil quipmts 
available at a location. aheoretical derivations of AAç a d  practical 

d t s  are ccnpared w i t h  and w i t h x t  part fail- deperdencies. 

Chapterç 7 disaisses various ctxtensicxis to models m and P2. An 

anaïysis of a systan with miltiple iridenture levels of asmbïies ;aid 

their -, a derivaticm of the carditims urder &ch it 



beams worthwhile to -te the Poisscn p-s for an asçarbly 
into m a l i e r  anes (for its carp3nents) ance a d d i t i d  inforrmtian an 
their failure rates and custs becatio nore accurate, ard h m  a rrarginal 

analyçis technique mn be used for air iinclels to solve for the near or 

optimal çolutiai vector {çj}, even the@ the smi of the costs of 

irylividual ccrrptaients nay be mre than the cost of the whole asse~bly 

while still prwiding hi* system dabiliv Aç. 
It also p ravides a niltber extermian frun the one locatian systgn 

to the miltipie location Spe of systm by formilating two new 
nadels: müeï (mb) to w e  Aç and rrodel (P2b) to m h h i z e  80; 

çpecifically, the cmptatiQnal difficulties associated with the DP 

mthodology to allocsite the total @able tudget B aming the varias 

locations i, i=l, . . , I are -; an I=3 location a d  J-5 itan 
-le is çhown to be -valent to a prablem of I=l x J=15 i tew in 
which the s e  pramterç of the 5 itm are appended 3 tkes at the 

sam locatim. Pbrghal analysis ard Lagrange miltiplier techni- can 
then be used to abtain a near or cptimal solution mich faster than DP, 

ami  both niotbods provide a fast an3 cclflvenient procecbire to q t i w l l y  

determine and allocate Wt leveïs to -ch locaticn. 

Mtwork amiysis, presented m i e r  in -ter 3, is also &am to  

be applicable to the rmltiple locatian niodels; the FULL network 

structure is equivalent to the optimal DP rrethodology w i t h  -ticai 

of al1 possible budget values at each stage. T h e  GAP network, ham~r .  

drasticaily -ces netwo* sue and we shcw t h a t  an ermr band <II Cg 

is exactly the  sanie as the single locatian model if itars with q a l  
W S ~ S  C i j  are lis- adjacently, thus redl le the ermr CS by a 
factor of 1 (mmbr  of locatims) . aie caolcept of Veversem rriarginal 

anaïpis is used to  denunstrate hau to optirmUy re-distriaite stock& 

iters frun a central locatiai (warehse or bse) annig various 

operational locations. 
-ter 8 provides a set of 40 -y (correlatedl -ted, 

and d i s t i c  larger scale a practical prchlms for the single 
locatian case, covering an -riate mnge of values for the mnber 
of iters J atd the rnnJw of eqiprients M to study the effects ai tbe 
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average pmportim of e q u i m  -tianal at the ad of the cycle or 
AAç, an inportant altemate a d  mre agipopriate masure of srçtm 

performance. V& al- develap a sirrple heuristic to estirrate PAç w i t .  

* 1% when ccnpared to similateà values for wfüle taking into 

acmnit part failure -es. 
muding =mxb are in -ter 9 ard incl& reoonnisdatiorrs 

for possible inplerrientathn a d  further areas of study for similar 

organizatians . 

1.3.1 General . When the Gmadhn Amxi Forces (Land elerr~nt) decide to 

pircbase a fieet of M identical vehicles or weapn systms, a series of 

pmce&ms are set in notim which ultimateiy lead to the seiection of 

a contractor and the signature of a cantract to acquire these capital 

assets, Wch will eventuauy be distriàited to several self -cmtain& 

field iniits, almg with the appmpxiate technical docurrientatian support 
for m t i n g  and rriaintaining the equiprents with replacerr~nt, repair 

and methad of spareç. 

A portim of the total hidget, under the reçponçibiliw of a 
project manager, is allocated to the prchase and d i s t x i h t i a n  of 
seïected çpare asseh1ies and relateù ccnpcnients t o  a U  the h t s  and 

bases d* the equiprients. Since each uni t  has its own mle and 
oqanization, each one niay receive a diff-t mmber of equi-ts, 

thus mquMng diffetent levels of çpares to the equipmts. 
A U  first line uni- are required to hold in irrventoxy a minimni 

of 15 days stqply of spares as defined in OaMdian Forces 

Mmbistzatian m, in order to carplete their assigned mission, 

a c h  rray vary an whether it is an infan-, ammred, 
art i l lq  unit, or -, . . . Feriodically, sanie units 
are deployed for cous periods other than i5 days, which can be up to 
6 mnths or lmger when they are assigneci as part of a United N2itians 
force, or when tbqr deploy for simrlated training apeatiais for 

various l eqths  of timo and hdgets for fuel, spares, ratians,.. u t  



be pl- and hdgetd acaxdiqly. 
Secad line field units such as service 

a niinimni of 15 day spams to w r t  t h e k  

spares to sqqort f irst line field units wfPw they deploy tqe tk r ,  

&ch is m t  aïwayç the case; all f h t  se& line spares are 
calculated based an a niodified e s o n  f d a  up to 99 -8% CQBlfidwlce 

level for  each item, as d e s e  further in the rmct section. Bases 

prwide fwther support by holding varias aia~nrts of spares based an 4 

nraithsnieandarrardça1~Idepotstockçbasedan23rtl~nthsnieandenrands 

a d  canstitute npipelinelt stodcs, used for replenishont chuirig mlrral 

peacetirre qerations. OveJfiaul quantity applicable for  sans types of 

equirnts d y ,  may also be calculateci bas& crm 10% of the total 

Inmber of equipcrrsnts. W a r t h  spares are baçed an the AQ syçtem as well 

and are handled by sirrply miltipl- missan rciean failure c%m& in 
peacetinio by a factor to be determined as the situaticai may dictate .  

Irmiediatdy folimhg the signatue of the mjor contxact, a 

pmeùue kmwn as the initial provisianing is initiated, 

wIiereby spaze a s d l i e s  &/or m r ~ ~ i e n t s  are earrrarked for eventual 

puchase, and distributicai to al1 the f k t  arad secm7d Iuie f ield 

units, bases ard depots. Ihe total aranit of m m q  required for çpares 

for aï1 f i r s t  line units (arad other pipeline stocks) depends cm the 

of equi-ts each caie holdç, individual itan costs anà failure 

rates, ard is m t  lamm mtil the calculatiais for each spare and each 

unit is -ted ard then tabulateci &ring the initial pmvisicning. 

The r m & r  of eqgipents each unit w i i l  d v e  is l a a m  (fixed) , 
a oosts and failure rates are e s t b t e d  based on @or ecperienœ 

f m n  sirnilar e q u i v t s ,  preihbary cost and test data prrnrided by the 
IllCUlLtfacturer or i d q e d e m  reliability tests perfo- on prototypes, 

aria the procedure to d e t e  stock levels for aU spares j, j=lt..~J 
is bas& ai the I'AQn or asses& quantity system ard the related 

scaling model, b t h  of which w i U  be desaiàed in mre details in the 

next sectian. 

ûnce the calculatians of the stock level S for itgn j have been 

done based m the scalingnncàel, the same type of caïculaticaiç are then 



e~ecuteü for all other spares j=l,..J for that u n i t  ard the sam 

process is repeated for each of the raraintg units (including pipeline 

stoclcs such as çeacnd line field units, base aad depot stocks. 

aie t o ta l  costs of all spares CS to be distributed at all f h t  

line units (and other pipeiine stocks) are then tabulated; if t h e r e  is 

mt enasfi budget asmilable to hy a U  the spares, the scaling 

qantities or S, values j =1, . . , J are reduced either proportimately, 

mst expensive itais f i r s t ,  pipeline stocks first, or any other 

seleetion rriethod or carbinaticai devis& by the project rtianager or his 

representative, a process that is not stardardized ard the conçecpnces 

of &ch rerrrain unhmn* 
ûnce the quantities have been finalized and eventually m e t  the 

hdget requirarrints, ail spzes are pirchased and d i s t r i h t e d  to ali 
the appropriate locations, almg with a scal ing doament listing di. 

qlicabie spare kens w i t h i n  the @prient. aie pblished m t  

incïuües the AQ quantity assigneci for each item and the çarrre stardard 

lodc-up tables of the scaling -tities S for fiiced tim -valent 
usage perid of U=15 ard U=30 days for variouç values of AQ (fran 1 to 

100 in inaments of 5) arid for d o u ç  M values (frcm 5 to 120, alsa 

in incranslts of 5) . The *tory level  or Sj values can be f a n d  at 

the intersectim of a q  carbinaticai of the AQ ard M values qlicable 
to the unit. 

Since the conplter program to determine stock leveïs for ail 

firçt am3 semud line field units, bases and depots pmcesses we i tem 
at a timr, -ive of its cost, there is no mchanism set in place 

to mtroi. the total casts of al1 çpareç and, as a remit, r e q u i ~ ~  

adhoc pmedmes to 1- stock levels when the total Ridget is 

exceeded. nirthenrore, there is no aggregate system performnce againçt 
which we can masme the effectiveriess of the dcuiatian of spareç for 

f i rs t  line uni-. 

Therefore, the abjective w i l l  be m-fold: 

1. to presait alteniative mdels to cdlalate spare levels for all 
first line units during the initial prwisicnirig phase to 

ensure a fhed available hdget is not exceeded ard; 



2 .  to enahle each first line unit ta q t i r i a l l y  calaulate 

agq~rcpriate systm perfommce masure q u i M y  a d  efficiently 

for any specified cycle @cd. 
Note t h a t  the thesis àœs not analyze the effect of pipeline stocks, as 

they are currentiy not uçed as a mpknrre of -tan pexformnœ ard 

f h t  line units are r e q x h d  to hold a t  least 15 days w o r t h  of spares, 
wi thcu t  the possible inpact of such pipeline stocks. -, that 

mquirmmt bocanes &dent w h m  a first line unit àeploys ard W c t s  

similated training Soercises, of ten by thenisel-, and are w i t h m t  the 

benefit of periodic repleniçmPnt chiring the pericd, &ch m y  also 

varyinlengthotberthan15days. 

& now describe the p4 systen and the related m i l i t a q  scaling 
midel to achieve the 99.8% availability masue for each itan, discuçs 

its relevmcy ami appropriate systen performance masures. 

1.3.2 aie Aû -tan. The AQ - tan was o r i g h d l y  doanriented by 

[Gibson 19761 an3 kitended to calculate al1 the neceçsary Yidividual 

scaled quantitiffi Sj, j=l, ..,J for every f k t  and çeccaul line units, 
bases cnd depot stocks ard determine the total costs rquired to 

çupport the q&xmnts; it was also designeci to p h d e  s tankrd  lmk- 

up tables piblished in docunients frcm w h i c h  iryiividul units cm 

d e t e  the scaled quantity of each spare çj it M d  hold in stock 

chirlig a specified (f-) pexiod of either 15 or 30 da-, and based an 

thernarberof equipznts it w i l l  reçeive. 

'Be AQ s y s t a  assigns for each earrrarked spare, a average 
quantity to support Pkl00 equiprients operathg for U=l m ' s  usage at 
mid-life; it as- an ~pxnential distrihtiai for the ~IEUI t i m ~  

betwen faiiwes or MlBF of al1 itais, and cansiders each i t em equally 

vital to the operatian of the equiprient, whether it is an engine or a 

carponent, ard w l i e w  tbat cmpnent rray be an %xpndablen type of 

itan such as a rait, bolt or screw. ?he -sicmai Parts Bredakm or 

P ~ ~ o f p a r t s ~ b y t h e ~ a c t u r e r n a y b e u s e d  ( tut is  

often unreliahle) in such cases to annotate iirlenture l e s  to parts 
that relate then to their nsct hi- asserhly, in a similar rt~nnier 



t h a n t h e B i l l o f M a t e z i a i i s w d t o r r a k e u p a M a t e r i a l ~ t  

Planning m W. 

As a d t  of the assunptian of m t i a l  farlure tirries, each 

Pq is a Poisson prooess w i t h  niaan paranieter baçed ai k100 eqiprients, 

and U=l year's usage; for exanple an item j w h x e  estinet& failure 

rate is T j  = 1 ~ ~ u L P / ~ O , O O O  kiUtEter~ (or Octnierçely, an MIBFj = 

20,000 ]ans), *ch is requirsd to operate for U=10,000 km/- w i ï l  

yield an p4 = MXUXT = 100 x 10.000 km x 1/20,000 = 50, and b c a ~ s  the 
missan r i~an -ta 6 j for that part. aie AQ ~ystêm is t h ~  a 

-tan that assigns a - Pois- -ter for k 1 0 0  equipmts. Frcm 

this AQ value, the scaling quantity S is &tained by finding the m m b r  

of çpareç S r qu i red  to achieve an wavailabilityfl of at least .998 or 

99.8%, -ive of its m ~ t ,  and ushg the nodifiesi Pois- nodel 

described MW: 

For -le, if the JQ value for an itan is 50 (which is for 100 

equiprients and U=l yearfs s e d  usage), a f i r ç t  line (U=15 Qyç or 1 

year/24) unit having M=36 equiprmts will result in a man 6 = (50 x 

36) / (100 x 24) = 0.75; then the r q u i r d  scaled quantity S is 

carpted frun equatim (1.1) abave until its d a b i l i t y  exceeds 99.8% 

or S = 2 in this mse. 

1.3.3 m t s .  We f k s t  note that the optimizes an d a b i l i t y  

meaçure set mi t r a r i l y  hi@ at 99.8%, is bsed for an individual itan 
irrportance to the successful operatian of the e q u i p t  is the 

sarrie as the next, a d  does not take into accatnt its cost. As 

o r i g h l î y  doamnted by [Gibson 19761 , the availabiliw masure was 

set very hi@ so that the prcbability of any quiprent beirg 

umpezational àue to a lack of spares, mnsidering tha t  there rrey be 

severaï item in d e s ,  a d  be m e ,  but dœs not indude 



a-s aU iters regardless of tbeir costs; thus, it is possible to 

?he author correctly points cuG that this correctian factor mkes 
little differience at such a high level of assurance of 99.8%. More 

inportantly, he questions the usefukiess of the ni3dzfied missan rrodel 



in its cunait form a d  suggests dmppirg the çecaid çumation term in 

eitiber (1.1) or (1.2) since the performance- i s  related to the  

pmbabiliw of a specific @prient, say the k th ec@prem fai l ing 

before the enï of the pericü due to a lack of spares, w h i c h  is m t  

~ t o u n i t ~ a n d r n n e c e ç ç a r i l y p d d e s h i ~ S  

values, as ccnpared to the stxaight d a t i v e  Fois- given by the 

first çurcmatim in either equatim. 
A mre useful aqression for the prabability of a subset of the M 

qyipmts mt behg in a failed state  at the erti of the pericd due to 

a lack of spares has also been included but the expesian deriveci 

asames there is only me type of spare. W é w i l i  extend the analysis 

m t  this irrportant rreaçure of perforniance and discuss it later in 

chapter 6 .  

More recentiy, [ ~ e k r t  19951 h a s  pointed cut that for paraneter 

values of interest (AQ ard M) , a specif ied 99.8% availability level 

used to calculate S values wwld yield CO- " g amdative Poissan 

d a b i l i ~  values ranghg apprrpcinately frun 86% to 99%. For 

-le, if 6 = 5 and M = 10, then ushg equatian (1.1) to a .998 

availabiiity yields S = 11, and waild d t  in an availability of -994 

or 99.4% if the omnrlative Poisson is us&; k t  for hi* re2iability 

parts, such as 6 = .75 and M = 36, the miified missan up to .998 
d a b i l i t y  yields S = 2 ard w i t h  S = 2 mrreçparls to a d a t i v e  

Poisson a a b i l i t y  of .959 or 95 3%. 

In his àaxmmt, Hebert al= provides a ccnparative analpis with 
another nroel [Shapelavey aK1 Midei19891 to calalate spares r q y k e à  

at the unit  level, for passible V a X i a s  usage pericds and e a q  
inpl-taticn by units on miamampters. The n d e ï  uses an 

appmximtiai ta the Foissm, -, and t h e  performance rraasure used 

rmdns at the irdividual itanlevei, ard thereforewiU mtbe prrçued 

any further- 

1.3.4 Amlicabilitv of the mcrlel. Ibday, the current ripdel still uses 

the  original nodifiecl p o i s ~ ~ ~ l  mxM. as givw by eqpatim (1.1) to 
determine aîi item stodgge levels for ail f h t  line units in the 



In p a r t i d a r ,  the objective is to determine how nany of each type 

of assabiies or item to pirchase or the order-up-to quantity vector 

{s) = (sj, j=1,2, ..,JI at the 0 .  

of each cycle period either to 

1) mximize -tan d a b i l i t y  &/or 2 )  mhimke total expected 
systm backorders E(BO) which w i i l  be denoted B3, ard subject to a 

f h d  single imrestmPnt bdgetaq ccmstraint aaisistirq of pirchaçing 
costs . 

aie m s  ~n thus be ~lnsidered a --off b e t u ~ e n  @ct 

cpxatiaml reqdnmms and the total pirchasw c6sts. aie thesis 



w i i l  provide a collprehemive analpis of solutian ~ t h o d s  t o  cpthmily 

(or near qtimilly) salve this pmhlan, @.nt ait the carptaticnal 

d i f f i d t i e s  assoUated with each me as w e U  as p h d e  appropriate 

errer ba~& for near optinral solutian lliothds. 

M z h g  systen availability pS links al1 itais together thraugh 

the miltiplicatim of irdividual itan availabilities % ' S. j =1. . . ,J anl 
pruvides a camenient ard practical performnœ rreasme for mgers to 

cptirrally aîlocate a limiteci hxiget duing a f a  time &ai amng 

Miricus assenblies (or to a q m e n t s  of an as-1y) so as to W z e  

the prhab i l i ty  of riM mmhg ait of any ane of thm or the 
prchbil i ty tbat al1 equi-ts w i l l  not be ndown" due to a lack of any 

çpare. It is -valent to  mrpletirig the missicn w i t h  al1 its 
equipnmts stili functimal at the end of the period, asslrming missian 

reliability is miy  related to spares availabiîity. 

Maxkizing the eqected rnmlw (and proportim) of equimts 

ope ra t i d  at the end of theper iodAnç waildbe a m t h e r a i d  anii 
mre appropriate masure of -tan -0- than Aç; as w e  sball 
dempistrate, haever,  its distribution is caiplex ard mathaoatically 

untractable for wen mderate carbinatim values for the mmker of 

itm J and the total riunber of equiprients M that typical 

organizaticnal d t s  have ( 10s J s 50 and 1 s M s 201, mt for the 

special case M=l (aK1 regarüïess of JI, w h m  an aact value c m  be 

obtained. Given a stock level vector { s j I  j 1 . . . , J , we can use 
similatian mtbodalogy to &tain accurate values of this irrportant 

syçtem perfonrance masure, and will be treated in -ter 6 .  

As w e  have alreaày pointed ait. s w e r a l  àifferent organizatianç 

such as in the niilitaxy, inchistrial or &ce sectors are contiinially 
faced with that type of decision cm a seasmai, quarterly or anrnial 

basis; a t  aïïocatians for spares of identical quimts (vehides, 

airplanes, kises, equipsnt mchinery, . .) fran cme &cd ta the next 

nay either substantiaiïy demease while the sam nmhr of @ m t s  

are kept operatioaial, or hmease significantly due to new capital 

acquisitians pmgxam, or wideïy fluctuate due to the nmber of 

replacarents or merkuîs of dder equipmts. 



~ * ~ A m d F b r ~ e ç  ( L a r d d a m t ) ,  theirrportaxeof 
p d d i n g  sdutim nrethcüs t h a t  link itens together w i t h  an aggregate 

performance masure anl are &dc, easily inplezliented (speciaily cm 

microc~llputer~. see [DeçRochers 19841 . [Shepelavey and Mi- 19891 , 
[Hebert  19951 and interpreted carrectly at individuaï locatims or in 
mritiple locations types of situaticns wkce  transshigmnts rriay m t  be 

poçsible or allm, carmot be averaiphasized. Howwer, true optirraz 

soluticms can still be elusive for this type of non-1- integer 

aptimizatim prcblem as we shaU ç0(a1 àatmiçtrate, and the need to 

develcp, calnilate and carpare errer baadç for near optimal solutians 
w i U  fom an hprtant part of th is  thesis. 

Similarly. minimi2i .q the total w e d  system backorders BO 

links dl iterrs toge* through the sum of irdivichi backorderç for 

each type of a s d l y  T 1 s ,  j=1,. .,J ani pruviàes another Carnreni.ent 

and pzacticai perfornance moaçure to cptim3lly allocate a limiteci 

h d g e t ~ a f i x e à t i m p e r i o d ~ t r i l g ç e v e r a l d i f f e r e n t ~ o f  

a s d i e s .  ?he total -ed system backorders masures the average 

rnarOer of stcdcaits expected d u r h g  the mal, whether they are due to 
a starter or a radiator is irrelevant; for -le, if aai average, we 

to run ait of 1.2 starters and 1.8 adiators the period, 

then the total exgeaed BO = 3 (un average) c 3 m q  the period, which 

aiso rreans t h a t  if 1 bad Md0 equiprients at the begirining of the 

period, 1 can expect to have 7 eqyipirnts stiil o p e r a t i d  at the end 
of the period a d  3 m - t s  in a failed state due to lack of spares 

(either starters or Ladiators). It d s o  provides an altemate 

perfonrranc=e - mose aptinal (or near qxirral) stockage level 
çolutian -or (s j I  j =Il . . , 3) is strikingly similar ami  practically 

the sam bot  al- equal but slighUy different) as the solutical 
vector {S-, , j=1. . . , J} abtained when m x i m i z i q  AS. S i m e  ail stockarts 

w i U  occur tawards the erd of the cycle priai, the irtpact of ~SSU&Q 

systm EO as a functiai of t- is midered negligible and will mt 
be anaïyzed here. 

both perfommœ masures AS and BO practically yield the 
sam d t s ,  maMgerial interpretatim can be quite different . For 



-le, the stockage level S O ~ U ~ ~ C R I  vectm (sj } leçultiq 

in Aç=.70 nay quite lm w k n  mxinciz- Aç k t  if the total 

m m b r  of equipnients is b10, it nay yield an average of 9 ait of 10 

e@=s ( .90  proportim) still  cperatianal at the etd of the perlod, 

w h i c h  can be mre than acceptable, anl nay al= yield a-ly 
very lm values for total -ed -tari backnrders (say BO = .10 for  

scinple) . 
We sha i l  thus develop alternative rrrdels with systen perfo- 

~ESUES Aç and/or B3 to be cptimized for any çpecified budget level, 

and similate the CO- + values. W e  will then be able to 

carpare their values w i t h  ard correspcaading similated PAç values 
btained as a remit of çolving the Equal itm avaiability at the 

çame specified budget l m .  Since aiï nodels are soIved starting frcm 

$0, the respcme curves {h, cS} also gives valuable informatian to 

r r a n a m  by quickly showhg the inp-t in systen prfonmce. 



Cançider f k s t  a single locatian systan haring çeveral identical 

quipnmts (vehides, airplanes,. .) each one of &ch operates for  a 

f b c d  period of t h  t. Each identical equipnmt ccnçists of 

replaceable asçBfJ31ies (sinply referred to as carpanents or itens) such 
as eqine, transmissian, battery, . . ard tha t  failure of ~IIY <aie of ehe 

j itars (j=l to J) within the @prient occurs - t ly  and will 

result in a failed or unadlable  equi-t mtil the end of the cycle 

p r i c d  of fixed length t if no spare of the failed i t e n  is ami lab l e .  

-ore, it is as- that each i t e n  life has expxntial 
densisr fj (x) with -tant fail- rate T j  and thus the fail- rate 

process for miLtiple identical itam is a P o i s s a  process. When  an^ of 

the possible J itars w i t h i n  an @prient fails, it is innildiately 
replaced by a spare itm, if  aie is available, f m  the irrventory, 

othewise the equigmnt DXN or in a ffailed state unt i l  the end 

of the period. 

with this type of iwentory system, the objective is to detemine 

the wtinial rnmiber of çpare itms Sj of each j=1, . . , J to stock at 

the beguinincl 
. . 

of each m e  th p r i d  of fjrxed -ticai t (or 
equivalently for a usage period of U days, moaiths. hairs, . . ) in order 

to ençure that an adequate syçtm semice level is provided ûurbg the 

a l e  tim &cd subject t o  a fixe3 UNestrrPnt -t mtraint Rade 

up of pirchasirig coçts. 

As a result of formilating and analyzhg related W s  whose 

objective finictions t o  be cptimized will link a l l  itm tcgether 

ttnaigfi relwant systm perfûrmance masures anl subject to a fixd 

available ananit of mriey Omdget) , organizatians such as the military 

that inplgc~ynt these nodels wiU be able to effectively allocate 

restricted reçarrces in an op- way at the t h  of procurarent whiïe 
. . pmvidinEI user sub-units (or clients) with in<lreased awareness and 

fldiliv in planning -tory levels. 



The i e  j (j=1 to J) -ts the mr&r of itars rraking up an 

equiprient and the irdex i (i=l to 1) rep-ts the of different 

locatims wfie-re identicai equi-ts a m  ciperaticnal; the index i is 

defermi until it is intrdxed in a later -ter the miltiple 
locaticn case will be analyzed; so, for the single location rrniels, the 

foilmiq notatiai w i l i  be used: 

t = fix& cyde pericd (çay 1 year) 

U = eqected usage ( m i i e s ,  hairç, ..) of each 

identical equimt cbiring period t 

M = m&er of identical equiprients operating at 

the locaticm 
B = f-available hdget ($1 -pria3 t 

R = cmstant and carm3~i interest rate for 

-tory holding coçts H ($/$/tk perid) 

j = of part (item) types (j=1,2,. . ,J) 
fj = t h - t o - f a i l -  densiw (pif) of i t e n  j 

T j  = item Or -t f a i l ~ r e  rate (fr/t-) 

= Poisson pr&ability mss functian (prb) 
6j = Poisscm rate -ter for a fixed tim pericd 

Fj = W a t i v e  distribution fiinctian (cdf)  

Pj  = mlertienw cdf = 1-Fj 

hj = 7 R  = inventory holding COS~S for itan j 

n = E 9 = total imrento~ holding mts ($1 

= plz-cbase cost for itan j ($/item) 
C = ~ j S j  = t o t a l  pirchaçe costs ($1 

= to ta l  systails costs = (C+H) 

S j  = up-to imentory leveï for item j at the 

beginnirig of the pericd 
(s)=(%, j =  }  = imrentoq quantity vector 

of ail itam at  the beguniuig . . of the periad 

q= -ed of backorders for i t e n  j 



AS = -tan availabiliw = n P j  
i = iniex fcn rnIroer of locations (i=l,2,. J) 

As an -le, wnsiàer an itan (within an equiprient) wiiose 

rate T j  is asSLmed -tant ard T j  = 1 fd~re/100,000 

kilmterç . Within a spcific location, M=i5 idmtical equiprients are 

each expcted to -te for U=10,000 kiicrreters du5ng t=l y e ~ ;  then 

the m&er of failmes for that iten &ring the period w i U  be Poism 

distrituteci with -ed -ter value 6 j = l5 x 10,000 x 1/100,000 

= 1.5 f d ~ r e ç  or 6j = lJBJ1j. We ref- f m  an to the f- 

(Qmmri) process for Bach itan j as Poissan with man rate (6) = (bj, 

j=1,2, ..,J}. 

2.3.1 Ma3el F?L to d z e  Aç. If Sj itais of j are available 

( M d )  in imrentory at the begkniing of the -cd, then a masure of 

the service lwel pruvided for any itan j is its availability or the 

p-ility of mt nmniq ait of stock which is defined by its 

cwulative POiçsan pdi3ability density finicticm as: 

~ h e r e  3 (x, 6 j is Poisscai (rate 6 j 

The aggrqate perfoxmnœ msasure that links a i l  item together by 
their equaï contribution to the equiprient's operaticaial effectivene~s 
is the -tan availabiliw or the joint prabability of not nrmiing ait 



Since this masures the prababiïity of m t  mmhg ait of a q  type 

of i t a n  j, 1 . . J I  it can alço be interpreted as the missim 

reliability or the probability that aU M equiprrsnts w ï i l  ranain 

operational (mt "dam") unti l  t h e  end of the  cycle period, if it is 

Q i t i c a l t b a t w e d o ~ t ~ ~ n m t o f q S i p e o f ç p a r e j ~ t b e  

period, regardless of the mmbx of e q u i ~ t s  at the begirnUng of the 

cycle. This masure of system perforrrcance will niake up the objective 

functian to be optimized (mdnized) in rrodel Pi. formilatecl belm. 

If w e  cnily have i%l equi-t &able at the begiraiing of the  

per iodanlwedorunai tofanyanetypeofçpares ,  thenitwill- 

in a f d e d  state u n t i l  the erd of the cycle. If miltiple equigmnts 

are Unrolved, then the -ed prqwrticm of the M equipmts still 

qieratiaial at the e d  of the m e ,  denoted AAç ard defined as the 

-ed rantser of eprients still aperational - M, rray be a mze 

and qqropriate of çyçtan performance; its 
distrihticn is miplex and wiU be analyzed in a lateir -ter. 

nie objective saght by the imentoy policy adcpted is to order 

at the beginnirig 
. of the cycle prid t encqh of each type of itan or 

oràer-q-to quantity vector (s) = {sj , j =II 2, . . , J) in order to M z e  

-tan availabiliw Aç wliile not exceedirg a fiwd available imreshnsit 

àidget B. rmdel m can thus be fonnilated as followç: 



Min 

b&ginaï analysis w i U  be used in a later -ter t o  derrnistrate 

tha t  the- variant Pla Le. m k h i z i n g  total msts CS(.) and 

subject to a minimm m f i e d  systan aMilability Aç s a, d l  yield 

the sarrie qtirral stockage level TEC~OIS (sj, j=l,..,~} and the 
response <Iirve (A&&(.)} as - Pl, franudiichrrranager;s can select 
the optimal stockage level vector {sjI 1 J os- to a 

desired value an the reçp3nse curve. 
nie rrianager5al inteqretatiai between m&ïs  Pl arxï P b  are 

different: rrndel seeks to mchize % subject to total &able 

coçts and is usually emamtered in oqanizations where m t s  

aliocated are limited &/or difficult to predict, such as large 

nplitary and pblic  oqanizationç whereby semice levels are not the 

irain -; mana- are thus fa& with the deusion t o  &tain 

mucimni efficiency frun the allocated mt ard is practically 

inpossible to seare additicmal fmxb to met a çervice level, and 

samtims are faced w i t h  downsizing or a c e d  m t s .  

iWel Pla ,  however shifts the eiphaçis on met* a minimnn 

semice level such as man availabiliw here, regarüless of the 

costs and wwid usually be of priniYy cancern to organizationç facing 
taigh c a p t i t i o n  within the sac irxkstq: the irnustrial ard service 

sectors ase prim m e s  of the qlicatioais of t h i s  type of e, 
al- w i t h  nodel P2a discliçsed beiow. mgers are forced to reet the 

çervicelevel objectiveatrr0nimnicosts. 



2.3.2 h i e l  p;! to *ze m. A service level. fxquentiy us& in the 

perfonmne of an irrventory çystem is called lpart-fill' criterian or 

itan shortages, often called the -ed mbr of backorders = 84 
for any i tem j, given by quatian ( 2 . 8 )  belw, ard is not depwdent on 

tim; their duratiai is ignored since for al1 practical purposes, they 

w i l l  only be inairred at the ad of the period as described a r d  sham 

in figure 2.1 belclw: 



Min 

M i n  

k b q h a l  analpis wïll be used Li a later chapter to derricalstrate 
that the mûel variant P2a i .e .  minimizing total costs CS(.) and 

subject to a rmximm specified ~cpected rnaioer of backcaders 80 + a, 
w i l l  *eld the SIE qtinal stockage level s j=1,. .,J} airi 

the sans respcnse curve (BO,+(.)) as iiPdel P2, frun w h i c h  nranagers can 
select the qtimal stockage level vector (sj, j = l ,   CO^^ 
to a des- value on the respaw ciurve. 

me rrianagerial interpretatian between both nçdels P2 and P2a is 

essentwy the SEUE as the aie discusçed for m3els Pi ami Pla; the 

-tan perfornrance masure uçed here is the total w t e d  systen 

backordeirs B3 cbtained as a result of smmhg al1 M v i & a i  item 

backmdem 9, 1 J ,  whereby each i t e m  is equaïly crucial to the 

operation of the equipnent. 



Al. 

A2. 

A3. 

A4. 

A5 . 

A6. 

A7. 

A8. 

Ag. 

A U  w p r i e n t s  at a locatim are identical and -te 

Each equipnent cançists of J single types of item each me 
of which is rquired to -te for the equipent to ranaki 

aperational. 

Each itw j (j=1,2, ..,JI is subject to randcm failure 
f d ~ r e  =te T j )  . 

Any itan that fails is replaced hmdiate ly  by an identical 

itm if cme is &able fmn the invento~y; othemise. the 

equiprient rarainç in a failed state untl l  the erd of the 

pericd t. 

AtthebegYniuzg 
. 

of the period, a stockage level vector 

{~}={ç j  j=i, 2 .  . . , J} is pircbased w i t h  no pssibiliw of 
resqply mtil the end of the pericd. 

A fM hdget B is available to cover the pirdiaçing 

costs for al1 itm j until the end of the pericd. 

is no O- cost for any itm, or if there is, the  

orüer coçt/itan is f d  and can be included in the pirchaçe 

cast c j .  

Wure of an -prient is cauçed by caily one i t e n .  

failmes of each i t e m  occm -tly and at a 

-tant rate, t h e  tirties be- failures are a s M  to be 

sq.aiential a d  the mn&er of f a i i r e ç  in a f M  interval of tim 
[O, tJ are Poisson distrihted with rate 6 j . ?he of 

assunptiai (R8) is that each failure results in a single for 

that iten ard dariands occur -t ly of cne another. 
'Ihis one-period d e w  rrndel of length t is mPicenaed with the 

deterniinatim of an order-up-to quantity vector {s) = {S-j j =1,2, . . , J) to 
last the &le pericd witkut psibility of - y  cbiring the 

pMcd. Lnstantanioouç delivery ensures that the quantity O- pnor 
to the end of the p e x i d  is delivered so that each period starts with a 

-tant inventory lemi vectar (s) = {çj j=1,2,. .,JI for each srpe of 



item, -ore stochastic lead tinies are m t  ccmsidered m. As çhown 

in figure 2.1 earlier, the inventory level  for me spcif ic  i t e n  as a 
functian of tim start ing w i t h  Sj identical itens, and is avalait to 

a periodic r w i e w  -tory syçtem where  the cycle repeats itseif &ter 
each period t. 

vector (s} = ( S j ,  j=1,2, .. ,J) for each type of part at the bqiming of 

the period, w e  waild start rurniing ait of parts at the tim the f imt  
of the (Sj+l) th failure occurs. This cari be v t e d  to a reiiabili~, 

~ystm of J ~ u b - ~ y ~ t e ~ ~  in ser ies,  each of &ch ccnsists of Sj 

asynptoticaiïy a Weihill distritntian h t  its parrareters can m t  be 

derivad analyticaiiy (See and Shapiro 19671 for a discussion ai 

kmmer, by similating the çyçtm for N cycles for various irnrentory 



stockage level vectors {s} , esthte EAs w i t h  equation (2.15) , that is 
t he  paprt i0~1 of the N cycles t h a t  the systen survived past t wi-t 

zurniirig out of ary  parts. Mortunately, repeatirg this mthcdolqy for 
every stockage levei  vector {s) in order to cc1~1çtruct the entire 

resgmse curve &,BI to find the best stockage level -or {s) that 

will mximize Pl for a aven Ridget B falls in the categcay of 

ccabinatorial analyçis. wculd be anaiyticaïiy t he  c a m m h g  cad 

M o r e  not pirçued. 
Nevertbeless, a ~aograan w a s  develqed to  similate N cycles of this 

type of inventory -tan (see chapter 9 )  t o  axpm and discuss the 
enpirical reçults with those &tain& w i t h  exact and mre efficient 
mthodç to be presented in çubsequent chapters. FWthemmre, the 

simrlaticn mthodology provides us with an qp0rharit.y to  analyze the 

effects of part failure dep&en&es, discuççed in the next sectian, 

and t o  intmduce mther mrre apprqriate masure of performnce, 

denoted AAç or alternate system amiiabi l i ty .  

2.4.3 Aîtemate svsten availabilip AAs. Noting that both perfonrance 

rreaçureç used in mdels  Pl anà P2 put equal erphasis on -ch qpe of 

w, tbe qtMal stodGt- level vector (s} = {sj, j = ,  for 

each ni3del. will usuaily be similar. E'urthenrr,~, the produe of 
Uidividual a-ability service rrieasure is a cmsemative eçtiniate arri 

m o r e  a 1- bcrmd m the exact availability achieved (çystm 

perfommœ service level) since a part t h a t  luns ait of inventory 

before the erd of the cycle w i l l  have the effect of decreasing the 

Bcpected rPnrber of failUres for 0- parts as the Imber of eqliprients 

opeating tomrüs the end of the pericd deaease; this erd of cycle 

phenaiisiai is illusïxated in figure 2.2a airl 2.2b beïow for two 

different parts. [Ernst axri Pyke 19921 have diçcussed the arl of cycle 

effects in mre detail and verifid with simdatim results Wt 

increasing -tory for me part w i i i  bene£it product service level 

d y  up to a ceaain sent and ted to equaïize inventories acroçs al1 

itms i r i d i m  çenrice l m .  



Ihe çystem availability aggregate perfarrrrance maswe Aç ard its 
equivalent ccnmterpart EAs defined in the earlier sectim with the 

Gamm d i s ~ t i o a i ,  is the mility of not mmhq ait of any itm 

adlgthet imper iod.  a i e ~ 0 f p e r f o n r a n c e A ç o r P A ç t h e n  
m d e  us with a lower bann IB (ani therefore ccnservative moaçures) 
on the tnie pmprtim (or rmber) of equi-ts still cperaticaial at 

the erd of the cycle, dericted AAç, since part failure -es 

the -ed IDPLiW of fail- (PO~SÇQ~ v t e r ~  (6 , 
j=l, . .,J}} far parts ta adually tcwards the end of the q d e .  



B i s  alteniative meaç~re  of -tan W a b i l i t y  to nodel part 
-es or ARç, and defined as the e e d  prgmrtion of 

quipoents that are still -ticmal at the end of the cycle -cd 
wfEen {s) = ( ~ j  j=1,2,. .,JI s p ~  item are amilable at the bqmmmg 

. . 

of the cycle, w i l i  be sham in a later chapter w i t h  sindation 

rriethodology, to  be a mre --riate - of actual -tan 

perfo- when rmltiple equipmnts are h l v e d .  

nie ccmstrained d t i - i t e n  inventory m s  PI ard P2 introduiced 

above have been treated in the literature in varias farnis and is r d e l  

-t. Surprisingly, t h e  çystm availability performuioe masure 

has  se lch  been anaïyzed ad has been disassed rrainly in the amtext 
of least mst allocation of rechadant units in parailel to inpruve the 

çyçtanls 'gavailabilityll d u h g  a specific tine period. Also, the m t  

or imestnirnt cxxIstra.int casisting of pircbaçing costs haç m t  been 
eensively used other than in miltiple-itan W & v d q N  types of 

p-1- where single cbjective functionç trading off coçts or profits 

vs çhortage ccsts are analyzd. 

Sewal pxacticai agplicatians in solving this t y p  of prohlan can 

be inplarented effectively in different Srpeç of organizaticais. For 

-le, military oqanizatians ard piblic institutiuns t r ad i t i a a l l y  

indude purchashg costs anïy and do not include irnrentory holàhg 

costs in their folmilaticns althuqh they are pmsumbly naccwnted 

forn in  sa^^ other logistic support organizatims (-y, 
-iq, . ) . 1Xie to the an-going najor r e s t n i w  & downçizing 

by the defense irrhistry ard g m e n m n t  organizaticns, both types of 

costs shmld be inciuded in the anaiysis and prwiàe for better 
accumtability as to the reat msts inam&, an -ensian to both 
mdeïs  Pl aiul P2 that include irnrentory holding custs, w i ï l  be analyzed 

in a later chapter. 

A n o m  practical mlicatim is in the retail mtry where 

inventcay bïding costs are a simicant factor wfiai pîaming for the 



prchase of a range of sirralar iterrs an a seasmal or a m m i  basis. 

EYan a rraMgerial point of view, if Qily a fixed inveçtrrrtnt tudget is 

available for a perid. q t h i z i n g  a &ce laiel cbjective such as 

m x h i z i r a g  Aç in mdel Pl subject to a fjrxsd bLadget is clearly not t h e  

sam as tryirig tominimize costs subject to aminimni+ or sinply 

tryirig to iraWmze profits as -y fcxnd in the litemture. 
=ore, the objective functiai of mdeï P1 or P2 m y  be mich mre 
appqxbte  than U i a n i n g  total costs subject to  a speufied minimnn 

(W senrice l m .  
Ihe reason for describing the different systeis below is because 

mst of than focus an solution procgbrres that are similar to the anes 

that  w i l i  be useû throughmt this analysis. Because thqr are also r r d e ï  

deprh t ,  neceççary derivatims are carried cit for the 2 W s  of 

interest, as related to the Bisson distrihiticm. and major 

amsideratians arid kqr factors to consider for çelecticn of variouç 

specific çolutian pmceùwes w i U  be studied and -. 
If the function to be cptimized is linear and the single 

cc~lstraint is also linear, the pmblgn is mnrrcllly referred to as a 

distrituticri of effort or knapsack pr&len. It attenpts to d e t e  

the qtinal IMi33er (0-1 variables or miltiple itars) of each type of 
itms to include in a )cnapsack if a -fit Wj is &tainel for each 

itm j; it is formilated in [Wagner 1975al as foïiaws: 

ard x j  = nun&r of i t em s>pe j to be indm in the 
hapack  (usually 0-1 variahles). 

Other practical applicaticns often enmmtered inclt.de the fly- 

away or toal-kit p d l m  discussed by [Geisler and Karr 19561, [Ilidley 



d Whitin 19631 arxl the Sutnarine spare parts pmvisianing problem 

al- discusçed in W e y  and Wtin 19631 and [Silver arid Peterson 

-851 . Solutian p- usuaîïy irrvolve branch ard baml ( Wagner 
i975aI ) , Ctynaimc pruyrcnnnirig ( [Winston 19941 azd [mey ard Wtin 

19631 ) and network analysis ( winston 19941 , [Lawler 19761 and W a g n e r  

1975bI ) . For both mdels Pl and P2 treatsd hem, miltiple values other 

than 0,1 for the variahles are rquired ard w i i i  be fuaher discuçsed 

belaw, 
Variants of this pr&len usually attenpt to qtimize a cost 

finirriai or the apected nuhr of part shortages (i.e. baclarders Bû) 

a çubjected to a total h e s t r r r e n t  cmstraint or sam -ce 1- 

nieasure such as l ' F U 1  ratef1. A typical fonnilatim fran [Hadley and 

Wtin 1963 pp 304-3071 which seeks to ncinUNze weighted baclarders 
for a i l  itaris is as follows: 

M d &  (P4) is similar to air mdei of interest P2 exeept that  4.1 

part shortageç (Le backordiers) are w l y  a u c i a i  t o  the successihi 

~ t i m  of wwts, L e .  ail partç have penalties L j = l  in 
(P4) . Aï- the riodel to be M o p e d  is mst ly  mncamed with the 

[Black and haschan 19591 have dpVplqed a sindlar rrodel to 

mximize systan d a b i l i t y  of a spart= parts kit subject to a fi>red 

hidget M the salutiai pmceàue presented is based ai an 



Malinal s tables fcn high reliability parts/ ccnpcrients, to determine an 

initiai allocation çj for part j fran w h i c h  the stock leveïs for aiï 

other parts are calculated. aie resuït is a short-ait quivalent to the  

mrginaî amiysis analyzed here in t h a t  t h e  çequencle of stock leveï 

vectors {S j, j -1, . . J} 9-ted are al1 urdrniinated allocaticais h t  

skips over çeveral iteratiaiç of the niarginal analysis procecbrre and 

yieldç midi w i d e r  gaps in the hdget, *ch miy cause large errors fmn 

the exact solution. 

?he authors briefly rcentian but do m t  describe in detail the mre 

efficient rrarginal anaipis pmedum t o  generate successive 

undaninated allocatianç. This thesis exteridç the anaïysis by deri- 

and describing the procgbire for ail rtPdels included here, inciudyig 

the necesçary caditians for its agplication, by developirg errer 

b a ~ ~ &  and axparhg t h e  n w c h m  possible of iterationiç (order 

of niagitude) w i t h  DP, --te DP and Lagrange relaxation rrethods. 
V& al- p d à e  two sinple a d  use- heuristics to furtber irrprove the 

çolutian. 
[ettelle 19621 has analyzed the systm's axailability cb-jective 

in least coçt ailcatian of rdmxbncy m i t s  (in parallel) subject to 

an imrestrrPnt cançtraint. Zhe çystemls amiiabiliw masue is defiried 

by % = T [ï-(i-a,)"j] w h r e  aj is a fis<ed availability for i t e m  j a d  

aily item piIchasing custs are mnsiderd. I+anic prograrmPng and 

narginal i q m t s  in a a b i l i t y  per dollar m t e d  are us& t o  

soIve the pmhlen. 

R x  [1966] has piblished a wiWy guoted paper cm the genazil 
applicaticai of the m x y i n a l  anaipis, statm the ccaiditicms urider 

which it is justifieci ard an inprtant proof tbat the sequence of 

points generated are un3anhated (or ef f i u e n t )  when the objective 

finictim is separable by item, each ane of which is cancave and 

str ict ly  inæasing when naxinnzing, *ch is the case for nodel P l  

here, or comrex ard strictly decreaskg, which is also the case for 
maiel P2. It also fomdly established the close relatimship of the 

marginal anaïysis w i t h  the Iiigrarige relawticm mthai. 
nie paper by Fca: further states t ha t  the solution cbtained deperds 



cm the çpacirqS of the successive aliocaticms genemted until the 

arlget B is Bcceeded and sharld be %ufficiently n e z n  optural for 

practicai pirposes, othemise the exact solution mist be faind by DP at 

the eqense of mich mre cqntaticnal effort. T h e  m q i n a l  &pis 
applicable to the mzdels treated h m ,  will be analyzed in fuaher 

details in -ter 4 by describing its characteristics e l i c a b l e  to 

the Poisson àistrikitian, incl- errer botmis and introducing two 

sirrple haristics to  further ingrme the near o p t h a l  solutions. 

Due t o  the generic Mnire of the p-, çeveral authars 

(briefly des- beïow) have successfully used its results in a wide 

m q e  of applicatianç, includuvg ali the m s  presented here. We 

explore in mre details the c q m t a t i c m a l  difficulties associated w i t h  

DP and the errors that can be generated by a DP agp&tim 

pImcdlm2, derive the procedure and the errer bands (or "spacings'' as 
des- by Fax) based ai cost for several other s o l u t i a  m e t h % ,  
including mducirag the size of the spactigs, asd p&de --ive 
Inmxical results an Emdanly generatted test pmblens. 

Another performnce ni3açure sinalar to the availabiliw ai ter ian 

is the l'job caipleticaiu or "jcb filln rate a i t e r i a n  wbich haç b e n  

used in a variety of rrrdels rinçtly ccncemed w i t h  the  optiiral Vepair 

kitm s.pe of prcblem wfiere çolutim procedureç darelqd for air n d e i s  

P l  and P2 are similar. 
The [Sniith, Ckmbrs  ard S c h l i i f e r  19801 mdd minimizes the coçt 

of a nipair parts kit (0-1 variables) based ai the fractim of jobs 

-let& withait stockait, imientory holding coçts and incumbg 
penalty cwts for each job non-caipletian; solutim procedure UNOlves 

separable progrcnmllrig for wiiich nargkial anaipis -lies. 

[Graves 19821 selects a çpare parts k i t  (0-1 variables) that h a  

the rr9nimni imrentoqr costs for a specif ied job anpletion c r i d a n .  
He eliminated the need to specify çhortage costs &ch are diffiarlt to 

evaluate in the Smith, ami Schïifer rriodiel above which 

essentially d t s  in a bbinary laiapçack prablgn tha t  can be salved 

w i t h  the speualized cptimizaticn develcped by [Balas and 
Zanel 19801 for large scale pmblariç of this type. 



and Smith 19821 has acterded the =th, Chankxs, Shlifer 

nodel by aiiOwinEf for parts denrands t ha t  are not necessarily 

idepr&nt and çhrwç h m  it cari be solveù by a £lm/ minimrm 
ait ne-& algoritmi. A carnunicatian by Dhusmm 19821 has c ~ r r m e n t d  

m the set of efficient points for the three (3) rrodels àescribed above 

and discussed mix& strategy çolutians ait nay be d i f f i d t  or 

inpractical to inplarient . 
[Brurrielle and Granet 19931 exmhed the properties of of the 

nodels above ard incurporated the theory of lattice pmgmmbg and the 

structure of the Pareto set of the amex huïl of the 0-1 variables 

uicluïed in t he  repair kit e s ,  reçulting in sac carpit.ati0na.l 

sinplificatianç . 
[Scbaefer -831 h s  devèlopeù another rrPclel baseà an 3 

a l temat ive  jch ccrcpletian rate criteria (different abective functicrns) 
for the çelectim of regair parts in the c m t e  of @prient overfiaul 

at perioàic t ine  intervals ami allow for miltiple d t s  of each part to 

be stocked; solution procedureç for the 3 niodels include a brief 

carpariscm between aynamic p- (assinning w s t s  are integer) and 
narguial analysis. A key asç~nptian in the application of the rrniel is 

tha t  Pois- m rates axe so lm, i.e mich çrrialler than 1, so tbat 

the pmbability of 2 or mre failures for any part j during the cycle 

is negligihle, and re@res a job mm-ccnpletian penalty (difficult  to 

assess), both of wilich are m t  nqind here. S i r r i i l a r  p- to 

nerive ernx bands fmn the nrarginal analysis are developed here for 

al1 w msdels tut w e  a e r d  the aridysis further by redllcing the errm 
bands w i t h  sinple hairistiffi. 

[Cohen, KLeindorfer and ïee 19891 analyzeü a simiiar rrodified 

versicm of P l  by switching the objective finmian with the ccaistraint 

of nrdel Pl and thus seek to S z e  costs subject to a m i n h m  

system amiiabiiity senice lwel, w h i c h  leaü to a àifferent mgerial 

interpretaticm. aiey W q e ü  a general Iagrarigian relaxaticai 
procedure to abtain the sa lu t im ard dsnoaistrated that it is closely 

related to marginal anaïysis (or greedy algorith), as did [Fox 19661 

earlier. çmall s d e  test prablerris ( w i t h  J=3,6 and 9 itecris) are 



included ait are restricteü to the 

analpis . 
We the analysis to the 

d t s  fur rardanly genexated test pr(3blariç up to J=99 itens for other 
ni-dels ard incïuàe a more appropriate masure of çystem performance 

wben miltiple equiprrents are involved, w i t h  and witbait part failure 

aepenaencies. The t q - u p  riarginal analysis pnxa ïue  is also sbaJn to 
further hpmve the solution. 

mider a milti-inienture -prient nede up of asçenhlies, sub- 
assarblieç and ccx~p~nents as depicted in figure 2.3 belciw. Randan 

failure of such an e q u i ~ t  is cauçed by randan failures of spci f ic  

ccrrpcnents. In this amtext, the m t  of spaxe i tem heïd Yi 

imientory w i l l  affect the availability or scnie other suitable aggregate 

perfonmnce -ce level (SI,)  of carplete eqyiprients c k p n ï h g  an its 

defin& strurrure. [Audet 1986, 19841 , [Bi t ran  and Hax 19811 , [Demiy 

19701 , mckstadt 19731 and [Svorcmos and Z i p k i n  19881 . 
-se types of systens were initially develqeù in the cwtext of 

reliability studies where an @prient is broken down into indivi&al 

repairable or thrcxJ-away type mddes.  If it is assunrod tha t  failure of 

an qui- is caused by at rroçt 1 failure of a r d d e  (ar m<popient) 

and that  faiïures occur k k p x k n t l y ,  the possibility of 

disaggregation of the remit- Poisson faiïure proceçs becares rrpst 

kgortant. W deveïcp an extension to both ircdels in a later -ter in 

&ch a 2-pbse  approach can effectively be -lied at the assably 

l e v e i  f i r s t  to qtidze çystem perfomene, followed by wimhation at 

cxrrpcaient l m ,  when mre Miable inforrriatian is lamm arid it can be 
vlorthwiLe to disaggregate the Poisson process into snaller ones aiid 

dennnstrate how this mothod can thus be used to hcrease syçtem 

PerforKfanCe rrilasure. m i s  pnrechire has the net effect of malcing the 

size of the origbai prohlan to a  ore mnageable size by succeçsiveiy 

optimizing a riunber of assgiàlies, tben its sub-asçerhlie., ard so <ni 

down to ccrrpcmmt laiel, sirnilar to CalaiLathg levels for 

c~[~pozlients u s h g  an MRP sysfem (Pbterial Requhmmt planning). 





sbaiLd be date is made in accordarice w i t h  the mhtenance palicy. 

If a spare itm is mailable locally, it is replaced hmdh te î y  

a d  the @prient is restored back to an ~ t h g  C[aIClitim; the 

faiied i t a n  is then repaired locally or sent to a higher echelm and 

stored back <ni the çhelf. If a spare is not -able locally, then a 

stockut axnrrs ami a request is sent to the cenM location; a q a z e  
itan is shigpd back if availabïe o w s e  the stockait d t i a n  

rarainç in effect until the failed i t em has been repaired either 

locally or centrally . 

nie situation des- ab<xre has ~ ~ C U E  m m m  in practiœ for 

several types of large organizatians. The develapmt of varias 

minatians of milti-item, milti-*turc, milti-locatiai, milti- 
echeïon irrvPntory niodels bas e v e d  casiderable attentim in the 

pst çeveral years. The develqmnt of repairable i t e m  maintenance 
plicies haç been mstly wncmtrated in military oryanizatiaiç, such 

astheU!5AirPorce, whereoperatirigequiprientsinseveralbsesare 

q p r t e d  by a central àept  in the case of repairables an3 in the 

retaiï inhstry w h t x e  severaï ztaiiers are supplied by a central 



mrehaw in the case of canmmables.(See [Clark and Çcarf 19601 for 

early rruiti-echelm niodels) . 
In noçt of the rrodels CjPVPfaped in this type of emrinrmont, the 

decisicm involve the determination of the cptirral nmbr of spare 

i t e m  (re@mble or m~mmeble itars) quantiw vector ( s )  = (sj 
j =1, 2, . . , J} to be stoc)ced at each location and at  each echelon in order 

to achiwe a deçired perfommce service l e v e ï  subject to a specif ied 

available hdget. Mmt f o ~ a t i 0 1 l s  attatpt to mininPze the sm of 
m t e m  (depot a d  locations) backorders expresseà as a functim of 

t *ch are not +cable hem; of the camai soluticri 

pmcedues, hcwwer, w i l i  be -ted throughat the thesis. 
Ccnplex and ti~~-cansmiing Milti Eckïcm Techniques for 

Recoverable I tem Cantrol or  MEZRïC hsed prograns originaily 
discxissed, develqeà for vari- militay mlicatians and report& by 

[Sherbf-rrmke 19681 have been extensively dfid fied inpiriproved upon over 

t h e p t  20years. Ihemst inportantrrcdelswderivedby [Sirrm 

19711 , ~ckstadt 1973, 1976a acid 1976bl for the KD-MEIRIC rrodel, 

W&stadt and ?haras 19801 , [w and Sitgreaves 19751 , [Hillestadt 

19821 for the DYNA-MEIRIC rrodel and [Graves 19851 , [ S h e & d e  19861 

and [Slay 19841 for the W-MEi3RIC W. 

ûther authozs like [Jackçan 19881, [Jatnison ard Silver 19871, 

Dhen, Kieiridorfer arri Lee 19861 , INordin and Mer 19891 , [ÇMronos 
and Ziplan 19911 ami lNahnias and Smith 19941 üeriVEC[ results urider 

various a s ~ t i 0 1 i s .  
A carprehensive d e w  up to 1980 ai this subject c m  be f a a d  in 

chapters of [Schwarz 19811, h t t e n  by 19811, [Damiy and 

Pressuti 19811 and [Clark 19811 a d  more recently by [Ehsmm and Erkip 

19941 wha carpare milti-echelan çub-optimizatiai w i t h  single-echelm 
inventory cantrol policies. 

nie vast rnajoriq of these mdels h l v e  repairable itars and 

Falmls a s q t i r n  [Palm 19381 , [Little 19611 , of Wple 
ServiceN or infinite repaV capacity anà hence açstm~s irdependent 

repair tirries; the extensive use of the weU lamwn Palmls theorem frnn 
queuhgtheorycanleadtoserious errarsasrepartedby [Grws 19821, 



a d  anl çcudder 19821 hpTovBd çystm performmce by up to 20% 
rduct ian in spares imrentory laiels wfusi s h l a t i n g  iqrcsved priority 

rules for repair f a d i t i e s  (See alço [qike 19901 ) . 
[Grass and Ince i981 ard l.9781 nrdeled the ciassic machine repir 

as cyclic quaies or ci- queUing  ne^^ originaliy 

den/elcped by [Mirasol 19641 ; later, [Gmss, Miller and Ward 19831 

and [Qosç ard Ikrris 19851 have niodeled a two-echelan system for  

-le itms alço as a closed queuing network to detemine optimal 

çpareç leveï ardrepaizcapauties. 
[Ebeling 19911 useà the -chine a Mm/s finite m a t i o n  

queueing ndeï  results a d  àynamic pmgamnbg to allocate a fi- 

trilaget arrcng various ccir~<mients in order t~ mx Aç subject to an 

imestrri3lt constraint ccmiçiçting of the çimi of the pircbase ccût of 

each Srpe of itan and the ïnlivir3iia7 coçt of repair facilities for each 

type of itm; his nodel structure for -les is s W a r  to the caie 

wd here for ccmislanables k t  presents Seriais captational 
difficulties due to the integer requiremnts of mt allocaticn 
8irxints a t  various stages and the ooçt of repair facilities for each 

srpe of i t em nay prove diffioilt to &tain just like çhortage aosts are 

to the milti-itgn ~~PJewçboylf class of problerrs; we wïll show h m  his 

m, c m  be solved ushg  the FULL ani GAP netmrk strucaireç to be 

discussed in the next chapter. 



In this chapte, w e  present the WC progrannPrag mothcd to 
solve both m s  P l  a d  P2 with a -le prahlem rnarierically uçing 

both nodels Pi ard P2 and darrsistrate the caiptatiaial diffinilties 

asçociated w i t h  this p-, particularly for nodeirate to larger and 

nore m i s t i c  pmhlars, including miltiple location prchlais to be 

discussed in a later -ter. This chapter also indudes an analsis of 

an app-te DP (or inamental, msh or grid) pmce&re an 
errer bound cm the to ta l  cost solution Cç ( .) is deveicped. Fuially, 

i l lust la t ion with equivalent FUIL (and CAP network a p p m t i o n )  

network structures are presented. 
Before we develcp the variais solution rriethods w i t h  an -le, 

bth mdels  P1 and P2 are repeated below for carnrenience: 

(3 .  la) 

(3.2a) 



solution pmœüures far  both mdels P i  a d  P2. With a àidget B = $50, 

5=3 itars (and M l  W m t ,  Uie m t e r S  are: {aj} = (1 .1 .5 .2)  and 

{~~J={$5.$3,$2). Note that the order of @tude of the a t  and 

cost par;arieters i s  irrelevant in the sense that the solution -or 

such as the Jeep Iltis Qnadian w r t e d  by [Parscaiç 19851 ard MOUT 
and Parsons 19841 . Qily a subset of asserhlies/parts were  taken ard the 

mts Cj and the m t  B have deliberately been scaled dam for 
sinplicity ard amenience in the presentation of reçults . 

The objective is to determine the cptunal mmber of -ch type of 

çpares or vector quantity {s) = ( ~ j t  j=1,2, . . , ~ = 3 }  = {s~,s~,s~} at the . . bqmmq of the period in order to M z e  the systan availabiliq Aç 
(mdel Pl)  subject to a fixed ludget B ocnçisting of prchasing coçts. 

3.2.1 ProceChire. A forward or bacl&lmrd recurçian fonnila for t he  caçe 

of a miltiplicative r e m  functim, can easily be fam3 to solve n&d 

Pl using the fallowing notation: 

Stase j=1,2,3 = itan j 
S t a t e  bj = arrrxnit amilable for allocation 

up to the end of stage j 

Decisian variables 

S j  = m&r of i w  alïocated at stage j 



The solution pmcecke is to start at stage j=i (itm 1) ard to 

dete"0ine s-tiaUy the q t h d  aïïocation S j  (or yj =?Sj ) for al1 

its poçsible values, when hj is aiailable up to that stage; once the 

t"3lrkingbadamrdsfranJ 
=le 3.1 (Stages 1  

displayç the carplete DP 

item, 

optirral aïlocation for a given àidget B has ken calailated at the last 
stage JI the optimal allocation Sj at each stage is det -by 

tosmge1. 

anï 2 on page 1 and stage 3 cm page 2) 
solutim for -le 1 w i t h  J=3 types of 
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Rriw iricrarients of $1 up to B=$SO ham been incldeci to reflect the 

entire rarige of possible allocation amaaits at each stage. 

Althaigh rcwr increriwts in $1 -ts are not &ly neces- for 

the first arrl the last stage, it will h c a ~  of crucial inportance for 

a U  h t e m d a t e  stages frcm j=2 to jd-1 ( j=2 aily for -le 1) in 

larger scale prablaris. 

3 -2 .2  û~tiroal soluticn. The CO- -cal values of the 

cbjective funciion masurbg the systm availability pe r fomce  

masure at each stage j =1,2 ard 3 ami the qtimal solutian can 
easily be obtaineü f m  table 3.1 by working bacbmds f m  stage j =3 

w i t h  any Wied available hdget B up to $50 for this -le. 

W, w i t h  an available budget of say B=$20 at stage 3 ,  the! best 

çysten availability fmn stage j =3 s fand to be % = -5892 by 

allocatiny S3 = 3 itm type j=3 for a total cost of 3 x $2 = $6 and, 

therefore, $20-$6 = $14 to be allocated at stage j=2 fmn 

*ch the highest ceU in m u  $14 is to aïlocate S2=3 kens Srpe j=2 

for a total mst of 3 x $3 = $9 and $14-$9 = $5 rerriains for stage j=l 

fr<m w h k h  w e  allocate Sl=l i t em  t y p  j =l . 'Ihe a p t M  solutian vector 

th~ bearnes (s~} = {1,3,3) ard fields = S892 at a total cost Cç = 

520 wfiich is s a d l y  the sam as the bpecif ied amilable àdget B. 

There is no other allocatian S r  yielding a hi+ Aç at a laver 

cost Cs. The major admntage of DP is t h a t  it guarantees an optimal 

salutian k t  cnly if ail possible kxdget values are mnsidered, and in 

general, sol* m3del Pl fcb a @ven ut: B resuïts in a -le set 

of allocations ÇB which alço solve Pl for d e r  B values. As 

in table 3.1, the set of dlocat iaa~s {ÇB} a"d the corresPCniirg 

respcnse curve (A~,B) can aasily be àetermined for the *le range of B 

frun $0 to $50 in $l inaenmts. 
As a reçult of -1- the dynamic p- p-, a U  of 

the aliocatians in ÇB that -e AS are uIidcminated as àesaibed 

bdw: 

- If S'EÇB, Uien Aç(S)>Aç(Si) => Cs(S)>cç(Si) for 

aU other ailocatio~ls S, hence S1 is the cqtirrel 



solutim for Pl with CS(S1) as the  budget. 

- If S1€ÇBr then CS(S)>CS(S1) ==> %(S)>%(Sr) for 

all other allocaticms S. 
In other worùs, the of allocatians gerierated for arry 

possible Wt values (fran $O to $50 in ercanple 1) gives us the 

e n t h  --off oyve between the -tan availability Aç arrl the 

çysten casts Cs for CS& that is: { S . S } ; O simiiarly. one 

allocation is said to duninate ariother if it has pither (1) more 
d a b i l i t y  at no mre cost, or ( 2 )  no less availability at less cost 

(See [KetteUe 19631 1 . We also note that % is -m as Cç 

increaçes a d  appmaches 1 for an arbitrary large hdget value. 

rrietzhdalcgy is t h a t  the solutian vectom ( s j r  j =Ir . . , J) and its 
w- total costs ab- fmm th is  procechire is guaranteed 

to be unknhated and m o r e  cptirnal, kit anly if al1 possible 

hdget values are BQmined for al1 intemediate stages j =1, . . , J-1, and 

there lies its major pmblem: the ccxrpitatianal difficulties asçociated 

with this approach; o ~ s e ,  the saluticm resulting fran the use of 

t h e p ~ m l ~ g u a r a n t e e s t h a t i t w i l l b e t h e t r u e o p t i r o a l  

çolutioal. 

For e q l e  1, table 3.1 shws incrarwts of $1 (the 1-t camrrn 
-ta of all kens mts Cj 's) for stage j=2 which include a l 1  

possible cmbinaticms of nimrierical budget values that  can be allocated 

between $0 ard the total available hdget B = $50. -. the p d l m  
can best be described as follm: çuppoçe w e  had used incnmmtal 

a u m t s  of c2=$3 fmn $0, $3. $6. . . , $48 at stage j=2, ard that w e  had 

$17 to ailocate at stage 2 (fm stage 31, then this 

%ppTo)cuMtell DP procedure wwld have resuited in an allocatim of S2=3 

itars fmn the best  row el- at $15 (rcku abwe $18) resulting in a 
systen availabiliw of 0.68746, -ch is clearly non-uptm since 
inaxmnts of $1 in table 3.1 shows tha t  a hi- systen availability 
of 0.74389 can be achieved by allocating S2=2 iteis, had we included 

rar $17. This pmblen ~n occur for severaï available lxdget values 



wtien optiial aïlocation vectors (s*} are determined by wrkirig 

backwards frcm stage 3 .  

Furthermore, the solution ab- is also a functian of the order 

or the sequeme in w h i c h  the iters are listed. 'Itnis, keeping the $3 

item at stage 2 Yi hcrakmts of $3 ani listing the $5 itan first at 

stage 1 ard the $1 item at stage 3 vs the rwerse ($1 i t e n  f i r s t  cnd $5 

iten last)  , can le& to different solutim vectors (3 ] ani therefore 
different ~ u e s  for As. 

Tb iïïilluçtrate these effects, table 3 -1 has been redmwn with c2=$3 

innarPnts at stage 2 listing the $5 iten f k s t  an i  listing the $5 i t e n  

last. A mrpaative çmmi~y of the Aç and t h e  
possible significmit e r r ~ r s  for  sa^ hadget values, wfieri select* 

w l y  sized -ts of c2=$3 for itw srpe j=2 and the decreaçing 

(vs increasing) order in -ch the item are listed ($5 itan first vs 
m), were oarpared w i t h  the true op- DP soluticns ushg al1 

possible -ta1 values of $1 at stage 2 and are presented in 

table 3.2 belm. 

Note that  no particular ozder ($5 item f i r s t  vs 1st) dcminates 

the other cnie and m o r e  no CQBlClusians can be drawn &mt -ch me 

is the best -ce. figure 3.1 shows the optimal respanse curve 
(%,BI fran B = $20 to  $50 in -ts of $1 as corrpared w i t h  

increments of $3 at stage 2 to highiight those and ciearly show 

the crucial hprtane of emmrating al1 possible bdget arrrunts that 

caild be available (remahbg) at each stage, otherwise cptinal 

salutions fran the -te DP procedure are no 1- guaranteed, 

& c m  be upredictable. Rltkugh the -te DP pmcdwe m y  

redllce the CCXIJ3inataial nature of the pmhlan to a mxe mgeable 

size, the selection of -tal values of hdget anmunts to be 

aliocated at each stage j is subjective and lead to unpLi3dictable 
ermrs for  sairt available hdget val-. 

The  mt cmdusim is tha t  ary seiectim of inCreTi.enta1 

val- (E& ot @d) for the Yi aïïocated for Sj at =ch stage 
j cw no lmger -tee tbat the true aptinial solutions will be f a n d  

uriless the size of the -ts S çufficientiy snall so t h a t  the 



pmceçs resuïts in the eninrieration of ail possible Ridget valueç. at 

the expense of increasing the state spaœ to passihly -le 
pmportians for mre realistic ccnplex pmblerrrs, as the mm&r of itenis 

Jinaease. 

art of enunierathg ail psible  aliocatian vectorç {sj } ard 
calculatirig AS for each me. in order to guarantee that the tme 
optimal soluticn is faad, we wmld have to find ail possible budget 

dinaticais  which quickly beocni- as the rutber of item J 

inaease;  for  ssnple, if each aie of J = 20 different iteis can take 

an aven- of 10 possible VaLues, then loZ0 possible CCCt33 ina t ionç  (mm 

at the later stages) &d be required, if the arriarn?t allocated at each 
stage is a ç d  to be contirniouç. If the arrrxrnt to be allocated at 
each stage can be assmrijd to be an integet, then $1 immmnts caild be 

$1,000,000 or 106 is amilable, then the total cmbimtians wmïd be 

m c e â  to an order of magnitude of 20 x 106, and the soluticm abtain& 

wmïd no langer be guaranteed to be optiml, *ch lead to air s- 

mjor p-lem, the appropriate interval or inCrarienta1 values CO choose 
for each interniediate stage j =1, . . , J-1 . 

OE such lwcai size -t for each row is Cj or S-Y the 

itan cost c2 = $3 we have chosai for air ewnple. Regardless of the 
incm~nt, the optirrial soluticn can no lcnger be guaranteed can 
lead to significant enmrs an Aç frun the cptinal s01uticai, M e s s  the 

-ts k c a ~  suif iciently srrall but increase the state space to 



al As vs c2 $3 bcternent LS5 item first. IasQ - - 

Optimal 
AstS1 inci) 
0,011 11 
0,0111 1 
0,03333 
0,03333 
0,05554 
0,08332 
0,08332 
O, 13886 
0,13886 
0,17589 
0,201 35 
0,201 35 
0,27772 
0,27772 
O,35 1 78 
0,40270 
0,40270 
0,s 1 O09 
0,s 1 009 
O, 5 6378 
0,58924 
0,58924 
0,651 26  
0,65126 
0,70473 
0,73655 
0,73655 
O,8 1408 
O,8 1408 
0,84509 
0,85509 
0,85543 
0,88766 
0,88766 
0,90143 
0,91209 
O,9 1 246 
0,94684 
0,94684 
0,95842 
0,96046 
0,961 73 
0,97221 
0,97221 
0,97557 
0,97566 
0,97676 
0,98740 
0,98740 
0,99081 
0,99090 

$5 item l a s  % 
As(S3 incri Groi 
0.01111 0,OC 





As we have &am, any app-te DP p- (-al mues 

at intemdhte stages) cmld lead to signîficant errors in the 
neasmes of system perfomance such as AS, and is ~ r e d i c t a b l e ;  the 
problm is fuaher ccqamdd since a l l  itan kidivtdwl availabilities 

A+, j=l, . .,J are miltiplied together, sans of which nay be hi@ 
reliability parts and the difference of 1 itm can have signif icant 

irrpact an the  perforrrance masue %. This problen becas 
pxcgressively worse in the miltiple location case arvi therefoz, o t k  

rr ietho3s that yield near (or optirIial) solutims faster and w i t h i n  

reascnable and acceptable errer tomids are rquhced. 

3.2.4 arid lvIinimnn Sjlç. It is possible ta reihlcg the state 
space shown in table 3 -1 to a srraller s ize  since there is M w l y  an 

M for each item UB(SjI 1 ,  J that ca. be derived fran 

c o n s e t  (3.1) and is  en m(Sj) = lnt- D / C j I ;  h, the 

banid -or {m(Sj)) -t be the rnmerical 
values (~~(~j))={4,6,10) for each type of i t e m  in ewrrple 1. 

For mre realistic exanpies, the state space can becare quite 

large tut it is possible to futher -ce it even after taiurag inco 

a c c m t  the {UB (S, ) } diswsed above, by sirrply replacirig canstraint 
(3.2) Çj 2 O with the c-traint S j  2 [6jI j=1,2, . . ,J whidi cmti tutes 

a 1- band LB(Sj) for each i t e n  j, j=1, ..J. This p- 
essentially rreans tha t  the stockage level Sj for each itan miçt ke at 
least as large as its man integer missan failure demarid paramter 

w h i c h  is not c w l y  restrictive since it ensures that each itan j tvill 

have a minimmi A, (S  j O£ q m x i m t e l y  -55 to .60 for the Poisson 

distril-uti.cn. 

I I n -  ail % ' s  are miltiplied tapther, we ensure a niinimmiAç > 7r 

A j  = ( .S5 to .60) J; for -le, a minimmi -fi& Aj = 60% for an 

q u i p r i ~ n t  ccmisisting of J=10 itm w i l l  d t  in an appmxhate AS - 
.601° cr .O06 (less than 1%) ; since it is M y  c ~ e i v a b l e  to &tain 

such an unacceptably l o w  value for pS,  wen hi+ minimm values for 
each Aj, such as Rj  2 -70 or .80 can be specified as lang as the 
wexaïl wst of this initial starting allocation does not exceed the 



mt or 9 S - j  r B, otherwiçe an unfeasihle solutiai will renilt. 

I h e m m b e r o f e q u i ~ t s M ~ t i r i g ~ t b e p e r i o d ~ a  

mre inportant amsideration since 1- values for Aç when J haeases 

iray be perfectïy acceptable if the acpected mm&r (prqprtian) of M 

equiprrrits reniiin hia .  For eicnrple, if J=50 i t e m  and each 3 -99, 

then = -60 which might be unacceptably lm, àit if t h e  average 
rnartw of the M = 20 equiprisits still oprat ional  at the of the 
pericd is i 9 ,  then a 95% p q a r t i c m  (defined -lier as AAç) might be 
perfectly acceptable to managers, as w e  & a i l  --te later. 

in air exanpIe 1, gim a m&nm -able hdget B=$20, the 

1- band vector {LB(Sj)} for itan j W t s  in the miniman 

stockage level { S  ={12,2. wifying ehe 1- M IB(Sj) = 

[ b  j 1 for each item' s st-9 laiel Sj , j =1 , . . , J autariatiwily +lies 

that a tighter or better UB(Sj) can easily be fand by -1- 

ccaiçtraint (3.1) againarr3definedas: 

can deri- the followirag catplete u p p r  baud vector of stockage levels 

for each iteri as (~~(Sj)}=(2,3,4). Therefore, we need to' be cancerned 
"th cnly the f o l l a  xange of possible values for eadi itan Sj: 

S1=[1,2], S2=[2,3J arvl S3=[2,3,4] which has k e n  mnsiderably m œ ü  

in size as mipared to the original paioblan of table 3 -1 earlier. 

hren though the } arrl (UB(çj ) } vectors provide a realistic 

and m t  eonvilnient way to &ce the m&er of possible carbinaticns 
to a mne nanageable size, for mm practical ard real-world pmhlans 
of larger sizes, this pmc&ue the p-1- defined earlier 

(inCrarienta1 values at intexmdiate stages and sequenœ in which the 

itens are listed) ard -tes an additicnbl pmblen: selecting the 

nMimnn and the mWamni aliacatioi anmunt (range of possible values) 

for each int-te stage in the DP tahle. Ebr e>rarrple, select* 



increcrientaï values of c2=$3 at stage 2 fran $0, $3, .. . vs frcm $1, 

25 since its mst c3=$2, but with a Poissari rriean -ter of 63=2, the 

iten availabfii~ A3 waild beccni- extrarel. hi*; ME? muid thus specify 

a rriax Aj = 0.999999 (or any other reascnahle m&er such as 5 t b  its 

stardard deviatian) for each itm, which t(llaild fmther refine the 

respective {IB) arxï {UB} vectors. ' Ihis procecbile shail be the me 

presented in a later chapter. However, w e  mist ensure t h a t  the optirral 

solutiai {sj US* this procedure does n ~ t  Sj, 

j=1,. .,J t ha t  is at its minimnn or value, othemiçe, the 

3.2.5 Lower baad on CS. We can establish a lower ka.ml =(CS) cn the 
total  cost solution ( . ) obtained wIien in-ts are us& fmm stage 
- 1 , .  1 ;  suppose w e  are a hdget of $50 axl we use hcrm-mts 
of q = $ 5  ami  c2=$3 as to $1 incrarents in table 3.1, tben w e  

can luse no mxe than $3 at stage 2 since rows are separated by at mt 

$3 and by at m t  $5 at stage 1 for a total of str iciy less than $8. In 

generai the total loss, W t e d  8, w i i l  be s Z c j ,  - 1 ,  . . Ço, 

given a starthg &able tudget of B=$50 at stage j =3, the total cost 

soiution vector CS (. ) s B - B or $50 - $8 = $42. 

The size of the errer & an h m  far away can CS be f m  the 

starting mt B can also be expresseci as % of the Rdget or mOO%/B 

aKZ d e p x ï s  cm the size of incrart3its used at each stage j=1, . . . J-1 as 
w e i l  as the sequenoe the itais are listed, and the 2xidget size B. 
aarparing the 2 diff-t secpnœs ($5,$3,$2 vs $2,$3,$5) for a given 
d a b l e  bdget of k$50 at stage 3 gives us a rmckm a-priori errar 



of ($5+$3) /$50 or 16% vs ($2+$3)/$50 or 10% respectiveïy and a 

wrrespcnding IBQ) of $42 a d  %S., *ch can be uçed as a guide for 

acceptability of reçults by an analyst. 

Thus, if w o d c b q  bacl3apmrd frmi stage 3, listing the item in 
inaeasing order fxun j=1, . . ,J-1 warld yield the 1-t possible 

thm~t ica i  ermr. m£artunately. no COBlClusian can be d r a w n  abait the 

effect an the prfozrranoe masure Aç (or the expcted s p t e n  bacbrders 

BO) as can be seen im the çcamiary table 3.2 above, àit the % error an 
the systm perforrricmce masue Aç m be unacceptable for lower 
available aidget values, and pxqessively irrprove for higher budget 

values, as wmld be -ed. 

Aç shown in table 3.2 (colrani w i t h  $5 item f k t )  w i t h  B=$50 fran 

stage j=3, we abtain the following near cptirral soluticn vector { s )  = 

{4,5,7) and Aç = .99081 at a t o ta l  CS = -5 + 5x$3 + 7x$2 = $49 which 

is greater tban the a-priori LB(CS) of $42 as expected and the error 

achieved s = $1 (or 2% of ~=$50), ccnpared w i t h  the tnie optimal 

solution vector {s) = (4,6,6) and Aç = .99090 at a total cost Cs = $50 

&ch is -ter than LB(%) = $45, and the ermr achiewà 15 = O (or 0% 

of B=$50) . aie çoiutian -or {s) = {4,6,6) with = .99O9O is aïs0 

guaranteed to be the c p t W  salutian as ccmfirmsi by table 3 -1 since 

ail possible a t  values w e r e  ernarilrated. 

3.2.6 smmarv. The f h t  major pmhlem of DP rrethodo1ogy is to aisure 
ail possible ixdget values are eniarierated at intermdiate stages 
jS,. .,J if we are t o  -tee that true optiml solutiun is fand. We 

caild çolve the pmblen by emmrathg at each stage j =2. . . , J al1 
possible budget ailocations (carbinatianç) resulting f m  every a t  

value ewnansd at the pmviaus stage j-1 and sucœssively adding hdget 

-ts of $9 (itenl s cost frun the previms stage) , up to the 
maximm possible arranit that can be allocated at the current stage. 

Or, alteniatively, we cadd acconplish the sam &jective s t a a i n g  

fran the last stage J and w d c h g  bac3cwar?d for each stage frcm jd- 
1,. .,I. to stage 1 by successively çubwcting fmn e w q  budget wiue 

at the previas stage j+i. an anxxnt a to Cj ( i temt  s cost 



f m  the clrrrent stage). up to the possible ammt that  can be 

dpihicted as a reçult of inaeasing S at  stage j+l. 

This latter appraach w i U  be shcnrn next to be @valent to a FULL 

network representatiai of the DP probla ard -tee the tme optimal 

çolutian w i l i  be farrul; fmthenmre, the total m&er of rws in the DP 

tables as a result of the a@ication of this technique w i l l  be equaï 

to the total nimrber of M3deç N in the netwo* rriinus 1 (destination 

Mde) . aiis process, harwer, oaild as0 becare g u i M y  unnanageable as 
t h e  lamizr of itm J haeases (mmber of stages) since the possible 

hüget values exgmentiaiiy, particularly wilen nrri-integer 

(real) hdget ailocation values are intxduced wfienerer c j l s  for any 

item j are mal  valu& (dollars and cents) or of different orùers 

of magnitude when  ccrrparsd with me another, which is very likely in 

real-world qplicatims. 
We are ths still facd with an -tim type of problgn to  

çolve. Amther solution wmld be to f i rd  the laest canrcrn deruxriinator 

of ail coçt term Cj, j=l,..,J ard prcceed as des- in the 

p r e v i w  paragrCrph. Since itan costs m y  have fzactionai values, this 

can lead to very çntall -ts a d  imrease significantly the niartw 

of possible allocation amxaits to be examined at each stage and wmid 

also renain an ernmeaticai type of p-lm for whidi the total  mm&r 

of possible carbinatiaais is unacœptab1e. 

'me seccavl major pmlen with DP (other than w t h g  al1 

possible a t  allocatian values for aU stages) S associated w i t h  

the possible selecticm of ecpaïly sized -ts to M d  t h e  DP 

tables at each stage, creat iq  gaps between the mm listed in the DP 

table for each int-te stage j=2,  . . , J-1, and W possibly losing 

part of the hdget rmainiq for each subçequent stage. &miever. this 

p- M lariger guarantees t ha t  the  true cptirrat solution will be 
fcrnd ami therefore, lower qstem availability + rray occur as a 

result ; fmthermre, it is subjective ard c m  lead to different 

solution vectors (3, j =l, . . , J) &pendhg an the s ize  of the 
h a m m t s  a& also on the seqyenœ in wfiich the itgis are listed in 
the DP m e s ,  and the s-/exfhg values at each stage, as table 



The subjective and inipredictable nature of the --te DP 

p r a x k e  laadç us to a search for faster, mm efficient anü practical 

soiution motbods such as the rrarginal analpis ard/or Lagrange 

reiaxaticn nie-, to  be presented in the ne>b 2 chapters 

reçpectively. As a quick W e w  of w h a t  lies ahead. table 3 - 3  beïaw 
prrrvides a ccnparative çum~isr of the g?tW (or near qtimal) 
solutims for -le 1, even an available hdget B fran $17 to $22. 

abtabed frun d o u s  other solution nie- to be studied in the next 

chaptem 

TàWe 3.3: Ckffinal for Pl  w i t h  IW17.221 

B S* Aç (s') CS (s*) &thaï used 

17 (1,2,3) ,5101 17 D M L F  
18 (1,2,3) ,5101 17 D F G 
19 (1.2.4) -5638 19 D M L F G  
20 (1,3,3) .5892 20 D F 
21 (1,3,3) ,5892 20 D F G 
22 (1,3,4) -69.3 22 D M L F  

Mt-: D = Dynamicprogrcmming 
M = Marginal analysis 
L = lagr;rmge miltiplier 
F = m network 
G = network ( g a p  in the hdget) 



3 -3.1 Pmcebm. A fort(mrd/backs+md recursicn fortrula for the case of 

an e t i v e  lehum function, cari al= be f and  to s d v e  P? US* 
the fo l l ahg  notation: 

Stwe j=1,2,3 = itan j 

State bj = a u m t  available for allocatioai 

up to the en3 of stage j 

Decisim variable 

stage j 
yj = amanit allocated for Sj itars at S- j = E CjSj 

Retum functiun 

9 (3 ) = W e d  backorders for iten j 

whem b,= aii possible -able budget values 

yj= al1 possible values to be allocated 



T h e  solut im procechire is to start at stage j=l (itm 1) ard 

de- the qtinral allocation yj (or Sj) for its m i h i e  

values, wfien is amilable up to t b t  stage; <nice the cptirral 

allocation has k e n  calculateci for a bujget B at the last stage J haç 

been calcuiated, the ~ ~ t i r o a l  allocation {sj is det - b y m m  

backwardç fran J t o  stage 1. 

3.3.2 C b t i m l  soluticri. The sequence of optimal allocations for ercanple 
1 in the za.nge B= r17.221 for nodel P2 to minimize t o t a l  m e d  

systanbackorderç BO is shmn in the mmmytable 3.4 belaw (noDP 
tables are included) almg w i t h  other possible salutiai mthcàs, to be 
discussed later. Al1 of the allocati<ris generated by the DP pmxïwe 

are guaranteed to be urdcnrinated, if all possible hdget values tha t  

can be allocated at each interrriediate stage similar to mdeï P1, ami 

are deçcribed as followç : 

- If S1€ÇB, then rn(S)cBO(S1) ==> Cç(S)%(St )  for 

a U  other allocations S, hence S ' is the cptiml 

solutian for P l  w i t h  C s ( S 1 )  as the budget 

- If S E Ç B .  then Cç(S)%(S1) ==> BO(S)&O(St) for 

al1 other allocations S 

In other words, the sequence of allocations generated for any 
specified hdgetary values (fm $17 to $22 shown in this exaqle) 
&ves us the entire --off airve between the total  system baclarders 

m and the systen costs Cç for C ç d  that is: (IY)(S),C~(S)); or, 

similarly, me allocation is said to damnate another if it has either 

(1) less baclarders at no mre coçt, or ( 2 )  no mze backolderç at less 
CO&. We also note that B3 is naiinneaçing as CS increases ard 

âpproaches O for an axbitrary large àidget value. 



17 (1,2,3) .8669 17 D M L  
18 (1,2,3) -8669 17 D 
19 (1,2,4) -7240 19 D M L  
20 (1 ,3 ,3)  -6760 20 D 
21 (1,2,5) .6702 21 D 
22 (1,3,4) .5328 22 D M L  

lbte~: D =Dpmicp- 
M = P h r g k d  analysls 
L = Lagrange miltiplier 

3 .3 .3  Sumam. The sam -ts agpy for  mxlel P2 t o  mininiize 80 as 

for ni3del m to niuamize previouçly described. T h e  p m  
guarantees that al1 the aiîocaticms in {ÇB} that mininiize 80 are 

ladamnate& as l m g  as al1 possible budget values r m m h h g  are 
enunierated for al1 interrriediate stages jd-1, . . ,l, which lead to the 

q c i r r a t e  DP pmedum with the pmblens of select- -tal 
vaiues, the sequence itens are l is ted ani the beguaurig . . 

ad- 
of possible allocation hdget values - at each stage. 

In the next sectian, we develcp a NLC netmrk stnicture 

(equivalent to the aact DP mthod) of the çanio pmblan and therefore 

guarantees that the true cptirral sa lu t im w i ï l  be fairid, wliile a GAP 

network structure ( w i t h  CAPS in the mt) is equivalent t o  choosing 

hcrm-mts of cj at vaxicus stages; altkuspl, for the Cap netvmrk, the 

emr bmd an Cç fmm the àidget B is identical to the me calculated 

p&ously, Le. 2: 5 ,  - 1  . , l  the GAP network pmzeüme can be 
to be slightly nore accuate ard -ore likely to give better 

results than the app-te DP p- w i t h  -ts. 

Both Srpes of nemrk structures (NLL and CAP) w ï l l  as0 be 

applicable to a U  other nodels studied here in this thesis (&s Pi, 

ma, Plb, P2, P2a, P2b, P2' ard PE). as well as for Ebelingls miltiple 

màchine repair mdel, denote3 model (Pg) [ s e  ming 19911. wliich uses 



similar DP soiutim r r e t h d d o g y ,  Rit uses an irrpractical or 

unrealistic IMt.ierical -le and does mt discuss the arrptaticrial 

difficulties associated w i t h  it . 

3 -4.1 m t .  T h e  contents of this section describe the netwak 

structurieç and the çalutian p m  to solve pmblars related to ail 

air e s .  The nain reasans for disniçsing the network structures are 

as follows: 1) the la& of practical nrdels represented as nettciorkç in 

the literature, 2) drawing parallels with DP mthodolagy ard its 

e q u i v a l e n t s t x u c t u r e ~ 3 )  mrparirigtheGAPnemorkwiththe 

appra>ciniate DP rrilthodalcgy. 

aie qtiniai solution can be faind with a node labeling procecbire 

such as Dijkstrat s algmithn for the shortest path in a netFFOxk and the 

techiques aitlined here are pirely acadanic and for  srtràll scaïe 

pmblars m i y ;  for la- scale problm, -1- DP at each 

successive stage or ait-te me- discusçed in the next chapterç 

Wwld be f a r  mre productive. 
'Ihe cancept is to mnçtruct a network in wfiich each stage 

(j=1,2,. . J )  represents an itan type ard wIiereby part of the buiget is 

aïïocated for Sj itm . Ncdes -=sent the sact wt to 

be allacated for the çubsequent stages af ter  pirchasing Sj  itars at 
stage j ard each arc length rqresents the currulative Poissm 

availability Ajk reçulting frari the allocation (purhase) of k itgm at 

stage j . sam ccaicept is -lied in the case of KOW. P2 to 

niinimize BO except tha t  the 1- of each arc r e p m t s  the rPmiw of 

backorderç T k  resulting fian the allccatian of k itais at stage j. 

ForbothmràelsFlardP2,  t h e d y n a d . c p ~ r m t h a l i s u ç e d  

t o d e v e l o p B a d i s t a g e o f t h e n e t w o r k a r d ~ m u g i n a l ~ ~ i s t o  

-te each node and each arc w i t h i n  each stage. Whiïe a stage is 

àevelqxd, the sequence of node nmhriq b e c a ~ ~ ~  a critical factor 

since vie miçt keep track of the BQ= hdget label for each mde 

created (hence FULC netwcnk) &ch crm be dis- cmœ w e  pmceeù to 



the nact stage. 
Ihe result is a directed acyclic netr(x,rk for which the cptiniil 

solutim for nicdel Pi is &tain& by fw the mst reliable path in 

the nehvork thruqh a natrix miltiplicatim algorith or equivaiently, 

findirag the shortest path Li a nemmrk when the transfomtian to - 
ln(+$ for each a .  is perfonried. 

For rtodel. P2 to m h i d z e  Bû, the shortest path c m  be directly 

applied tu the network to &tain the qtirml soluticn, Wthait any arc 

transformation, by calculating for each arc the -ed backoxdexs 

q k  as a resuït of aiiocating k items type j at sach stage. 

In the literature, there are very few -tory systems tbat are 

solved using netwo* analysis k t  the r r i e t h d  des- in this chapter 

offers a better ard fas te  alteniative other than DP for f ini i rg  exact 

optimal çoluticais ta m ü d s  m arx3 P2. 

The netsmrk for r m k i  P l  is m t m c t e d  s W a r  to the =source 
allocaticni pmblan des- in Cwinstm 19941 which is set up as a 

liriear m c k  problm; the 7bmpike theoren discussed by Winstcn, 
bases cm sort* the benefit to cost ratio of each itan by decreiçing 

order, is valid m i y  when the objective functian is linear ~IXI is 
@valent to the narginal ana lp i s  pmcedme der id  in the next 

chapter, except that the benefit t o  cost ratio pre~ented here is non- 

lin- i .e. the  increase in asmilability as a result of - one mre 

itan type j is baçed an the clarulative misscm distrikutim arid is 
therefoIe m t  constant. 

[W- 1975bJ has also included a few mre -les of mm- 
linear cbjective fiinctians subject to a single caistaint (see his 

cbapters 8 and 10) such as distributicni m a ~ g e r m ~ t  effort ani 

f- allocation to projects uihereby the DP pmblen stnichire can 

be represented as networks ard çalved with a shortest (or 1-t) path 

algoritin. 
ûther ~xmples of nettÈork analysis can be fard in [Lawïer 1976 ch 

2 p.641 for the 0-1 spare patts profit mwcimizaticn prcrblem in knapack 
fonn where the saluticn is to fird the 1-t path in the ne-&. 

aod &th 19821 has analyzed a 0-1 of Yoal kitn men 



3.4.2 FVLL nettriork for nDdel Pi (bbx As). The sane -le 1 previously 

described for rrrdel Pl w i t h  the d.yMmic p-, will nau be 
solved u s h g  the FUCL ne-& analysis w i t h  B=$20 to keep the netwo* 

structure to a reasoaiable size. aie paramters are repeated here for 

m m :  (B=$20, 61=11 02=1.5, 03=2, c1=$5, c2=$3 ard c3=$2, min 

% =. 001 and mx Aj=. 999) . The proceàure reçults in an acyclic network 
and i s  illustrated in figure 3.2 MW. Each arc length thus repreçents 

the amulative Paissun probability Ajk if k itens are allocated at that 

stage; stage 1 for itm type 1 with k= [nt in=O,  mx= (B/cl) 1 or k= [O, 41 ; 

we mist keep track of the exact WcQet left &ter allocathg k itars at 

s w  j=l. 

Note t h a t  at the l a s t  stage j =3, in air -le, the "sinkW or 
"destinatiarPV n d e  xm&er 24 is created ard the procedure is 

used to determine the passible allocatiais ( r u t b e r  of itars type 3 and 

A=, k=[O,B]) fran the preceding ncdes to the destinaticn node. T h e  

final result i s  an acyciic directeci network cançistirq of N=24 nodes 

anl AA2 arcs for wfüch the aptinial solution can be fand  by c ipp ly iq  

Di jks t raVs  shortest raite ncde labelling procedue or s c m  other 

mthod. 
Within any stage j=2 to j =J-1, nodes are created anly if no other 

n d e  with the s ~ n o  budget label ( d l e d  a niatchiq label) has been 

previously mted;  this prwents milt iple ndes with the sam Rdget 

labels fian bwig urnieceçsarily created ard ençures that miltiple arcs 
emnatirag f m  different rrdes at the previcus stage will in fact be 

d i r e c t e d t o t h e ~ ~ n c d e w i t h t h e s a r r e e w c t ~ t ~  

at the curent stage. The m m b r  of tirrieç an arc is directed to an 

al- existing ncde or shazbg the sam tudget labels are Qlleù 

natching labeïs and are cumrlateü w i t h  the value M which i s  3 for our 

==me 



j=3 j 2 j.1 j m  O 

Ajk = Availability f rom allocating k i tems type  j (stage) 

1 

Figure 3.2: Full network for example 1 with B=$20 



The solutim using Dijkstrar s nethai for thiç çniall ewnple yields 

the qtimi aUocatiun vector {s*}={I, 3/31 by seïecting the Wrtest 
path thraigh Mdes 1-3-17-24 in the nemrk for a total path length or 

distance of Z -In(%k) = .5289223 and a correSpQnding -tan 

availability Aç of exp (- .5289223) = -5892397 w h i c h  is the san-e o p t a  

soluticm cbtained f rnn pul=ict DP earlier . 

3 -4.3 CamTients . Chle of the critical ccnp&aticmaï prcblem asscxiated 
with this approach (@valent to establishing rwws in DP tables) is 

that the bdget raraining when aeating ncdes ard its asçociated hdget 

node labels, is a reaï (fracticaial) value as cgpsed to an integer 

value, caused by iridividiul i t e m  costs as is usually the case in 
pxactiœ. m i s  will M t  in a large krease in the mr&r of nodes 

created as the nurr&r of itm ( a d  tkrefore mmber of stages) 

inmeases and d l  quickly ur~na~ggeable, as was the case w i t h  

the exact DP me-; when fa& with the &cisicm to select %uitableI1 
inCrenientaï ruw d u e s  of tudget allocatians for appmxhte DP tables 

described earlier, the resuïts can qredictable. The reductian 

of netwoàc s ize  w i t h  the varicus available techiques just rr~ntioned in 

the vaxicus sections abave becme of critical inportance, just as it 

was for DP, lxlt leads to acHitimal probl~m, as discussed earlier and 

reiterated below. 
We can signif icantly àexease the mmber of possible allocations 

by- 
. . 

lcnlier (q} ard upper baads {lm,} quantity vectors <Hi 

the m x b r  of k possible kens of each type j=1,. .,J to ccnsider, k t  

caild leaü to possible iifeasibiîity for srrall hàgets or t h a t  aaie of 

any itan j is at its 1- or u p p r  baad, in &ch case the solution 

vector (sj} obtained is no lcniger guaranteed to be cptinal. 

The seiectian of h m  hd iv idua l  i t e m  M d  be cansidered before 
the nehucrk is aeated, which is avalent  to the sequence the item 

are listeü, beccms an hpmtant factor. Utha@ the ruber of 

possible llniat&bg labelsfr M m t  be accuratdy predicted, regaxo1ess 

of the order in which the itariç are coaisidemd (and therefore the 

rnniber of ncdes ind arcs), then listing the rroçt expensive itais f i rs t  



(in decreasing older of costs c ( l ) x ( 2 ) > -  - > c ( ~ ) )  simuid ensure t ha t  

less nodes and arcs are aeatd in later stages, ard equivaientiy tha t  

the mmker  of correspanding nnys in DP tables is less . T h a t  is why item 

j=i w i t h  cl=$5 in figure 3.2 has been listed f b t  followd by c2=$3 

aid c3=$2 as the last itan. 

W we listed the least expensive itan f irst, i .e. q = $ 2  fallowed 

by c2=$3 ard c3=$5, the network aeated by this  p- us- the 

scnie original pairaneters of acnrple 1 watld bave resulted in N=24 

ncdes, A=42 arcs and M=3 mtcbing labels vs N=19, A=59 and M=34 for 

the original ne-*, w i t h  the mst v i v e  iten listed first 

(c1=$5) . 
The inportant COBlClusion here is that the t o m  m&er of mws in 

the DP table = N-1 nodes aeated as a remit of the FULL network setup 

pmce&re and that the total mmber of DP cd1 e v d u a t i c m s  = t o m  

mm&s of arcs A in the nebmrk, as &am in the @valent DP table 

3 . 5  belm. The t o ta l  -of ruws of the DP table is exactly eqml 

to the total nmdxc of ncdes N of the equivalmt network less 1 
(destinatian node) or N-1 = 24-1 = 23 in figure 3.2 arid that the total 

nmber of entries t o  be amluated in the DP table is equal t o  the 

m m b r  of arcs A = 42; the procedwe developed here gives us a 

camenient way t o  quickly e s t h t e  the size of the pmblan M d  DP be 

us& to sole the pmblan; the mm&r of matchhg labeis M sinply nean 
the nurrber of üuplicate rows that wauld have the sans bu@et value 

within a p r t i c u i a r  stage. 



Table 3.58: DP FULL network eauivalent {Min Ai=.001) 

Lamda = 1.50 c2min.h 53.00 $0.00 $1.00 
O 1 2 3 4 5 6 7 8 9 10 

Table 3Sb: DP FULL network eauivalent (Min Ai=.61 

C 

Stage j=¶J Lamda = 200 c1.min.in $2.00 $0.00 $ 1 , ~  1 
b lS1 1 O 1 2 3 4 5 6 7 8 9 I O  l rcmmi 

1 I 
1 

1 1 
stage 1 4  Larnda = 1.50 cZmm.in $3.00 ~0.00  ~ 1 . w  1 
b2S2 1 O 1 2 3 4 5 6 7 8 9 10 fromsx 

I 

I 1 



ç w  fn stage J=3 with B420 ( f d t  row of the DP table 3 S a  

5-i=2 as a r e m i t  of the possible allocatian of S3 = 0,1,2,3 or 4 

iters type j=3 c6sting c3=$5 each. aie procedue is then repeated ficm 

stage j=2 to -te all mws at stage j=l as a result of the possible 

allocaticm of S2 = 2.3 or  4 i t e m  type j =2 costing $3 each. Note t h a t  

rwws  in the DP table (or nodes in the network) neA to be created 

before the actual opt- calculatians of Aç are executed, just as was 

the -t to create t h e  xdes and arcs of the  network before the 

çhortest mute opthaï algorith in the network is executed. 

nie following 5-item exanple illustrates how a netimrk (and the 
mmkr  of mws in exact DP rrethoâ) in size very quidcly: w i t h  

an initial available tudget of $500, m i n  %=.70 and niax %=.999 for 5 

ciifferent types of itans wtioçe cost vector { s c j }  = {19.99, 17.67, 

i5.00, II., 9-99} and Foissanpararrieter {6j} = {1,2,8,3.5) ~ S U 1 t s  

a FüLL nettrork structure conçistbq of N = 2012 a s ,  A~3109 arcs arxi 
M=41 niatching labels. The equivalent exact DP mthd w i t h  -ticai 

of ail pssible budget allocaticm values at each interT[Ediate stage 

wudd thus z q u i r e  a total of N-1 or 2011 RYWS and A = 3109 

availability calcuiatims w i t h i n  aU of the 2011 mw, withait canitm 
the mrpariçans for each mw to determine the ~CNI mximm; this 

carpareç w i t h  N = 9245, A = 19454 and M = l990 haà we specispecified a 

miniman % = .O01 for each ifzen j, j=i, . . ,S .  

The GAP nemrk discusseci in a later secticai w i l l  &al 

specifically with a powerful tedmigue to &ce the ne-& to mre 
crranageable sizes, anl is -valent to the --te DP mthd (with 
incraiienta.1 h ïge t  values at each interrriediate stage), and althaigh it 
m t  guarantee that the s a l u t h  fam3 is the true opthai  one, an 

errcor banxi an the total costs CS similar to the a p p h t e  DP is 

shown, an m g e l  to be slightly -or. 



m3del P1 can easiiy be accamiodated because its objective -ion md 

its conistraint ( s )  are also separable by iten. 

per àynamic p-, that is, each i t e n  repreçents a stage wtïere 

frcm a specified m i n k m  k value to a specified rrrucimm, ard arc 

lengths represent the -ed W of backarders 9 f r an  the 

possible allocatim of Sj itars. 

Successive arcs f m  each node then use the sam maqina l  benefit 

mcept  that w a s  utilized in the Rarginal analysis solution procecbue 

Since the lerigth of each arc does not r q u k e  any l q a r i W c  
trançforritatian unlike nodel Pi ,  the optimal satutian is fwnd by 

directïy -1- a shortest mute algorith such as D i j k s t r a ' ç  f w  

the origin to the destinatim. -fore, the n e m r k  structure for 

n d e ï  P2 is the sam as the one &am in figure 3.1 for- Pl  

except t ha t  the arc lengthç represent the imnrber of IX3k(Sj) hstead of 

the d a t i v e  ~oisscm p-ilities A-jkl S. 

t h  network to a mxe nranageable size: sorthg and listing the mst 
expensive item first an3 a judiciais çelectian of (LB (sj ) ) and 

{UB(sji} for {sj}. 

T h e  pezmwnt labelling process is also the sans as for mcdel P l ,  

since the nades with the 1-t mmber of baclarders (bottom arcs of 

perfo~mculce of the shortest raite aigoritmi. Althwgh exanple 1 m.s not 



3.4.5 Machine reaair nodel. The RiLG network analysis techniques (ard 

the CAP netmark -1 c m  be -lied to otber mridels such as the 

classic mchine repair prcblm for repairahle iterrs described by 

[Ebeliq 19911 . His model, denoted (W) below, seeks to deterniine the 

qtimal allocation of r- charmels (or Kj and spares levels 

Sj  for  each itan srpe j (j=1, ..,JI in order to e z e  the to ta l  

operatianai systm SMLlability Aç subject to an imreçtxmt caostraint 

nase UP of total w w  COS~S c l j S j  and t o ta l  a cbarniel CUS~S 

K which mist be s the d a b l e  lxdget B. T h e  müd is briefly c2j I 
smmIiz& as follows: 



= steady state pr&ability of r Sj item in repair, 

based tbe Mfi/Xj Wth (L + S j )  

items wiiere at least L itats are operating. 

As descxibed in his paper. Ming cptimizes Aç in two steps. aie 
first detemines the qtirral stock levels Sj and the of re@r 

cbarinels for each itan j. j d . 2 ,  ..,JI us- a direrr search 
techRi- tbat mist inClude a w m  of the qt* hlj ( S j . 9 )  for 

each possibie hx3get allocatim, inilike the network technique w e  w i i l  

be us- here. ?he s e c d  step aïiocates the total hdget B anrng the J 

Spes of itars using Qmamic progr;mniirig, simïiar to the procedue 
described earlier. 

Besides the pmblen of obtaining accurate estinates for the 

IZ- charniel COS~S c2j 's, the warld bemre mich mi=e c-lex if 

of the COSt ~~~ts C l j  Or C z j  Was & Val&, aS is USually the 

case in practice. The -cal e>cniple pruvided by Ebeling ccnçists 

of a J=4 item ~gnple  with a mxhm &able Wt B of $300.. L=lO 

operat- equiprients ard the f o l l m i q  failure rate paramzters: (6 } = 

(.50,1.00,.25,.50), the repair rates {p,} = {4,6,3,5} anà the item and 

& charniel COS~S: {clj) = (15,5,10,5} d {cZj} = { 2 0 , 1 0 , 2 0 , ~ ) .  

This -le c m  be illustxated as a Rat netmrk stnicture as 
shown in figure 3 . 3  belm. 'Rie pmxdme used ta -te the rides and 

arcs is alrriost the sare as for m3del P1 for cc311Sun'Bbles seen earlier in 

the -ter. 



Stage j= l  Stage j=2 ... Stage j 
k1-20 k2-10 k j-7 

- indicates mu1 tiple arcs 

Aks = Pj(k,s) Prob of  at least s operating i t ems  I k crews 
1 

- 

Figure 3.3: Network for Ebeling example 



Dynamic pqnmhg is used in stages. me stage for each i tem 

type j; within each stage, arcs emanatbg frm each of the nodes 

crreatedatthepreviousstage ( S t a a i n g f r c m t h e t c p n c d e k v i n g t h e  

highest àadget rerainirag) are direct& to previously created ncdeç if 
they curratly exist and bave the - mtching hàget label, or are 

directedintonewndes~insqxenœ.Eacharcregpeçentsthe 

st- state wi i i t y  h l j ( S j J K j )  or Ag, in figure 3 .3 ,  that 

faileditarsdomt m S j  w c h a r i n e l ~  

for itm type j . 
Fran each n&e, repair channeis K j  are successiveiy 

starting frun a minimum vahe of Itj=l (at least 1 repair charniel to 

ençure item can be retunied to an operatianal state) to a çpecified 

val.= of [B/C c2j3 ; then, for each Kj value, iterrs Sj are 

alço successively aMed frun its minimm of O to its mximm specified 

value of [(B-c2j)/clj1, thus mtw an arc emuiatw f m  a ncde with 

a Wt value label of say 4 and direct& to a ncde with a budget 

hbgl Value &ced t0 3 - (c1jSj+c2jKj ) .  

The p- is repated until stage J-1 and the reverse 
procechire is then agplied for the last stage J, as w a s  dme for mùeï 

Pl. aie remit is an acyclic network whose optirral solutian can be 

abtained by -1- a shortest path algorithm ance the length of each 

arc h a s  been t r a n s f o d  to  -In(% ; ( S j , K , ) ) .  
1 d 

The netmrk p m  setup described a b v e  for Ekdingts model 

d i f f e r s f r cmmaje lP1 in tha t  thexeisnorequirenint  tocheckthe 

optirral ccxrl3inaticn of the two variables Sj and iCj within eadi stage 
since the shortest path algoritmi and its cor- 
terpraxy/pmment labding pmce&re autorcratically detemines the 

best altemativeas, as al- des- prmriously. 

The sarri- network anaiysis technique can be useà if the objective 

functim in Ebeïhgf s rrpdel was chariged t o  minimize the t o ta l  expcted 
backorders funct:icm 83; in this  se, w e  d d  use stardard queuehg 
results ard se& to minimize LS = I: n.% j (Sj15) fmn n++l ta 

infinity; the length of each arc wmld then represent the ecpcted 

mm&r of failet3 itars tims the steady state pmbability -ch is 



3 -5.1 ~ a n c e ~ t .  A pwerfuï alternative to the full network analysis is a 

network structure t h a t  can quiMy --te the aptiml. solutian for 

both rrodels P l  and P2 by redllcing the network size significantly . The 
cancept is nearly identicai to the FULL network structure ard w i i l  be 

calleci a GAP nettJprk, me in which gaps in budget node labels are 

oc- wiiile arcs and nodes are <ireated, ilIYl is equivalent to the 

=*te DP mthd w i t h  incrarpnts of Cj within eadi i n t e t e  

stage. 

?he procecnire is again repreçented by a ne- wfiereby each itan 

type j repreçents a stage just like dynamic progr;arming am3 h@et ride 

labels indicate the büget left for subsequent stages after allocating 
L .  çj item at stage j, j=l,..,J. At the of aach stage and fmn 

the top node of that stage, riew arcs and nodes with their mt labels 

axe sucœssively created as a result of adding k itas of type j frcm 
its Çpecified lmer bumi until its çpecified band has been 
reacheà or until there is no nrne àIdget -able. 

?he a n i ~  critical difference frrm the f u l i  rietmrk s t r u ~ t u r e  is 

that frun the nodes within each stage, arcs are again 
successively created and the hrlget rareinirig as a remit of one 

mre item type j is caïculated, then the arc is directed Li to a ncde 



al- created at the clirrent stage if it matches its büget l m ;  

otherwise. if the hdget nmhing fails between two Ridget ncde labels 
already aeated Le. no match is found, thw the arc is directed into 
the 1- of the two hdget ncde labels instead of aeating a new ncde 

as w a s  the case for the EVLL ne-* pmœ&xe. Ekthermre, the arc is 
directe!  into a newly created nde (if no mtch is fGnrl or it doesirt 

assigned biget label ( remahhg for çubsqumt stages) that is exact 

i .e .  no m t  las is incurred. 

we note that since a i l  ncùes aeated within a stage are spread by 

at rmst the iaranit Cj as a d t  of successively adding one mre i tem 

tyPe j , a ma&mm poçsible m t  ~ U S S  of Cj oc- within each 

stage by forciag the arc to be directeci into a 1- budget nale and 

therefore can incur a total poçsible rrruciman loss of E c j , j =2, . . , J. 
aie reçuit is a direct& amie network for *ch the o p t a  

soluticn is &tainet3 by app1- a shortest path algorith just like 

the full netmrk analpis. S i m e  th is  procecbue causes a poçsible loss 

in the hdget, the çolutian vector {s} may not be the true qtixmï 
salutian kit it asistitutes a ccnçervative lwer M L8 an the men 

availability %. It is alço a tme wtirral soluticm for the 
CO- Icwer budget if a Wt loss has occurred. 

m, the major aàvantage over the full network structure is 

tha t  it caaiçiderably &ces the nettx>* size (W of nodes and arcs 

in the netwc*) by increasing the a of ma tchhg  l M s  ard 

-ore dranratically inprnveç the performance of the çhortest path 
algorithn wd to determine the near or cptimal solution. M o =  w e  

forcmlize the r e d t s  described above, we shaïl denunstrate the 
applicaticn of the GAP procechire to -le 1 ard ccnpare its results 

with the FULL network. 

3.5.2 GAP network for mdel E ? l  (Max As). T h e  pa ra~~ te r s  for exmple 1 

w i t h  B=$20 are ammiently mpeated here: (B=20, 01=1, tj2=l. 5 ,  63=2, 

cl=5, c2=3 a d  c3=2, min 9=. 001) . aie ne-* structure as a M t  of 

the  GAP network prrx2edure is presenteü in figure 3.4 belm. 



Qlce the first stage is carpleted (frnn node 1 to riodes 2 to 6 in 

figure 3.4) .  at each subsequent stage j=2,..,N, ncdes and arcs are 

aeated as before frcm the top node of each stage to the bottan n d e  

(mtir ig f m  nades 2 to 6 ) .  F3mn each node, a &es of arcs is 

-tedl mena- from that nade repreçenting the cumlative 
~ a b i l i ~ A - j k t 0 I l C X k S  b - c ~ e a t e d a m  hlçequen~ewith 

the i d e n t w  budget label after the pssible allocation of 
k items. 

For cur -le, f m n  n d e  2 ,  arcs with length -In(AZO) to - 
direct& to ncdes 7 to U are created (qk where j=2 and 

k=[0,6]), since with a possible kudget reraining of 20, anly frcm O to 
6 kens tyFe 2 costirag ~ 2 = $ 3  each can be allocated or up to the 

çpecified mxhm of Rj=.999 or until no mre budget Iareins to be 

allocated. anis. mies 7 to î3 are areted aact ly  c2 = $3 apart with 

wt  de iahels of $20, $17, $14, sn, sa, $5 and $2 m t  

rarainirig t o  bo allocated for subsequent stages. 

?hg d v  mitical difference between the EüLL arid GAP n e m r k  
stmctures occurs wIien the proœss is repeated for ncdes 3 to 6 to 

q l e t e  stage j=2 before pmceeùhg to the next stage. Ran node 3 

bdget of SU), an arc %k = A20 resuiting fran the ailocaticn of k=O 

itans type j=2 sbaild be directeci to a new node to be created (node 14) 
w i t h  a hdget label of $15 -; hrnniver, ncdes 8 ard 9 with 

respective W t s  of $17 and $14 rerraining (the coçt spreaù between 

these 2 rides can be at m t  a mximm of q = $3 cmïy) have akeaüy 

been created fnm an earlier naïe (node 2) within the sare stage j =2, 

t-herefore, node 14 is EX>T created and arc is instead dimcted to 

the 1- m t  ncde rnmber 9, karing a h@et loss of $15-$14=$1 in 
the process. 



Ajk - Availability from allocating k i tems type j (stage) 

Figure 3.4: Gap network for example 1 with B=$20 



aie toprioae (Ilode 2 )  of the 

starting mt ncde labels to be 

= c2 = $3 deterrriines the interval 

-t stage j=2 thus determines the 

used for the next stage (j=3) and c, 

between hdget n d e  labels for a i l  

mdes m t e d  at the airrent stage j=2 and frcm which riew arcs ard 
nOaeç will be aeated for the next stage j=3. 

'Ihe sarri- procedure is then succeçsiveïy -lied for tfie next arc 

qjk = Azl directeci into n d e  10 until the k=5 value for arc 

A258 at which tim na% 14 is m t e d  at the bottan w i t h  a hdget 
rerraining of exactly $0. aie process is repeated for al1 reraining 

nodeç 4 to 6 to carplete the ne-& structure at stage j=2 .  Wrdget 

labels for each of nodes 2 to 6 can then be discarded, just like the 

EULL netsmrk, as they are no Icaiger- for the ~ E W  stage. 
Finally at the last stage j=3, the llsinklt or WestiMticniI1 node 

assi@ mmbr  15 is created and the reverse procechile identicai to 

the KTLL nebmrk stnicture is used to detemine the possible 

a.ï~ocations A3k fmm the precedirig Iicdes 7 to  14 to the destination 
node 15. T h e  f inal  result  is an acyclic direct& ne- ccnsisting of 

a total. mm&r of N=15 nodes, A=33 arcs and M=12 natchkq labels dunng 

m t i o a i ,  (vs N=24, -1 ad M=3 for the FUL;L network structure in 

figure 3 . 1 ) -  

aie solution ushg Dijkçtrals nethDd yielàs the near o p t m  

solution {s*} ={I, 2,4} at a total mst ~ç=$19, by seïecting the shortest 

path thrcugh nodes 1-3-11-15 in the network. The total path 1- or 

distance is = E ln(-Rjk) = S730885 and a CO- systen 

availability AS = -(-. 5730885) = -5637815 &ch carpares w i t h  the 

exact solutian of {s* }={1,3,3) and AS=. 5892397 di,tained fran the FULL 

netmrk structure and a c  prograrmiirig, or 4.32% errer frcm the true 
optirral solutiw. 

3 -5 -3  Camisits. In additicpi to the t h e t s  that -lied for the EüK, 

ne- to redllce the size of the network (nost -ive itan f h t ,  
judiciais seiectim of 1- {q} ard qqer band {?) vectors for 

Sjls, the w t  of using CapÇ in the aidget to ccnstmct the network 

aristiîutes a rmst pwerful tdmique to reduce its size and ïhus 



p h d e s  a Ccarvenient way to detemine the total lnmber of rows and 

cell evaluatians within each mw if the agp-te DP p- with 

Cj inaar~nts at each interniadiate stage. 

ûtkr than ansiderably riedu- the r i e t w o r k  size,  the other 

major admntage is that it can easily accamo3ate hdget ride 

values (ar fraaimal) w i t h a i t  mdificaticms, which is a mjor plohlem 

for the füll nettrÈoirk (ard the @valent exact DP methal) since it 

c;nws the mm&r of rides ard arcs to in- çignificantly as the 

rmber of item also haease and quickly becano -@le. Firially, 

the W newrk teckaiique can also be -lied to the classic =chine 

r e p a i r ~ a n l % t S l i r i g l s r r o d e l  @E) aswastbRTLLnetwork 

tedmique. 
The GAP ne-& procedure cançtnicts netmrkç t h a t  have 

interest- properties ard closely natch those of the FULt network 

prccedwe described earlier. Since the pmcedure specified -ts 

of Cj in air e e  (incrarents of any other s ize  can be acccnodated) , 
w e  h that the çolut im &tain& is mt guaranteed to be the cptimal 

one, as w the case for the agprio>rirrate DP mthd discusseâ exlier. 
It can be easily shmn (proof anitted) that the mximm possible 

a t  loss that rray result frrm the wlication of the GAe netnork 

procechire is E 5 ,  j=2, . .,JO For exaple 1, the m x h m  total passible 

loss in tudget is the re fo~  Z Cj j=2, . . , 3  = c2 + c3 = $3+$2 = $5 and 

whose total COS~S CS(.) 2 B - Z Cj, j=2, ..,J or CS(.) + $20 - 
($3+$2=$5) = $l5. 

We cw aïso state that we -t &tain a system availability 

lowerthan if we had startedwith atudget of C&) = B - Z 5 ,  j=2,..J 
or $20-$5 = $15 fco: -le 1; ki 0 t k  ~ r d s ,  the solution (sj, 
j =il . . . J} generated fmn the GAP nettlork stnicture prmides us w i t h  a 

Mço as a direct -, the m&mm (a-priori) errOr B of 

aïgorith, d e n o t e d B  - CS(.), has to be srraller or equal to Z cj, 



a perCenw (%) of the total available 

For ar srd i .  exarcpie, t h e  a-priori errer g(%) = ($3+$2)/$20 x 

100% = 25% (or a 1- W for CS ( . ) wiil be $20- ($3+$2) = $15) ; 

since the GAP r i l e m  ~ 0 1 u t h  vecto~ w a ~  {sj}=(1,2,4) at a 

totai coçt Cç (s) 419, the errar i3 (%) achieved was ttnis cnly [ ($20- 

$19) /$20] x 100% = 5% of üie total available buèget B. 
'Ihe GAP ne-& pmcedxe d e s a  in this -ter is almst 

@valent to tbe --te DP mtha3 ( w i t h  in-ts of Cj at each 

intermdiate stage j J-1, . . ,1) . Althcnigfi the errer basd an Cç ( . ) is 
the Sarre as the cme M c @  for the DP structure w i t h  eqd .  shed 

inaarents of $~j, the GAP network ~XEIEII~S is m t  anly 

the top node at each stage k t  also the çeccnd top node etc.. so it is 

possible for any given stage j=2, . .J to create nodes with exact hdget 

labels fran the SeCaid top ncde or t h e  thlld top mde etc.., 

thus givirrg solution vectors wbse total costs Cç ( . ) are likely ta be 

better (but c.anmt be worse) . 

3.5.5 R U  vs networkç (J=5 itan -le). R can n m  
danristrate the pawerful effect of the GAP ne-& structure ccnpared 
w i t h  the NLL netxxk w i t h  amther -le caosistirig of cnly J=5 itm 

which h m l v e s  decjmals: B=$500., min Rj=.7, max Aj=.999, item oa~t 
vector (5)  = (19.99, 17.67, 15.00, 11.U ard 9.99) and Rissaai 



-ter {aj] = (1,2,8,3,5). Zhe results for ehe KTLC ard GAP network 

stmctures in table 3.6 below kdicate savbqs of rmre than 1 order of 

mgnitude in the I.iipioer of rodes N and arcs A aeated and sa- of 

mre than 2 arders of mgnitude in setup rinnikig tirm. The- 
realistic coçt paramters are sudi that àdget node natching labels in 

the resulting netwolkç (and possible duplicate mws in DP tables) teni 

to & lw and cnnierçely, the mm&r of nodes and arcs gxuw rapidly. 

mmkr of ncxks N = 
Nimber of arcs A = 
N l m b z  of matches M = 
Setup tinie (çeccads) T = 

- 
ûptiml soluticni 

Total m t s  Cs(S) = $499.89 $478.33 
Systen ava2labiliw = O. 8719 O, 8323 

We note tha t  DP nethcxïology wmld reqire N-1 or 20ll rws and A = 

3109 cell calculations (% x the higbest availability at the previous 

-ting a l l  possible fudget carbhtionis, withmt caniting the 

ccnpariscns of Aj s required for each m. 
aie --te DP mthodol~, if us* -ts of size $ ~ j ,  

resulted in the  follming near optirral solution -or: { S j }  = 

{2,5,12,7,9) with Aç = .81005 and Cç = $476.01, a loss of $500 - 
$476.01 = $23.99 or 4.8% of B. 

We also note that the a-priori maicimmi ermr &(%) for C ç L )  fma 



the original àdget B=$500.. which is -1icable to the a p p d t e  DP 

p- with $ ~ j  ~CEIEII~S at Bach S- and tbe G W  network 

procedue, are both identical and s [ ($17.67 + $15.00 + $Li. il +$9.99) / 
$500] x 100% = [$53.77/$500) x 100% = 10 -75% frmi the ori- m t  

B=$SOO wtien listing the i t a m  in increasing O* of $5 startirag at 

stage 1. aniç, the lower bcunl an CS(.) will be $500-$53.77 = $446.23; 

the actual ermr achieved was [ ($500-$478 -33) /$500] x 100% = 

[$21.67/$500] x 100% = 4.33% of the kidget for the GAP network (vs 4.8% 

for DP w i t h  $5 incrarents) . 
aie optirml allocaticai vector for the 5=5 item exaple above, was 

s = ( 3 , 5 , ~ , 6 , 9 )  at a to ta l  mst Cs=$499.89 %=.8719; th is  

çoluticn capares w i t h  the GAP netwo* near cptunal çalutim vector { s )  
= {3,4,12,7,9) and ~ç = 0.8323 for a total coçt of %=$478.33, h c h  is 

different and slightly better than the agpmxhite DP prooechue with 

the  saï^ $ ~ j  inCYerrrrits. -. a total O£ 21 nodeç never 
exwllned &ring the m t i o n  of D i j k s t a l s  shortest path algoritmi for 

the GAP network. 

This -ter d e s a i h d  how to soIve màeïs  P î  and P2 w i t h  the 

dynanic progrcamiing me-, givm an amilable kxdget value; the 

reçults yieïd the cptinal solution vector {S,, j=1.. .,J) cnly if aU 

budget allocatim m t s  are emmxated at stage jJ-1,. .,l, 

&ch signîficantly hcrease the cmptatimal efforts as the tudget B 

and/or the m b e r  of item J hmeaxs. Both nodels can be repreçented 

as FULL network structures, fmn  which the optirràl çQLutian c m  be 

f ami  ard are equident to  the DP nie- w i t h  a t o t a l  mr&r of rows 
equal to N-1 of the network and rPll evaluaticaiç equal to the 

t o ta l  nmker of arcs in t h e  netwozk structures. Both 

types of networkç can thus be effectively us& to setup the DP tables 
ard &termine an a-priori error baaid cm Cs, if using the GAP network. 

'Ik -te DP strategy of ernni.ierathg possible hdget 

allocation values in incranonts at every stage no 1- guarantees 



t h a t  the qtinal soluticn w i l l  be fanid; the near cptimal and 

unpredictable solutions &ained w i t h  this methcd are a functioai of the 

size of the possible allocatirrm -ts used at every stage, which 

has a d a t i v e  effect, the sequeme in vuhich i t e m  z e  listed or nalce 

up the DP stages, and the starting possible hiclget allocatim values at 

every stage. ni is  mthd is a v a i e n t  to GW netwok s tmchms for 

which a IB cm the  total cost CS can be develm. 

As a M t  of these prçblm, we w i l i  analyze alternative 

solution nilthcds for air ripdels such as the rrarginal analpis in 

-ter 4 n e ,  follawed by the lagr;irige relaxation nilthcd in the 

f011Owing chapter 5, both of which are faster and mre practical to 
irrpl-t and w i i l  be shcm t o  yield near or o p t M  solutian vectors 

a mful reçpanse curveç (AS, CS} for p1 &/or 
(EO, ~ ç }  for riPdel P2 frun &ch error taaidç an AS, BO and CS can be 
-y abtained. We sball then carpare the reçults w i t h  the militaq 

rde ï  discussed earlier when these mthodç are -lied to larger scale 

and mre repmsentative prablars. 



bQrghal analpis, alço carmeily referreù t o  as incrmmtal 

arialysis or the greedy algoritmi, cari be useà effectiveïy to sole bth 

pi and PZ. The analysis can be -lied due to the structure of the 

objective fimcticn am3 the cançtraint. W k n  the objective functian and 

the ccmstraht are both sepamble by i t em ami the castraint is 

iinear, the iterative procedure caosists of caïarlating the benefit to 

coçt ratio for every item, selecting the one w i t h  the best ratio and 
it to the nirrent solution; the procechire is then repeated un t i l  

the budget B is exceeded by t he  addition of the last iten at the k+l st 

iteratian. 

A widely quoted pa~er an the subject is by [Fox 19661 who relied 

cm the  generalized La- Hitipl ier  r r e m  deveïoped earlier by 

[Everett 19631 a bisaissed in the next -ter; F a  p m  that the 

sequence of allocatians generated by the marginal analpis are 

iaidaninated and also pmves cptinaliw for the w i a l  case of 
identical unit costs. Variants anï the conditions for &ch it cari be 

applied, includirig the case of a ~ n - l i n e a r  canstmint and Miiaiç 

applicatianç are also discussed. 
[Ralfe 19711 has derived an application of the narginal 

allocation in miltiple-server seMe systars by seking to minimize 

expected queuehg tirre subject to a fbced m m b r  of auailable çervers 

anl is sirniiar to the nachine repair p-lem analyzed by [-hg 

î9911, which was disaiçsed earlier. [çhih 19741 has cbnnistrated this 

alternative p- for a special class of resame aïlocaticn 
prdderns &ch is midi sinpler and faster tban dpadc  prOgrammng. Hk 

also has p w d e d  a hairistic prmf of its qtimiity in two sinple 

cases. Wjelde 19751 has prwiàed a gen.pral prwf for the distrihtim 

of effort pmbhn with crie 1- ccpistdnt. [Ka0 19761 has provide3 
an alternative proof to Fax a d  has &mm that the furidarciental issue of 

severaï mlicatiais in [m 19661 , [Barlow ard  Proschan 19651 and 



Blfe  19711 is t o  show that the retum fmctians are crncave. 

xj O and kit- (4.2) 

st- : 1. Start w i t h  the ~ ï o c a t i a i  vector (xO) = { O ,  . . , O} ; 
2. Set k=l; 

3 .  Calculate €i is irdex for 

[<Pj (xjk-'+~) -ej gj9k-l) 1 /cj is e; 
4.  if c(& >Ml texmisate; otherwise set k=k+l and 

go to step 3 .  

Zhe pmeüue  described akuve selects the nost profitable itgn to 
be added at each iteratian u n t l  the total costs CC&) > M and 

-tes a squence of urdcminated aïlocatims k t  not necessarily a i l  

of than. The pmcedxe does not guarantee an optirml saluticai railess 

the total axts c(& is exactly to M. 



Ihe semm3 requiraiilnt is th& the cbjective frniction be cmcave. 

[Fux 19661 has -lied a gmemï proof and lBïack and Proschan 19591 

have pmved it for the wtial/Poisçan case for al1 VaLues of Sj 

defined aver the i n t w  set S j = O l l l . .  S h  oaie can shav that if sach 

% is amcave (nri-de<lreasbg) in Sj, the ln (A-,) is ~ S O  and 

the sum of functianç is also cmca, , ;  therefoz, nargkial 

analysis procedure as Qçaibed by Fax can be -lied to nn3el Pl with 

M. Aj(Sj )+  (~j) arid Sj3cj. ûice Pl haç been trançfo- to nodel 

( 1 ,  we can define the frnictim: 

one itan spe j in stock at a mçt of cj i t e n ,  then the benefit to 

cost latio as a result of addirig iten j to the <lirrent solutim waild 



The  p=medme can be -lied s t a r t i q  w i t h  any mdminated initial 

allocation vector; since {sk=O} = ( O ,  . . , O} is otwiouçly urdcminated, the 
pmcecke is valid ard can tfnis be formally defined as f o l l m :  

- s m t  with sk=0=(0,0 , . . ,0) ;  

- Set k=l; 
- Mculate the  benefit to cost ratio for Bach item: 

d[ln(% (sj+l) I l /  Cj d s e l e  the itm whi~h haç the 

niCuciman ratio; 
- If (sk) >B, stop, otherwise set k=k+l and 

go to step 3 (repeat u n t i l  B is exceeded). 

4.3.2 Soluticm. The çolutian for -le 1 given earlier with B=$20 and 

the 3 itm m t e r ~  {6j} = il. 1.5, 2) ard {cj} = ( 5 ,  3, 2) field the 
following sequenoe of mïminated aiïocatians aven tha t  we start f m  

the initia allocatim vector {sk=O} ={O . O, O} : 

4.3.3 m t s  cm the solutim. aie sequeme of allocations generated 

by the analysis prccechire for mrlel Pl are u&mhated. in 

air -le, given a kudget B=$20. the solutian vector {S,]={l, 2,4) 

"th a total  oost Cç = $19 an3 Aç = -564 is an radamnated allocation 
vector if B had been $19, ard thus fields a near optimal solution for 



the giwn hdget $20. The cptirrral saluticai obtained w i t h  dynaniic 

pmgmming earïier was: {S*}=(I, 3,3) at a total  coçt cS (s*) =$20 ami 

A&)=.589. If w e  had specified an available mt of $19 then the 
saluticni obtaheà frun the qplicatian of narginal analysis procemire, 

resuiting in {S)=(I, 2.4) at a t o m  coçt CS (S) =$l9 wmld be optimal a d  

w a i l d h a v e a l ç o b e w ~ ~ w i t h t h e D P ~ t b o d a s  s h a m k i t a b l e 3 . 1  

earlier. 

So, the seqtmxe of aïiccaticns obtained frcm rrarginal analysis 

ard shmn in table 4.1 above &es not necesçarily gives a U  mïcmimted 

allocation -01s {s) for a i l  possible wt values but fields al1 

opthml solutians for As for a U  intermdiate hdget values B = 

0,2,5,7,12,15,17,19,22 in air -le. 

The mijor advantages of rrarginal analysis aver m c  p- 

are that real vaïued total costs do not, in any way, the 

process, ard t h a t  its sa?cutim tire is mich f a s t e r  since the nraamni 

total of iteratioais (itais M in the sequence) is sixrply the 

ç~mi  of the possible (m Sj - min Sj for sach i t e n  or Z P ~ x  Sj, 

j =l, a . , J when start- frnri the initial allocation vector (min Sj , 
j=l, ..,JI = { s ) = { o , o , .  . ,O}.  For -le 1 with a specified budget 

B=$20, the üB vector is sinply (4,6,10) and the procechire w i l l  require 

at mst a total of { (4-0) + (6-0) + (10-0) ) = 20 iterations. 
A better initial allocation vector quantity s=(sk} with k total 

parts waild be to specify a m i n h m  taryet for syçtem availability Aç 
such as, say + >.60 or any other qqropriate value; since the 

Wective finiction for P l  is to miltiply individual itan 

aMiiabiliti"" 9 , we kmw that each 9 > Aç arxï a starting a l l oca t i a i  

w i l l  be Sj= &lest integer that s a t i s f i s  : 

and, as a resxik, determine the carrespcnding u~per baad { ~ g )  

as described in the previous *ter. If a (3, j=1, ..,JI is 



specified, tben it m y  yield an infeasible çolutian since the total 

custs CS may have already exceded the specified available hdget vaiue 

B. but mxe inportantly. the narginal anaïysis pmeüure w i l l  -tee 

a sequence of uridcminated aïlocaticms as saai as al1 i m  j=1, . . ,J 
have been increased by at h a s t  me, Ums r q u i r i q  a sinple check of 
the startirig d final allocation vector t o  validate the p-; 
therefore, the nunber of possible i texat ims  sirrply becam 

E{UB-LB)~, j=l, - .,J- 

Proof. ïet {s*) be the optiml solutian vector to P I  consistîng of a 

total of k parts of al1 types; as CS (SI inaeases with the incmmntal 

adàitim of a part of any type at =ch iteratim, then the following 

ineguality rrust hold: 

q (sk) s c ~ ( s * )  s B z cS(sk+l) (4.9) 

since at sate  point cbiring the allocatian sequenœ of parts, the 

(k+ilst part w i i l  -tuaUy cause the wt B to be exceeded. Fran 

the tota l  msts Cs(.) in (4.9) a b ,  we therefore &tain the follming 

correspondhg systan aMilabilities Aç ( . ) : 
s A ~ ( s * )  < A&+1) (4.10) 

the last inequality mist also hald since +(SI haeases as Cç(S) 

increases as a reçult of the -ta1 addition of a part of any type 

j whme total haeases fnrn k to k+l; we then abtain the errer cu on Aç 
&ter subtractixq A&) fran ail tbree sicies of (4.10) : 

O s A ~ ( s * )  - As(sk) %(sk+') - %(sk) , O= (4.11) 

O s Q! c A&+1) - A& 

t h e  right-hand side &tahd f r a n  rrarginal saialysis after (k+l) parts 



just exceeded the hdget and this anpletes the m f .  ?ben the 

solution with k parts not e x œ d ù q  the hdget is air naar or qtinal 

solution. 

For exanpie 1, fran the sequence of uocat ims &am in table 4 -1 

&ter the k a t h  part (wstirig $3) ~~llas ;Kkied and resulted in the t o m  

coçts Cç ta junp frcm $19 to $22, thereby exaeedirg the specified 
-able budget B=$20; the narginal allocatiai squenœ pmœdue waç 

tbrefore temhated &ter that iteratim arid the çolutiun w i t h  k=7 

paas is the near qtiirial solution. Wè can then determine the 
theoreticaï error O! an ~ç to at noçt = ~ & = 8 )  - ~ç(~k=7) = 

Aç(S=1,3,4) - AS(S=1,2,4) = .651--564 = .O87 

In 0 t h ~ ~  words. we conclude tbat tbe truc qtinal solution % for 

air target budget B=$20 lies betweai Aç=.564 at a cost of Cç=$19 and 

AS=. 651 at a cost of CS=$22. 'Ihe actuaï errer adiiwed can be mrpared 

with the cptixmi DP solutim (table 3.1) a d  is A&) - %(sk) = 

~ç(s*=1,3,3) - Aç(S=1,2,4) = -589 -.564 = .O25 Iffis than --third 

of the thgoretid. error a. We also note that a c d e n t  l m  bound 

LB an the aac t  systen avaïlability AS is M y  abtained frun the 
narginal analysis çequence of allocations: given B=$20, the I ~ E C  

baind ~~(~ç{~=l,2,4))= -564 at a total  cost of %=SI9 ad, in gerieral: 

Lm%) = LB(S~) (4-12) 

such thdt As(sk) w i t h  k parts is the lat allocatian (More  B iç 

exceded at the next iteration k+l) abtain& f m  narginal analpis 
with cS(sk) s B. 

4.3.5 Ermr baad ai CS. Before the mYginal analysis procerhire is 

carried out,  we can aïso determine h m  c l c e  the tom solutioai wst 

CS(sk) d l  be fmn the specified budget value B, the CO- 

rriiwriman (a-priori) errer S.  

Prar>siti<ri 4.2 : T h e  mxhm (a-priori) error iS (%) for CS (sk) f m  the 

tudget B as a result of the a@icatim of the margUlbl analpis 
will be s IIRX {cj1 1 .  J el00 /B. aie p m f  is ~in\iléir to 

p f ~ ~ ~ ç i t i c m  4 -1 earlier. 



Prmf . Let {s*} be the o p t h a i  soluticn vector to Pl axsisting of a 
t o t a l  of k parts of ail types; as CS (S) inilreases with the hxemmtal  

additiai of a part of any type j at each iteraticai, then the following 
h q u a l i t y  miçt hold: 

Q(sk) s C ~ ( S * )  i B c Cs(sk+l)  

since at s m  point dning the allocation çequence of paas, the 

iteratian of the narginaL analysis, the total aist increase frun the 

surent soïuti.cn ~ç (sk) w i t h  k t o m  parts to with k+ï total 
*S or S-ly Cç(sk+l)-Cç(sk) mist be s mx {Gj, j=1, ..,JI as the 

hcrease cianiot exceed the -ta1 ccst of the m t  v i v e  of 

ail sides of the above inequality by B to express the enmr as a 
reiative proporticll to the budget, we abtain: 

ard mrltiplying by 100% to expreçs the errer as a percentage of the 

àrdget BI we finally abtain: 

B(%) s rt~lx {cj, j=l,..,~) x 100% /B 
(a-priori) 

which carpletes the proof. 

In a later section, we shaïl describe the top-up marginal anaïpis 
procerhilethatwill f u a h e r ~ c e t h e e m r a i C ç f m n t h e n r s t  
-ive itan or max {cj, j=i,. .,J) àam to the least -ive i t e m  
or min { c j I  1 ,  J }  So, for -le 1, since the rrpst v i v e  itan 
costs $5, we lmuw M o r e  w e  aFply the procechire that the soluticmi 

viecta {çj} w i i i  yield a total cost salutian wbse a-prion errw 
S(%) w i l î  be: 



Errer B(%) = $5 x 100% /$20 = 25% 
(a-priori) 

which tums ait t o  be fairly hi* for this snall -le with a 

limited fxdget; we also know tha t  the errer achieved once the p m  

has been &ed out, wiU be: 

Ihe ewct solution cbtained fmn DP earlier reçul ted in Cç 

scactly equal to the bdget  B=$20, the error = 0% whiie the errur 

achiev& fran the agplicatiai of ngminal analysis above was mceü 

fmn a possible theoretical 25% (a-priori) to an actual 5% error f m n  
the Rrèget. Since the ermr size is based cm the mst expensive item as 
carpreù to the tudget B, increasing the available Ixdget w i ï l  

autamtically &ce the enor size pmprtiaially. 

4.3.6 Examle 2 (J=10 itais) . W e  n m  illustrate the analpis 

pmceùum w i t h  a larger scale J=l0 itan BGrnple 2 (file 10 10 in - 
chapter 8) . W i t h  a specified mailable hdget B = $lf,000., itgn costs 
ranging f m n  the least expensive = $152 to the mst expasive = $860. 

ard man Poisson paranr!ters x a r g h g  frun 0.293 to 1.398; ths, the a- 

priOLi - enmr l3 of % frun B will be s $860/$15000 or s 5.73% of 

the hùget. specifyirig a min P j  = .O00001 ard max Aj = O .999999 f o r  
Bach i tan j=l, . . , J=lO, the mmber of possible iteratiaos of the 

procechve will be Z {rc~ ix-min}~ ,  j=1,..,10 Wiiidi tuniait t o k  87. 

starting fmn the initial al-tian vector {sk=O) = { O ,  . . , O )  , fi- 
4 . 1 t e l a w s h r w * r e ç p a n s e a i r v e { % v s ~ ç } a ç a r e ç u l t o f -  

sequence of iteratians untfi the hdget has been exceeded at iteratian 
k+i = 33 rd; the initial iterations reçulting in Aç s .O1 are m t  shown 

for any of the rrrne rmplex prablan in order not t o  dowrigade the 

visuaï of the figures chie to scaïe. 

The saiuticn vector (sj) = {2,2,5,3.3,3,2,3,4,5) at a total cost 



CS = $14,851 (achieved error an CS s $149/$15,000 or les than 0. 99 % 

fran B) at the k=32 nl iteratian resulting in Aç = 0.93010 wfiich is a 

1- banrl =(A$ while the k=33 rd iteratian cawd the Ixidget 

8=$E,OOO to be by the additian of an itm coçting $860 

(mincidenœ tha t  it bgpms to be the mst eqensive) for a total coçt 

Cç = $15,7ll and = 0.94853 *ch beaxes the UB(Aç); thus, the tIue 

optimal solution lies be- Li3 = 0.93010 r A* c UB = 0.94853 or less 
than 0 -01843 or 1.98% possible increaçe over the m. 





The narguial analysis pxxbre pmves t o  be a very fast ard 

efficient =thaï to use repeatedïy for çeveral equi-t types, and 

the respnse clinre (% vç cS} giveç mmagxs a very versatile tool fran 

which knmledgeahle decisi- can be made, if the aggxqate çyjtem 

availability Aç = n % j=1,. .,J is the perfo- nioasure to be 

qtimized. The sectiai disolsses nrdel P2 to mhhize 80 subject 

t o  the çario constraint ard whose çolutian wector {sj, J=I,. .,IO} 

practicaiiy f ields c h  çam results. L e .  the reqanse cuxve (BO vs Cç} 
btairied by M z i n g  BO also gives a corresparyjirig respançe curve {% 
vs CS) nearly identical t o  the aie just described above a thuç also 
gives near identical çalutiun vectors (S, j =1, . . , J} . This conclusion is 
valid for al1 l a .  scale -cal pr&lars presented in -ter 8.  

4.3.7 Variant of Pl (mdd Pla)  . ÇoIviq  P l  for an axbitrary hi* 

hdget B w i t h  the mazginal analpis prmeüum des- earlier, w i l l  

M i n  

nie reasan is that the natural log transfoxm of (4.15) above and 
the niarginal analysis procedue can be =lied to the m: M i n h i z h g  

CS s.t .  Z in (Pj) s ln CY. The nodel is separahle by itenani the 

cbjective -ion is carniex, -ch is -valent to Maximizing - CS, 
&Ch is mncave. T h e  narginal analysis plocecOue waild select the itan 
w i t h  the nPnimm cost td benefit ratio or si irply c j /  [ln(pi(Sj+i))- 

In(% ( S j ) )  1, &ch is the reciprocal of ecpaticn (4.6) seen earlier for 



mdei Pl. The çeqrience of iteratiais, as a d t  of adding iteis me 

at a t k  until the Wt is acceeded. be -&.y the m. 

nanagerial intqretaticns of bth irodels Pl and Pla are 

clearly different frun an operationaï starirqpint ; rrodel ET çeeks to 

rrax % subject to a cost amistraint (aowable àidget) while 

Pia attarpts to U z e  total costs nibject to a minunmi -tan 

d a b i l i t y  paf- masure. Sinœ is just the 

of rrrdel P1, its cbjective fmctian ard mtraint are both separable 
by item (variahle Sjf ami its mst finictian is dearly canrex, nrarginal 

anaipis can ths be =lied to both irodels w i l l  remit in the  SE 

sequence of mdanhated stockage laiel allaaticn~ {s, } . 
[m, Kleindorfff ard Lee 19891 analyzed a similar a, 

withait purcbaçing msts tut incling transportation and ordering 

costs. nie solution procsdure presented is the genezal lagrange 
relaxation mthcù for this type of mdel ard prcnred (as Fux àid 
in 1966) the close relationship between the two pmœüues in that the 

solution obtained frun narginal analpis &zhg Aç is the  sa^ 

4 .4 .1  Denvation. As for miàel Pl, we ne& an &jective fraicticn d c h  

is separabïe by itan; mdel m. hmmer, is aready separable by itm 
as the ba- finicticxi is the s m  of WviM item bacbrder 

functims. each one of -ch is coanrex in 3 as d l  be darmistrated 

shortly . 
?hilrefore, nrirginal analysis is alço qlicable for rrodel P2 

since we cmld sinply miltiply the objective M i a n  by -1 and 
-ze the sum of cancave fmcticos instead of minimizhg 

described in [Fax 19661 ami  [Ka0 19761 . 



-rem 4.2:  aie BO,(x) is comrex for a U  values of x defined over the 

integer set (11 = {O, 1, . . } . A plmf is -lied belw even m g h  it may 

not necesçarily be original. 

proof: We ne& to prwe that the function Bû(x) is increasing in x or 

t h a t  the f irst dif ference of the functim h (x) = h (x+l) -h (x) is 

Ulcreaçirig in x. We f i r s t  define the f irst  successive differerice 

functicms: 

hl (x) = BO (x+l) - KI (XI and 
h2 (x) = Bo ( ~ + 2 )  - BO ( ~ + l )  

ard to çhrnu that h2(x) > hl(x). Mt, w lcnow that Bû(x) - 
BO (x+l) = 1 - F (x+l) and that KI (x+1) - KI (x+2) = 1 - F (x+2) by 

h2(x) = Eû(x+2) - BO(x+l) = P ( x + ~ )  - 1 and 

hl (x) = BO (x+l) - XI (x) = F (x+l) - 1; -fore, 
h2(x) = F(x+2) - 1 > hl ( x )  = F (x+l) - 1 and the strict inequaliw holds 
since F(x+2) > F(x+l) for al1 values of x E (1) *ch ocrrpleteç the 

proof. 
TO q l y  the procedure, w e  need then to &tezmine the benefit to 

cost ratio for each itm and select the best one; the marginal benefit 



reçults in a net reduction i n  Bû for i t e n  j of: 

T h e  cost of pirchasinganiaddhg the i t a n t o  *tory franthe 

curent  çalutian will be c j ,  the m as rrodel P i  when m i n g  Aç. 
we note that i f  we star t  with an initial aïlocation of k=O parts or 

{sk=O} ={O, 0, . . , O} , w e  can imriediately calculate the system eqected 

backorder finictian BO = Z (Sj=O) wfii~h is S-ly the SUII of the nean 

m t e d  mmber of fail- or E b j I  j=1, . . ,J ard tbe 
anaiysis proceCture c m  tiniç be fonmiized as follows: 

- S t K t  with (S~=')={O, . .,O) ard calailate ED = T b j  the 

starting allocation vector sO ; 

- Set k=l; 
- Gilculate the benefit to cost ratio for each i ten:  

pj (Sj)/ c-j and select the i tan wliich has the ri.Eucunari ratio 

i .e. p d d e s  the rrax net rethtction of B3 fran al1 J itars; 
- ~f cS ($1 ,B, stop, otherwise set k=k+l and go to step 3 

(repat until B is -1. 

4.4.2 Solution. The solutian for ewrrple 1 given earlier w i t h  B=$ZO and 

the 3 i t e n  -tefi {aj) = (1, 1.5, 2) and { c j }  = {5,3,2) fields the 

foiïcwing çequence of allocatiaiç given tha t  we start f r a n  the initial 

àuocation vector {sk=O} ={O, O, O) : 



4 . 4 . 3  Carmsits m the solutian. T k  çequence of ailocaticnç generated 

by the marginal analysis prooechire for rrodel P2 are urdcminated for B3 
as was the case for Aç in mdd Pi. For ewrrple 1, given a Ruàget of 

B=$20, the solutian resulted in ( ~ ) = { 1 , 2 , 4 )  w i t h  a cost CS (S) =$19 ard 

BO(S) = 0.724- 

nie optimai solution obtained with the âynamic prrgrarmiirig 

solutian p m c d r e  des- in the prwious chapter for nodel P2 

yielded the optinal çoluticm vector (5)=(1,3,3) while the solution 
obtained fmm the agplicatian of narginal anaïysis resu l ted  in the near 

optixmi solution (s) =(1,2,4)  w i t h  a ; if w e  had started with a 
budget of B=$19, then (~)=(1,2.4) with Q(S)=$19 WOUld have ken 

optirral and the sam solution waild hwe been abtained with DP. 
So, the sequeme of allogticais obtained fnm rrarginal analysis 

also yields cptimi saluticais for BO for al1 interrrrediate a t  val- 

B=O, 2,4,7,9, U,17,19,22 in air -le, whex&y a total of k=7 

iteratims or i t e m  w e r e  added. h t  dœs not necessarily prochle ail 

the urdQninated possible allocatiuns, as was the case for 

We al- note that the sequen~e of allocations generated by 

mYgUial anaïysis for rrPdel P2 is not neceçsarily the sanie 

genezated for nodel PI but is highiy correlated a d ,  for a U  p r a c t i d  

ppxes, nearlythe çamie sinœMaxAç is sWar toMinB3. AU 



-les, includirig larger scale pmhlers with up to J=99 iterrs with 

different paraarieter values presented in a later chapter C Q g 1 F M  this 

fkrlirig and ex~cutim tire proved to be appmdmtely t w i c e  as fast as 

rciodel m. 

m f :   et (s * )  be the cptiiral sohtian vector to P2 cclisisting of a 

total of k paaç of a l 1  types; as Cs(S) inrreases w i t h  the -ta1 

d t i m  of a part of any type at =ch iteratian, then the follawing 

-ity mtçt hoid: c ~ ( s ~ )  s CS(S*) s B < ~ç(sk+l) since at  sa^^ 

point during the allocatim çequence of parts, the (k+lIst part wiïl 

eventually cause the bdget B to be wceeded. We therefore have: 

E0(sk) s WS*) < m(S k+l) (4.20) 

the last inequality mist alço hold since EL) is non-increasing (convex) 
as CS ( S )  incrrtaçes; we cari then thentain the following e m r  a an BO 

*ter subtracting m(sk) fmn aiï sides: 
O = BO(S*) - BO(& c BI - BO (sk) (4.21) 

the right-had side cbtained frcm irarginal d y s i s  &ter (k+1) parts 

just exceeded the àrdget a d  this ccnpletes the pmof . Ihe solution 

w i t h  k parts not e x e ü i q  the hdget is ail near or optimï soluticn. 

For aur -le 1, fran the çequwce of allocations çhaJn in table 
4.2 &ter the k=8thpart (cûçting $3) w a ~  added arid M t e d  in the 
qecified -able h ü p t  -20 to junp f m n  $19 to $22 and therefom 

the m x g i n a l  aliocatim pmc&uxe temhated &ter that partidar 

iteratian. W e  can determine the theoretical ermr cr on 80 to be at  rtiost 

= m(ska)-~o(sk=7) = m(s=1,3,4)-m~s=1,2,4) = .724-.533 = .191 



In other wmds. we cari CQIiCLuüe tbat the true qtinal solution 83 
for <xir taxget bdget of $20 lies between BCt.533 at a coçt of &$ig 

ard Bk724 at a mst of B=$22. The  actual errer achi- can be 
ccrrpared w i t h  the optkd.  DP solution çhown in table 3.6 is 

BO(S=1,2.4) - ~ 0 ( ~ * = 1 , 2 , 5 )  = -670--533 = .U7. Wè also note that a 

~ e n t u g q e r W U B a i B 3 i s r e a d i l y o b t x b W i f z n n t h e n i à r g i n a l  

analpis çequence of allocatims as follows: given B=$20, the 

banid UB(BO{S=~,~,~))= .724 and, in general: 

mcm, = m s k )  (4 -22) 

such that E30(sk) w i t h  k parts is the last allocation (before B is 
exceeded) abtain& frun mrghal analpis w i t h  CS (sk) s B. 

Finally. the enor b u d  an is the çane as for midel Pl, narrely 

tbat Cç w i l l  be a t  hast as close t o  B as the mst expensive iten or 

{ j J }  ti, yielding an a-priori emar i3 s rrax (7,  
j=i, .  .,JI * 100 / BI d the error acbieved as a remit of the 
pmcedme w i U  be = (B - Cs) * 100/B. 

4.4.5 -le 2 (J=iO items) . We riau illustrate the marginal analysis 

p- for P2 with the laqer J=10 itan exanple 2 described 

earlier for Pl. With a specified -able hdget B = $15, O O O . ,  itan 

coçts ranging frnri the least -ive = $l52 to the m t  -ive = 

the a-priori mxinurn error B of CS fran B will be s $860/$15000 or s 

5.73% of the hdget. By @Qing a m i n  % = -000001 ami mx A., = 

0.999999 for each itan j =II . . . J = l O ,  the of pssible 

earlier. 
S t a r t i q  fmn the initial alacatim vector {sk'O} = {O. . . , O} , figure 

4.2 belm showç the respmse cmm {Bûvs ~ ç }  as a d t  of the 



99 

Wch is an u p p r  band UB (B3) m e  the k=33 rd iteration cas& the 
hdget B=$15,000 to be exceeded by the addition of an i t e m  costing $860 

(mincidence that it happens to be the mst expensive) for a total cost 

C, = $15,7ll and W = 0.06210 &ch becaes the IB(B0); the true 

optimal soluticn lies between LB = 0.06210 c BO* s üB = 0 .O8472 or less 

than 0.02262 or 26.7% pssible üeaease over the UB. The % errors can 
beccm fairly high as BO ter& tmards 0. 

T h e  i;nie ccmnents apply for mcdel P2 as for rindel m wfw using 

the narginal analysis pmceüure; it is mch faster than DP and very 

efficient in providing a reçponse curve (80 vs cS} tha t  is extremoly 

u s e h l  for managers to plan and m d e  decisi-, if the aggregate systen 

perforrrrance to  be used is to minimize BO. 





results; for -le 1 with J=3 item a& -le 2 w i t h  J=10 itais. 

the reçults are exactïy the sam stock level vectoxs (3, j=l,. J}, 
given the specified Ridget values, therefore the correspcnding Aç ard 

BO values are also the m. 

fçarrie as figure 4 . 2 ) .  As the figure ciearly shows, m t  of t k  
urdni.iinated pints genemted w i t h  the marginàl anaipis procecbure are 

identical for both nrrlels an3 do not differ by mich when sans 

iteraticnç are not the sam. For all larger s d e  prablers presented in 

-ter 8, the resuits foUm the sarrie pattern arid can be ecaisidered 
practically the sanie. 

'Ihe reas~l for this s t n k i n g  similarity can be anaïyzed using the 

the h t  (-1 ratio (ln A(Sj+ l )  - In 
for al1 val- of Sj=O,l,. . tut 

per dollar irrvested is m t  for 

-ct wiien S j t s  are close to 6j- For rrP3el PZ the best (muciman) 





coçts c j .  

4.4.7 Variant of P2 (nrodel P2aL. For 

earlier for the variant of niodel Pl, 

buàget value B 

also solve the 

M i n  

the identical reasms described 
s01vi.q P2 for an arbitrary hi* 

with the margkial analpis pmceüwe for backolders wiil 
fo i ïmiq  equivaïent mdel P2a: 

where 13 is the allowable t o t a l  e%.pected m&er of bachrders 

for an e i t x a y i l y  hi* lxdget value B and given that we start at sam 

stockage -or quantiw (s) . -le 1 ccrild have easily been sol- 

by the nargii.al analysis procecbYe by setting a mt of çay B=$100. 

the initial alïocaticn vector qyantiq {sO}=(O, 0,0) . 
With thiç initial aiocatiai, the star t ing  m n k c  of total 

-ed system backorderç is e a ~ i l y  det- to be = Z 6j ard the 

p e  wLU aïïocate me iten at a t h  selecting the amcimm 

benefit to cost ratio fran all itars at each iteratian Wch is the 

rtEuemm net redLlctim in backorders per dollar imreçted an3 stop when 

the total -tan backorders haç &aeased ta the -Id value B set 

by*wyst -  
Again, the rranagerial interpretatims of both m3dels P2 and P2a 

are alx, cïearly different as were rindels P l  ard Pla. but niarginal 



anaïysis applied to  both m3dels w i i i  result in the samo sequenœ of 

We have seen that the regular narginal anaiysis procechire for both 
müels  E l  and P2 (and others) reçults in a sequence of indaiiinated 

allocation vectors {Sj, j=l,. .,JI ard a correçpoaiding reçpcrise nirve 

{%, CS) or {BO, cS) tbat M d  praie actlreniely useN to mmagers in 
deci- the best -riate Service l e v e l  to chmse from an 

e i t r a r i i y  high specified hdget value. 'Rie procechire is midi faster 

than the dynadc progarmPng since the  mm&r of iteraticrms 
required is rmch ÇIIIELUer; More the gmceüwe can be carried out, the 
total possible nurr&r of iteratians can eaçily be determined as the smi 

of the of poçsible values for itan or S-ly Z {UB - LB} j, 

]=I l . .  ,J. 

nirthenrr,re, w know that the pmcedure increaseç m e  item at a 
t k  until the last iteraticm k at a total mçt Ck s B w k n  the next 
itm to be added caused the hdget to be exce&eü at  iteration k+l for 
a total cost {&l} strictly greater than B; since each successive 
uridrminated point {$+l - $1 can be spaced by a t  mst the nrst 

expensive coçt i tem, an a-priori error of at  xst {$+l - Ck} = {mx 

9 , j=1, . . , J} can easiiy be calculated. We rwu tuni ou attention to 

between i terat im k ard k+l fmm a t  m t  the mt -ive to the 

Qice the last iteratian k of the rrarginal analysis procechire haç 

profitable itan j cost c j  caused the hdget to be excededl also 



gave us the umïmbated point {%, ~ ç k + l f }  ard m o r e  an q p r  
baaid UB(Aç) .  It is pssible to fmtkr  inprovie the IB m Aç by sirrply 

toppiq up the curent opthized stock lwel vectm (sj}, &tain& at 

iteratim k, by using narginal analysis and addkg  1- aaçt itaris 

than the item cost at iteratian k+l. 
T h i s  pmœüure essentially starts by first eliminating all i t e n s  

&ose mst Cj a coçt of the itan added at the (k+l)st iteratim since 
x m e  of than can be added to the current stock levels w i t h m t  exceedirig 

the hdget; then, fian the itats whoçe msts are s t r i d y  

SmaUer, we select the ripçt profitable one still us* the rrarginal 

analysis pIocecbrre. If the itan selected has a coçt Cj s B - ( ~ ~ ( k ) } ,  

it is added to the current soIution, otherwise, alï ranaining items 
whuse cost exceed the selected itan are eïlmnated. The pmcechre is 

repeated u n t i l  no mre items can be added or, oonversely. until ail 

iters have successively been elimhated, the last point abtained m the 

response cuve (%, CS} canstitutes an irrpmved LB on% or LW(%), 
but does m t  -tee that it is uridcxninated. 

Pdding an itan using this r r i e t k ü  w i i i  au tmt ica l ly  % 
the mt profitable way and ths ingrmes its lower bunxi f m  LB(%) 

to Lg*(ps) and will bririg the total cost Cç closer to B. Since t h e  

PXXESS of eliminating i tem wIwse COS~S Cj the a t  to be 

exceeded, w e  kmw that the total cost solutica w i l i  be at least as 

dose to the budget B as the least -ive of a l l  cost item or m i n  

(cj1 j=1...,~}, or an a-priori error B(%) = (B - m i n  {cj. 

j=1, . . . J}) *lOO/B), which is substantially better than the crie derived 

earlier, which was based ai the m t  -ive itan or RBX (Gj, 

j=l, . . , J}. 
The tcp-up procechire is alço mliçable ts n d d  PZ and aiï other 

m s  for which the regular narginal anaiysis applies, inciuding 

[Schaefer 19831 anl [-hg 19911 nodels discussd earlier. In fact, 

Schaefer  used integer inventay costs { i , 2 , 1 )  for J=3 iteis and the 

top-up pmc&me waild have resulted in the mrplete qtinral 

airvefortherrodeldescribedinthepap-r, wiiileinmrpratirignrae 

redist ic  cost v t e r s  in Ebeling's m3del waild have r e s u l t e d  in a 



mich nore carpltaticoally difficult gmbîan to salve ushg DP and 

marginal analysis. 
W e n o w i l l u s t r a t e t h e t q x i p ~  analysispmcedumwiththe 

 sa^ la- scale J=10 itm -le 2 k i W c e d  earlier hit at a 1- 

hKàget E=$10,000 vs $15,000. W i t h  a W i e d  amilable trdget B = 

$10,000., itmt msts rangbg f m n  the least v i v e  = $152 to the 

m ~ t  expensive = $860. a d  man missan paraneters arigirig frutt 0.293 

to 1.398, as before; thus, the a-priori ~I&UII err~r B of Cç frun B 
based cm the least -ive itm will be s $i52/$10000 or s 1.52% of 

the m t ,  wfüch carpates w i t h  8.60% baçed on the mst expnsive i t e m  

for the regular procechue. By specLfyirig a m i n  Aj = .O00001 and nax A, 
= 0.999999 for each item j=l,..,J=lO. the w n u r r & r  of possible 

iteratims of the procechire w i l l  be E {nax - e l j ,  j=l ...,iO which 

tumait  tobe 87.  

S- frcm the initial àlocatim vectar {sIE=O} ={O . . , O figure 
4.4 beïw shows the sequence of iteratims u n t i l  the -t has k e n  

exceeded at itexatiai k+l = 23 rd, using the reqular marginal anaiysis 

prooemiI.e. nie solution vector { S j }  = {1,1,4.2,2,2,2.2,2,4) at a total 

cost Cç = $9484 (actual ermr on Cs s $516/$10,000 or less than 5.16 0. 

frun B) at the k=22 rd iteratim resuiting in L3 (%) = 0.62961 wIiile 

the k=23 rd iteratiai caused the hdget &$IO, 000 to be exeeded by the 

additicil of an iten casting $860 (coincidence t h a t  it happens to be t h e  

mst wp-nsive) for a total mst Cç = $10,344 and UB(+) = 0.69948; the 

tlue optimal solution lies between 0.62961 s A' r 0.69948. 

The tqup m r g h a ï  analysis pnxeüure then m e d  back to the 
salution vector abtahed at the 22 rd iteratiaai a d  proceeded to 

elinanate ail items w b s e  cost cj=$860 and adcled the  next nost 

profitable itm frmi the CIES, w b s e   COS^ Cj s $10,344 - 
$lOtOOO = $344; as a d t  of the tqnq pmceüue, figure 4 .4  shows 

that three mre items (2 tyFe j=3 ard 1 nohe typ- j=4) were 
mbsquentïy added to yield {Sj} = {1,1,6,3,2,2.2,2,2,4) for a total 

aost CS = $9,974 (actual emor ai CS s $26/$lO, 000 or less than -26% 

f m  B) a tbe 1- tand ~ZCXII -(AS) = 0.62961 to LB* (AS) = 

0.64895 or a 3.07% inaease aver the regular pmœdwe. E m q r  



successive point ensures the functi.0~~ is strictiy incraaSkig ami 
dcnPMtes the mous me in the v, but mmmt guarantee that 

it is the tw optimal solutian. The true value of is 1 i . y  to be 

slightly 2 the me fand by the top-up p-. 





Since the tqq procechire is likely to slightiy inidereçtinate the 

tnie value of Aç, amther heuristic pmedum is to use a sinple linear 

interpolatio~z at the hdget value B between the t w o  tphdcxninated points 

LB (1- than B) and UB (hi- than BI fourd earlier with the 

wrginal anaïysis pmceüure. Since this technique is equivalent to 

drawing a straight line between the two points as to the 

increasing ccncave furictim drawn as a result of the tq-up procerhire, 

the estixmte for Aç is likely ta be slightly hi* than the true value 

of ps. 
 or the çama J=10 itan prab1en diçcussed above with a h@et 

B=$iO,OOO., the linear intexplatiun between the t w  points LB and UB, 
evaluated at B=$10,000 is iiïustrated in figure 4.5 belw ard f d  as 

followç : 

w h i c h  ccrrpares w i t h  the .64895 value or a 3.48% iricreaçe over the tqup 

pmœüme described in the previouç secticm. This niethcd is &mm in 

f i g u e  4.5 belaw at the intersecticn of the straight line drawn f m n  LB 

to UB values for Aç and an the vertical Une at B = $10,000. 

thmgh the estiniate fanid using the interpolation pmceüure is. an 

average, likely to be hi- tban the es th t e  f a  w i t h  the tcp-up 

pmedure, it mt guarantee that  it is an undrxninated point. nor 
that it w i U  aïways be hi-. 





r n o r d e r t o c c n p a r e t b e m m o t l i o d s m l e ~ y ,  the 
interpolatim of % Çhaild alço be carried ait at the value &tain& 

as a remit of tbe top-up p- as qpseù to the hdget value B; 

-ore, replackq B by Cç abtained at the IB* (+$ yields the 

follwing alternate formila to (4 -25) : 

whichis dose to the Aç value of .67153 when interpolated at B. 

Carpariscm of the interpolatim prmedure with the tq-up mqmal 

analysis procechire for nodel Ei. w t m  m x h i z i n g  Aç is fuaher discussed 

for several larger scaïe p-Iars in -ter 8, which w i i l  also include 

çmniary results vs the current military mdel w h e n  optimizing itans 
individually. pie s a n ~  procedue can be Carried cut for ni-del PZ to 

mininiizem. S i m e  the end result of t k i s  p m n a y g i v e u s  a 
better estinate for AS, it dœs mt give us the d t b g  stock l e v e l  

vector (si, j = , ,  aKi wili therefore not be analyzed ary  further. 



If the -te systm perfommœ masure Aç is the Criterian to  
be opthized, tben the solutian vector { s j I  j=1, . . J I  ard the resulting 
points {% vs CS} cbtained fran rrarginal aBalysis wiU al- daninate 

the salutian abtain& by eqa l i z ing  A,'s acroçs aU itm j=l, . .,J. For 
a gim specific -able Wt BI the soluticm vector ard the last 
undzJrQnated point (AS vs Cç (k) } cbtained f m  irarginal analyçis at 

iteratim k a d  the next urdrniinated point 1% vs Cç(k+l) } at iteratim 
k+i nay be damnated by equalizing 3 's acmss dl iteis when Cç (k) s B 

s (k+i) . àit is highiy unlilcely. ?he reascm warld be rrainly chie to 

the jrnp in cos- frun CS(k) to Cç(k+l), wfiere CS s B s C ~ ( k + l ) ,  as a 

red t  of one of the mst expensive of al1 J kens, which is irrp3çsible 

to predict anl c m  be considerd a highly unlikely event, as figure 4.6 

for exanpIe 1 (J=3 itenis) below clearly shows. 

?he respmse curves {% vç cS} for the 3 nodels: m. P2 and 
A,'s for a çpecified @able Ridget value B=$50 in figure 4.6 do m t  

differ mich and thus, result in stock 1evd.s {sj, j=1.2.3) that are 

identical (or riearly) for practi-y al1 possible intemzdiate wt 
values fran B=$O to B=$50, exœpt for hdget values tha t  a d  fall in 

between undariinated points. For -le. suppose we had specified 

B=$26, nazginal anaipis for Pi  cases both points {O. 65126, $22) ani 

{O .81408, $27) to be undcminated at these costs tut the equaï PrJ 
(militaxy) rrodel & c i  give tbe better solution {O. 73655. $25) if B=$25 

or $26 and wwld aïs0 give the sam solution {0.81408, $27) for 8=$27; 

this event caild theoretically occur for any pmhlen hit is 

increasiragly uniikely as the mrdzx of itars J increases. 
nie -te ameqwme of this COBlClusian is tbat significant 

s m i q s  can be achieved by optimizing an aggregate -tan p e r f m  

masure such as maxhizirig Aç &/or mhimizing BO. Since rmkïs El. anl 
PZ result in identical (or nearly) stock leveï vectors (çj , j =1, . . , J) , 
we M l  m>stly restrict air a n a l p i s  to the ccxlparism between the 

arrrent d i t d r y  mdel or Quai Aj's ard rrcdel Pl to d z e  Aç. 









As can be seen fmn figure 4.7. t h e  equa.l P j l s  mdel W i z e s  all 
iridividual itm d a b i l i t i e s  Rj  s xqanïîess of their awt atld will 

urderperform the mqinal analysis procecbire; w e  riote tbat the 

response cuves {% vç CS) between nodel PI and the mdeï with 

Aj  ' S  is the sarrie f n  the startig allacatiai vector of {s) = (O , .  .,O) 

9 % ;  fkially, it terds to h e c a ~ ~  the ssni- again for hi* % values 

since iridividual % 'S b x m ~  high ena@ that equalizing stock leveis 

across a i i  itens at a aven A j ,  1 ,  , regardlas of their costs, 

b e c a ~  optimï. For -le 2 w i t h  J=10 itgis and AS =.90 in figure 4.7 

nieans that al1 Aj's > = 0.99; at their m t  Sj levelç, the 

i n m e  in AS as a M t  of adding any itm will beccrre less and less 

significant ard less dependent ai their cost v t e r ç .  

So, w e  can d u d e  fmn the above data that i f  cnly $10,000 w a ~  

-able for the mod, the stock level vector (sj } obtainsd frun the 
tsuprrarginal. analysis shamearlier in figure 4.4 wuiidcoçt Cç = 

$9,974. arxï mt in pS = 0.64895 wfüle the equal A,% nrdel 

(miiitazy) stock laiel {sj } waild COSt $9,950. and AS = 0.61040, 

a 5.94% de- in % at  app-tely the sarrio coçts. 

Cnwersdy. as the nodel Pla variant waild çhcw, in orüer to 

achieve a ndnimmi wtem avaiiability Aç = .64, t h e  vector (Sj} fmn 

narginal anaiysis warld cost $9,974. caipared to appm~&~~tely 

$10,284. for the m i i i t a r y  nodel with equal Rj 's, or a 3.0% sa- (m 
exact values at each iteraticm have not &en shown here but are 

-able ai requeçt) . 
If the analysis is projected over çeveral locaticns, each ha- a 

aifferent mm&r of equiprients M -ch prcqortia~tely increase 
/decledse t h  Poissa IKEEUI -ters { 6 j l  = J then the in~-eaçe 

in % at each locatim, given a Wt leveï or, mmerseïy, the 

savings in coçts to achieve a minimni Aç at each locatiai can b e c a ~ ~  

significant w h m  a -tan per£orniance nieaslue such as is maciimzed 
(orwlienED is mhhized fcnnodel PZ) with the analysis 



pmœdue as to sinpLy equalizing kwnt01y 1 6 s  adoss al1 

item at a given availability l m .  

in figure 4.8 below, b le analyze the differences in stock leveï 

vectars { s ~ }  b e w  the 2 ncdels of the J=10 item -le 2 by 

plotting the d i f f ~  be- CsjI j=1, ..,IO} &M with the 

Rarginal analpis aid (5,  j=1, .. ,10) Ch- f m  the equaL A j ' s  

nrdel, drinr,t& {w Sj - EQud Sj} ai t h e Y - a x i s ~  the m t  toMIBF 

ratio for =ch itm, âenoted Cj-j ai the X-&S. Thus a poçitive 

(+) difference for an i t em j iridicates the mmber of those itarrs that 

t hemqha l  analpis stocksmreof tha t  type thantheeqyal? mdei 

and vice versa for a negative ( - ) diff erence . 
As aqected, itats w i t h  (+) difference have 1- cost to MIBF 

ratio, maning that the margha l  analysis procedue will stock mre of 

an i tem that has either (or both) 1- axt or/and high MIBF, i . e .  
reliable iterrs at low costs, as ccnpared with the irdkcriminate 

proceçs of the e q . d  Aj mdd, which tendç to stock mre of an itan 

with high cost or/and low MlBF or less reliable ard expensive parts, as 

indicated by the - 1 dif ferences on the right side of the X-as&. 'Ihis 

f mm accentuated as the Poisçcai ~ t m  Idj)  

hcrease; in au J=10 itm -le 2, pararreters vary &y f m  0.293 

to 1.398 k t  if the rxuxr&r of equigmnts M operat* at a location 

beccrrie larger, then the missan maris became pqrtianiately hi- and 

t h e  sam pattern becaneç accentuated as d l  be çhown in chapter 8 for 

1- scaïe pmbleniç. 
The size of the gap between the 2 e s  can easily vary up to 10% 

in the mime portion of the cvrve as the range between cost t o  MIBF 

ratios for itars w i t h i n  an e @ ~ t  beccm progreçsivdy lyaqer, as 

wmld be expcted, since the rrarginal analysis pmcedure w i l l  always 
seïect the mst profitable item to adà ai: each iteraticln wfüle the 

màel disregards costs entireiy and seiects the mr&r of 

the difference~ will be 1-t wfien stock 1-s Sj are close 

m w ~  6j arid the greatest met (II Aç. 





BE mgrargbn miltiplier nethcd has aïso been used to solve 

models sirriilar to P l  and P2. Al- the pmceûwe is general in 

nature, the derivatian to f i rd  the best and hopefully optimal value for 
the miitiplier is nodel deper&nt. We therefore have to minipllate the 

irrdels More  w e  can begin a systaratic iterative seardi pmceüure. 
Tbm wideïy quoted papers an Lagrange miltipliers, which are 

inportant in m r  cmteXt, have been written by [Evzrett 19631 and [ F m  

arid Landi 19701 and -lied in a k e t y  of m M s .  Everett has 

developed a generalized Lagrange nuitiplier mthcü for aptimiziq 

functionç tha t  are m t  n e c e s d y  differentiable, which is well 

suitesi for resairce allocatim nodels. nie methcd does m t  -tee a 

feasible çoluticm but, if arile is found, then the solution cbtained f m  

the application of the rriethcxl is uridcrmnatd. 

For discrete types of WS (1- Pl P2), Everett çriggests 

m m h i z i n g  amïytical ly the Iagrarigian functian asçlmgrig it is 

continuais, and then testing the integer on each side, sel- the 
ane that  rraspmizes the Lagraqian fiaictioai. Ihe paralle1 m r p m m t s  

ample used by [Kettelle 19621 to detennine the çyçtem reliability, 

is solved via the Lagrange miitiplier methaî by Everett to illustrate 

the procedue and the sairce of possible "gapsn cauçed by a discrete 

functian. 

Fc~candLardiccrrpareddifferentsearchmetbodçtoctbtainthe 

mrltiplier(s) and çhowed t h a t  the mininax v t i a l  se& is the 
bisectim mthod. The technique cari be -lied in milti-echelm type of 

inventory systans develw by [Shezbrmke 19681 , Wckstadt 1973 anü 
1978) , bckstadt d Zhcrtias 19801 , [Cohen e t  al 19921 as examples. 

7he general pmœdures have al= k e n  des- in t m  such 

as [Hadley a d  Wtin 19631, [Eiselt, Pedenoli and Sardblan 19871, 

[ m e k a s  19821. U i e r  ard Lieberman 19901, [Winstm 19941, d 

others. 



ard Schrtidt 19841 have s tud id  a special case where the 

milti-item "Newsboy" type of proalen when darends are fmn a cantbmms 

finicticm (mrrral distrikakiun) and the h g r a q h n  mthd causes 

difficulties when optirrial stockage leveis for Sj s are set close to 
their flil~111 llurckc of failUres. 

[Chhm, KïPindnrfer ~IXI L e e  19891 have w i z e d  the p m œ d ~ ~  
for the reverse of mdel Pl treated here, which is equivalent to tbe 

variant mkï Pla, aïreaüy discuçsed, ard lead to a d i f f m t  

mnagerial interpretatim of the results. In this cbapter, we derive 

the pmedue for the Pois- distribution for both m à d s  PI ard P2 

( w h i c h  will al- be ext- to the Wtiple location case rrcdels Plb 

and P2b, anï develq the bauds aai the miltipliers, its initial 

e s t h t e  and errer bcxndç an the solutions. 

nie exploatoly ccrrparative test results for müeï Pla  pmvided by 

Cohen et a U ,  were restricted to n=3,6 and 9 item ad to the Lagrarige 

relaxatian and the bhmial distribution, which w i i l  be extemkü to  16 

randanïy generated test prcblariç for the Poissani distrikition with J=10 

up to J=99 item and the mmber of equiprilnts M = l  up  to 20; results 
w i l l  be caipared and srnmiarized in a later -ter. Although no forml 

carparisun in m t i a n  t h  between the two pmceüums are preçented, 
e q e r h m t a l  arpirical results indicate that the mgrange relaxaticri 
rrethcd is appxximteïy 5 to 10 t d s  faster than the rrarginal analysis 

for rriodels Pl and P2, Plb ard P2b (mitiple location -s) , as 
successive iteratims of the Lagrarige relaxatim skip over çaieraL 

it-ticns of the m@nal analysis pmcecke. 

S. 2.1 ProceCture derivatian. P b d e i  Pi and its e i e d  versian (Pl1 ) 

are repeated here to illustrate the procedue: 



the notation for ccnit- fiinctian~ fj for p j  (x) and Fj tbe 

cdf. instead of 3 :  

'Rie solution to P i '  l is to fird the set of Sj that w i i l  mximize 

L, by sett* the mial derivatives to O .  L e .  dL/dSj = O = f * / ~  - 3 j 
0.c j  which yields: 

- select an initial vaiue for 0, say el; 
- determine al1 S j ' s  fm (5.3) ; 
- caicuiate Z cjSj  = BI; 

- if select 82cB1 or if B1>BI select +O1 

w i t h  a search pmcekre such as bisecticn a x i  
repeat mtil ï++ or 1 %-%& ermr a; 

- rmnidUP or m a l 1  Sj  values. 

T h e  pmblais with the genezal proc&ure -lied to discrete functians 

are as follows: 



- gueçsixq the initial esthte el for €3; 

- can lead to Seri- m l -  wfien S j ' s  are 9 s 5, 
w h i c h  is not uniçual in pxactiœ w i t h  expmsive/lw deniard 

itarssinœsrallchangesinensiycrmselargevariatiais 
in the solutim; 

- the mt- a s w t i c n  for pj (x) for nodel, which is 

à i s a e t e  (Poisson datand distritution) and lead to integrality 

prablenis- 

Rlthaigti the pmcedure is URU defiraed, the f a t  two problens 

described above beccrrie a signifiant factor as discussed by Wckstadt 

19781 for larger size p-lens in the U.S. A i r  Force; since the 

determination of u g p r  and lower boundç ard initial e s t h t e s  for 8 can 

be inpossible to &tain, it can result in a few unçucceçsfuï trial runs 
before the syçtariatic search procechrre is indertaken. For riPdel Pl ,  

hww, w e  can sol- these pIohleirs as çhcwn in the next secti~is. 
@&hias a d  S-dt 19841 discusses the thirü pmblen while [EMlrett 

19631 and [Fax and Landi 19701 amlyzed the integrality prablais 

caused by discrete finictians. m t t  remmisriç t o  test the intqer 

solution abtaineü fmm the pmcdme an either side to mudmize the 

Lagrangian functim. 

t- to O ,  tbe ratio f j /Fj  terds tû 1 for   th^! Poisson distxihtion 

suice P(x=O)/P[X~OI = 1; furthernr~,  the ratio f j /F j  to O 
Fj tendç to 1, since pCx=n)/P[xml = O for n in the extrare ri$t tail 

5.2 .3  Initial estirrate for 0 .  AlWgh q initial esthte €Il for 8 

between its üB ami IB can be sucœssfuï, it is àesirable to recjhlce the 

rmber of iteraticns to as few as possible; the pmceüure aitlined next 



will ençure an -lent s t a r t i n g  value for €Il. 'Rie initial estimte 

for 9 can be determined as follows: for a -ly high hidget B 

(usually the in p n c t t ~ e ) ,  flR w i ~ h  Pj t o  tend t m  1 resu.1- 

in 0' closer to its iB of O since the ratio fj/Fj terds to O, aKZ w 

also want 81&* so that the wrreçpcrding value of B1 is di! for the 

sirrp1e reaçan that the next value 82 using the bisection search mthcd 

w i i l  hahe the interval between ard -0 as iliustrated in figure 

5.1 belm. Successive iteratians will @ M y  tend towarüs O*.  

Since al1 itm availabilities Fj (or &, mist be at least as 1- 

as the wtem availabïiiw Aç, that is, Fj a Aç (j=1,2, ..,J), we c m  

use (1-A$ as a -or in (5.3) for the ratio f j /F j  &ch tend 
t<-rmrds O,  ard use max[cjl in the -ter of (5.3) as w e i l  to 

-te for the fact that all A j ' s  will ki fact be > A S  and 

therefore 1-Rj a 14s; (1-k) is a -tive e s t h t e  for (1-Rj) . 
Several -les suggest t ha t  the initial estimate w d c s  very well for 
masamble -ter values: 

5 -2  -4  Solution. ?1-a çolutian -1e 1 given earlier w i t h  s 2 0  and the 

3 itan paxamters {aj}={i, 1.5, 2} a (cj}={$5t $3 arri $2) and a 

minimni Aç = .O01 ard -600 disp lapd in tables 5 . 1  and 5 .2  Mow for 

cmpntive -S. The solution yielded the following Lagrange 

miltiplier sequence of aïimtions wfiich st- &ter 14 and 12 

iteratianç lespectively when a specified errer was reacheù: 
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'I;ihle 5.1: i t e ra t icms far Pi. Min nS=.OOl I5=3 iterrs) 

5.2.5 m t s .  First we note that  the methaï doeç not guarantee an 
optirral satution for -20 whi~h v a s  (s*}={I, 3,3)  with ~ ç = .  589 and 

C,=$20 cjbtained earlier with DP because of the discrete na- of the 

Poisson distriàltian and the derivatim of the pmcdure that  asSm& a 

cantirnuxrs fLnictiun. Aç mxmmmd& by [Everett 19631. we wuid test 

ali possible minatiais of Çj ' s an either side of the integer 

Salution w h i c h  warld have renrlted in the qtixml allocation vector 
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{~*}={1,3,3). Secaia. this rrethcd is mich faster than the rrarginal 

anaïysis described earlier, which S itself faster than m c  

prqmmhg since the p- skips several iteratians of the 

rrarginal analysis d e ç d b d  earlier. 'Ihird, we notice the vaiidity of 

the UB. IB and the initial esthte  el. For air -le 1: 

%=. 001. &O, lB=1/2=0.5, el= (1- -001) / 5  = 0.1998. %=7 

Aç=.6OOt &O, U&;1/2=0.5, 01=(1-.600)/5 = 0.0800, %=17. 

F m ,  the inteqretaticm of the miltiplier value as the çhadow p r i e  
for the on- constraint is nore difficult to interpret for air 

m3del. Since the a f  icatian frun to  (Pl uses the log 

transfomtian of m x k i  Pl, we can say that srrall unit bcreases in 

the hdget B w ï i ï  resuït in an increaçe of the cbjective functim 

in(%). by apmxhately 9*. Since this is valid for anil1 kmeases in 

B cmpled with the întegrality prcblen due to the discrete nature of 

the nodel, ME miçt be catiais about its significance. 

-y, [Cohen, Kleidorfer and Liee 19921 have repcrted scme 

aqerimntal results of us* this pmce&m w i t h  a nrdel ver- similar 
to rrodel Plat deçcribed earlier; althmgh a restricted mm&r of itais 

J=3,6 anï 9 itms ard the Binania l  distributim kiçtead of the Poisson 

distriàlticm have been us&, n~ carparisaai w i t h  the mryinai anaiysis 

has k e n  nade and the authors have qmted a referee tha t  Lagrange 

relaxatian may do fewer iteratiaaiç than narginal analysis àit each 

La- iteratian m y  rquixe rrore caïailaticns than an iteratim 
daie witn narginal anaïysis. 

?he sq.riniental resutts of mmEmxs pmblenrci (nom than 100 

genezated pmblens va@q J=1 up to  99) irdicate that Lagrarige is 

appm&mtely 5 t o  10 t h  faster than the myginal analysis. and al1 
of tbem giving the qtiml salutim in less than 30 iterations. aniç 
the speed of exeaition is mich faster ani al- it c m  be a valid 

criterim for sel- this mthd aver niuginal anaipis, the 

respaiçe curve { ~ ç ,  ~ ç }  can be made up of m l y  a few points (generally 
less tbn 20) , &ch do not give valuable infomtion in between the 
to ta i  initial costs Cç of the initial starting vector {çj , j =l , . . . J} 
ard the availaale ixdget B. 



If mre points (II the respanse - { ~ ç ,  ~ ç )  W d e d  by Lagange 

relawtim is desired, then aie d d  cmceivably use a different 

ç e a r c h ~ t h a n t h e b i n a r y s e a r c h p r o c e d u r r t d e ç c r i b e d b y F a x 1 9 6 6  

ardusedhere; f o r m e ,  s incewehaveder ivpdalaweraidan~ 
band for the mil t ipl ier  0 ,  we d d  divide the raqe (UB - IB) into 
say 100 equally àivided values for 8  ard solve for each one; the m3çt 

inportant drawback of this pmcedure is that m t  of the points an the 

curve niaybe above the &able budget B. 

The authos have also proved (as Fax: did earlier in 1966) tha t  the 

cptirrai solution vector using the Iagmqe relawtian mthod for rrrdel 

P l a  (dcançequentlyrrodelPl) willbethe sarre as theoptirml 

soiutiai cib- frcm narginal analysiç. aie rnar ier ical  -ts 

perfoLmed for the Poisson diçtrihticm b l v i n g  up to J=99 itm and 

budgets up to $5 miJli.cn dollar budgets CQnfinried this inportant 

theorem. 

5.2.6 Lasranse miltiplier mthcd for Pia. As with the mvginal 

procedue, solving Pî for an azbitrarily high hdget value B will alço 
solve r m k ï  ma to minirriize total cost CS subject to a minunan 

specified &ce level as desaibed earlier in chapte 4.  aie reader 

can easily veri fy that the lagrarige miltiplier f a a d  for Pïa  w i l l  

becorre: 

0' = [Fj~j] /fj (5.7) 

w h i c h  is just the i m m s e  (reciprocal of 8') deri- abare for m. The 

naturai 10garit.m tran€orrriatim mist first be ~ o z m d  on the 

avaiability meistxaint ard the derivation is almg the sare steps and 
the cantirniaiç assmpticni used p d o u s 1 y  for rtpdel m. Bands and 

initial estimate also rarain the çimil as above àit w i i i  be for 1 / 8 * .  



'Ihe solution to PZ' is to find the set of Sj t h a t  w i U  minimize L, 

sett- the partial &rivatives to O, i .e. dL/dSj = O = - (1-Fj ) - 8 

a c h  fields: 

mnstraint. 'Ihe procecbve desaibed belw, the pmblens abait kumjs 

for 0 ,  its initial e s t h t e  ard the integrality requiranslts are the 

sam as for P l  except the re~erçe sign of 8 ;  we therefore assurrie 

it is positive and adqt  the çcnio procedure as for Pl: 
- select an initial value for 9, say el; 
- determine al1 Çj's fran ( 5 . 7 ) ;  

- caicuiate S cjSj = %; 



5.3.3 Initial estirrate for 8 .  The initial estirrate for 8 can be 
determined as follows: for a reasaMhly high hdget B (usually the case 

in pmctice). ws wish Fj to tad t<xyards 1 reçult- in 8' closer to 

its LB of O since the m t o r  (1-Fj) in (5.10) tends to 0, and we 

aïs0 want B ~ B *  So that the correçpadirig d u e  of % is d3 for the 

shple reascxl that the next value e2 using the bisectian search mthd 

w i i l  halve the interval between ard LB=O &ch is illustrated in 

figure 5.2 belw. Successive iteratiais will quicUy taid towar& the 

cpt* d t i p l i e r  d u e  B*. 

Since al1 item Wabi l i t i e s  Fj (or %) mst be at leaçt as 1- 

as the syst- availability Aç, that is. Fj 2 AS (j=1,2,. .,JI, we can 

subçtitute for Fj and use (1-Aç) as a m t o r  in (5.10) a d  use 
mur[cj] in tbe -ter of (5.10) to -te for the fact t h a t  

a i l  aj 's w i U  be > AS ard (l-%) is a mnçervative est- for (LA,,) . 
Several exanples also çuggest as w a s  the case for mdel Pl that the 

initial e s t h t e  works very w e ï ï  for these exanples. 

5.3.4 Solutiai. nie solutions for -le 1 with &$20 arid the 3 itan 

parani-ters earlier ( b j } = { l ,  1.5, 2) ard ( 5 } = { $ 5 ,  $3,  $2 )  and a 

minimminç = .O01 arid -600 are displayed in tables 5.3 axd 5.4 below 

for caqaxative prrposes. T h e  saluticns yielded t k  following Lagrange 



5.3.5 -ts. nie sane axrrwts -y for nodel PZ as for nrdel Pl 

described earlier. Fk notice the validity of the üB, IB and initial 



estimte O1 *ch turn ait to be the sane as M Pi except in 
Lwerçed sign and help to explain why the qtirrial ~ ~ l u t i o n  tends to be 

5 4 ,  are not the çanie hamer, since the starthg allocatians have l w  

Fj val-. Far air -le: 

nç=.ooi, &O, ve=1/2=o.s, e,=(i-.ooi)/s = 0.1998 and ~ + 2  

pS=. 600, =-O, ~1/2=0.5, el= (1- .6OO) /5 = 0 .O800 and %=7. 

interpretatian of the miltiplier value as the çhadow pice for the 
original cnistraint a c a t e s  that sdï unit m e s  in the tudget B 

will inprove the q e c t i o n  £unctian by appTO)CiZCISLtely B*, &ch ireans a 

retbctiun of BO since B*ZO. Again, this is valid for srrall increaçes in 

B q l e d  with the integality prcblgn due to the discrete nature of 
theniodel. 

5.3.6 Ta- nulti~lier mothaï for ma. As w i t h  the marginal 

procedure, sol* P2 for an arbitrarily high Wt value B w i l l  alço 
solve rrodel variant P2a to minimize Cs subject to a specified u g p r  

verify that  the  Iagrariqe miltiplier f a  for P2a w i l l  becccrie: 
e'= - c+-F,); (5.14) 

d c h  is just the inverse (reciprocal of 8') derived a b v e  for nrdel 

assunpticm used previcxrçly for trodel P2. B x d s  and initiai estimte 

up the s a r ~  J=10 itan -le 2 eariier with a specified 

available bdget of B=$15,000 ., figure 5.3 below illustrates the 

sequene of iteratians for both rriodels P i  and P2 axxl their effectç cm 

the zesp<mw cume {AS, CS). As discussed in the p d o u s  chaptes with 

nrarginal anaiysiç, the sequence h e m  both niodels Pl and P2 is 

closely related ard results in identical stock lwel vectors (3, 



j=l , . .  J O ) .  nyly do m t  aï- give the same resuïts but are (nearly 
ot) identical and can be ansidered the sam for practical pirposes, as 
shown in chapte 8 later, unless t k  level  of p d s i a n  rqukü for a 

bymichwfus i theydodi f fer~nalsobeanalyzedwiththeLa~ 

mritiplierç. Par nodèl Pl, the qt- 8' = fj/ (Fj? 1 0* = (1-Fj) 

f o r n r d e l P 2 .  A s w a s t h e c a ç e w i t h t h e r r a r g i n a l a n a î ~ i s ~ ,  the 

dose reiatianship between the miltipliers can be analyzed as folïawç: 

for Pl the ratio f j /F j  or fj/% tends t<xrardç ~- , (S j+ l )  as Sj becares 

--ly la- while for nndel P2, th t a  1-Fj = 1-% = Z pj (x,) 

becariing less ard less significant. 





We noted tbat the DP (and equivalent ne-*) procecbile presented 

in -ter 3 guaranteed an qthd çoluticni solution vector (sjr 
j=1, . . , J) m y  if al1 possible hciget values are ernarierated at every 

stage; the  faster ard mre efficient m q h a ï  analpis procecbire in 

chapter 4 a the  even faster fagrange mrltiplier mthoà in chapter 5 

pmvided mre practical am3 near or optirral solutions to both M s ,  

"thin an acceptable nargin of error. We also pruveü with the m q h a l  

analpis p m c d w e  tbat m z i n g  the systan perforrrran~e meamre E as 
the proportim of itan ckmxls that are satisf ied imrediately f m  

imrentory or: 

is quivalent t o  mbhiz ing  total eqected systen backcrders BO 
performânce nieaçure of rrndel P2. @ al= stated that similatian, 

al- inpactical ta use as a çsarch to the -tirml solutian vector 



Zhis -ter introd~ces a thizd mmxical exanple (hmm as 

-le 3 t h x q h u t  w i t h  J=4 itarrç and B=$50) which w i l i  be solved 

w i t h  the various solution m o t k d s  presented ths far in previous 

chapters to &tain the exact çoluticn &/or near apt i ra l  

çolutians with their appropriate m r  banidç. We then --te the 

equivaience of both perfornmce measureç and EAç (equatian 6.4 

abme) w i t h  the use of similatim ard intrcduce a nar perforrriance 
reasue, demted AAç and defined as the average prc~p~r t ia i  of 

equip~~~ts  still upezaticnal at the end of the m e .  taking into 

accaait part failure di3perdenues. anis, AAç = average m&er of 

quiprrnts still cperatiaial (UP) at  the end of the cycle and di- 
by the rxurr&r of equipr~nts M available at the b e g b m g  of the cycle 

or sinpiy average rnnrOer Wh; equivalentiy, % = [(M - the average 

xmker /MJ or s-1y [l - average mnbr -/Ml. 

Since  + rray be a mre apprr~priate and usefui naasure of çystem 
perforrrtance, we shaïï denicarstrate t h a t  the distriàitian of the average 

mr&r of equipats s t i l l  aperatiami at the end of the cycle c m  be 

analytically sol- for very s m l 1  cabination values of J i t e m  and M 

equiprients a without taking into ac-t part failure -es), 

but it quickiy b e a n ~ ~  too ccrrplex or rriathemtically untractable to 

solve. The simiiatian rriethodolcgy deveicpd here w i i l  be aitical in 
abtaining salutims to estimate w i t h  ard wi-t part failure 
deperrlencies as referred t o  in [Emst ard P y b  19921 and discussed 

earlier. 



= ($7,$5,$2,$1). With a hdget -50 ard m i n  A j  = 0.700 ard mx A, = 

0.999, the range of possible stockage leveïs for each iten becme 

{1~(Sj))=(1,3,4,6) and { ~ ~ ( ~ j ) } = { 5 , 8 ~ 1 0 ~ ~ )  fm the Poisson cmuïative 
prdxb î l i t i e ç .  A minimnn d a h l e  h@et of B=$36 at stage j 4 is 

to ensure the minhum allocation vector ( S j }  = (1,3,4,6) at a 

total cost CS = $36 is mot. 

6.2.2 CM* solutim for P l  (J=4). U s i n g  DP w i t h  an axailable budget 
B=$50 an3 $1 incrarents at each stage to ensw cptkmlity, we cari s b ~  

that the tnie opinal salutian vector is {çj} = (2,3,6,9) and a 

correspmihg systan availability AS = .7376 at a total coçt CS = $50. 

Ihe order in &ch the i t e m  are l i s t ed  is of no cmsequence if ail 
possible allocation values at interrri'diate stages j=2. . . . J-i are 
ernrmerated, andwillyield the mrespcnsecurve { ~ ç ,  CS). 

For ccnparative p r p s e s ,  wfien kens at stages 2 and 3 are 

inCrarented by $d=$5 and $c3=$2 respxt iveiy ,  the solutim vectors 
{sjf j=1, . . , 4 }  cbtained result in mar o@mi solutians a t   sa^^ mt 

values. As an -le. for an availabie buüget B=$SO. w e  abtain the 

follminy soluticn -or {Sj  ) = (2.3.5.8) and AS = -67296 at a total 

coçt of CS = $47. We also that the appnximte DP rrethodolqly 
develw in chapter 3 earlier in *ch in-ts of $5 are used for 

ail intermodiate stages will yield a solution -or CS ( . ) whose 1- 

band carniot be lower than B - Z Cj for jd-1, .  . ,l or $50 - ($2+$5+$7) 

= $36.; thus, CS(.) can be as mich as $14 lower than B = $50 (or 28% 
f m  B) . Listing the itms in reverse order, huwever. wculd give an 

1- krnd OII CS ( . ) of $5+$2+$1 = $8 (or 16% of B) . 
Table 6 .1  scrmrarizes and carpareç the effects an systen 

availability Aç wtien dynariiic plcgramiirig is useü w i t h o u t  m t i q  

all pssible hdget allocatim values for intermediate stages j =2, . . , J- 
i ( j=2 ard j=3 for -le 3 ) ;  errors are as hi@ as 10% for 
hdget values and illustrate the unpredibabili ty of the rebults ard 

the carpltaticmi âifficulties of the  rrrethodology as discussed earlier 

in chapter 3 .  We aïs0 note that mther  response clirve {%,BI waild 

have been abtained (just as was the mse for m e  1 earlier with J=3 



itens) if itarrs had been listed in rwerse order i.e. least expensive 

itm first, when -ts used at inteLmediate stages do mt include 

a l l  possible Ixidget values that can be allocated at these stages. 

The correspcnailg RLL GAP network structures for this -le 
caild easily be cunstructed fran wfüch we can carpare the to ta l  mm&r 
of nodes NI arcs A and mtching labels M for both of than: for the NLL 

network, N43 ncdes, A=78 arcs a d  M24 mat- labels W e  for the 

GAP network, N=27, A=54 and M21. aie errar î3 (%) as a pementage of 

the budget B described in -ter 3 earlier for the total costs CS ( . ) 
solution vector (çj} of the GAP netwcak is Z 5 ,  j=2, . . ,4  an3. is qual 
to (cZ+c3+c4) = ($5+$2+$1) = $8 Or ($8/$50) x 100% = 16% f r ~ m  *ch we 

can easily calculate the lower baad for the total cos- Cç ( .) 
s01uti~a1 vector {sj } as to B - 2 cj , j =2, . . ,4 or $50-58 = $42 ar 

84% of the total mailable b @ e t  B. In other mrds, ( . ) of the 
çnlutian vector (Sj} &tahed with the CaP netwu& will be at hast 
$42 or 84% of the wt. FüU rietwat3c a m i s  to the DP 



-mach also gave the s;nio optinial solutim, while network amïysis 
w i t h  the GAP ne- resulted in t h e  soiution vector quantity 

{sj } ={2,3.5,8 for a total  COS^ CS=$47 or 94% of B=$50 (whkh ccnpareç 
w i t h  a lower baad of $42 caicuiated earlier) a d  a systern availability 

of AS=. 67297. an 8.7% ermr fm the exact salutim %=. 7376 for this 
srrall pmblern. 

The solution ab- frun mai?ginal analysis for mùeï P1 

described in chapter 4 took anly 6 iteratianç fmn the staxting 1- 

band vector {Sj}={1,3.4,6}. ?he sequence of -ta1 coçt 

allocations by adding the m ~ s t  West effectivem item, one at a th ,  is 

îhown in table 6 . 2  belw and yielded the  optimal çolutim vector 

{sj}=(2,3,6,9) for a total Cç of $Sc)., %=.7376, B.4264 and 

individual i t e m  aMilabilities (pj} = ( -9197. -8571. -9665, . 9682} .  

Since the t o m  cost CS is aactïy the specified hdget B of $50. 

and ncme of the iteis has reached its specified naWRm adabili ty of 

Rj=o.999, the solution is the true optinial soluticm as ccnfined by 

dynaImc pmgmdng. We note that the lower bcrnd for CS(.) developed 

in chapter 4 for marginal analysis is better than the <ne develcpd for 

the --te DP irethdology w i t h  $5 increnats; the LB(Cç) for 
analyçis is B - mx Cj, j=l,..,J or $50 - $7 = $43 (vs $14 or 

$8 d e p d h g  an the çequence used for DP) . The Lagrarige soluticn ~liethod 

aeScribed in -ter 5 yieided the sans qtinral a l ïoa t ian  vector 



6.2.3 Oritinial solution for P2. Marginal analpis for minimizhg total 

qstmbackorderç Ew) innodel E 2  reniltedhthesarreqtiml 
aliocatian vector {~)=(2,3.6,9) in 6 iteratians as shaJn in table 6 . 3  

belw, me of which was not in the SanE sequeme as for rcmchizing 

in midel PI and the Lagrange relawtiai =th03 resulted in a total 

coçt Cç=$44 with (~)={1,3,6,10} &ter 6 iteraticms. 

6.3.1 Introductian. Exanp.le 3 des- abwe waild be valid for M=i 

@prient (say a vehicle) caisisting of 54 major asmlies, havhg 

the fdl- m t i a l  fail= rates (sj } = {1/10,000 lari, l / S ,  000 

km. 1/3333.333 km ami 1/2,000 km}. if it is sdiecbiled to -te for 

10,000 kilaneters cailing the planning pericü, then the eqected m&er 
of f a i l u r e ~  is Pois- dis-ted with 6j = M x U x T j .  For 

as-y mmbarcne j ,  then 61 = 1 equipnont x 10,000 Imix 1 



10,000 km. Both situatims dearly result in the çarie Poisson 

~ar;areter~ {aj} and theref0~. waild also m d  t k  sanil qtimal 

soluticn vector {Sj} = {2,3,6.9), regardlffis of the methcd useù to  

qtimize {y}. 
This 1- to the intezpxetatiai of the perfommœ masure AS = 

0 -7376 calculated for -le 3 abme: it mpans tht the prchb i l i ty  of 

not nmnkgait of any çpare is 0.7376, regardles of haumany 

-ts M were used to caldate the Poisson pararrieters. -y, 

it also m3ms Wt 1 have (1 - 0,7376) = .2624 or 26 .S4% chance of 

nirniing ait of at least 1 type of spare, but it does m t  answer the 

questim: what is the mility of m m i n g  out of 2 , 3 ,  . . w s  ? . 
a, Aç M d  be useà if we want to rreasw the missian 

reliability and its inportance in-uld be aucial  when ail M equiprionts 

(whether fil or -1) nust nmin cpexational t i l i  the end of the cycle 

w i t b a i t  rqu i r i q  ary  spare, in order to caplete the missian 
çuccessfully. The latter has several r n i i i t a r y  a@icaticms such as an 

a m x &  çquadropi (of tanks, helicopters, fighter aircrafts, . . . ) arid 
its effectiveneçs is seriously hanpered if ane or mre equi-ts f a i l  

due to la& of any spares durhg  a missian and it is deared a rrcissian 

failure when it happens. The s a m  inplicatians can be fanvl in the 

retail W t r y  when retaiïers do not want to nm ait of a q  stock& 

itam in a çpecialty grarp (çay 1-, patio sets, . . ) advertised 
in cataïogç or a& c k 5 n g  a specified tim perid; the s a r ~  situatim 
c m  w l y  in the rrmufacturirig sector when a grarp of num5caïly 

cmtm11ed machiries are required to  -te successfuLly for an 

extaided period of t h  in order to ccnplete me or mre orderç cm 
tirrrc. 

If the proporticm of eqiprients still operatimal at  the end of 
the cycle (tim pedod) or AAç is a rr~re --riate masme of 

performance of the systm, then Aç is the sam as AAs when  M X  a& 

canstitutes a ccn1sexvative lower band an % when mre than b 1  

equigmat is involved. The reaç~n s that if an equiprrent (El) is 
nrmiir>gaitofanytypeofsparesasaresultofaorefailmsthmi 
-ed More the end of the cyde, the e q i w  will rerain in a 



failed state mil the erd of the pericd (no re-sugply panitted) . If 
mtltiple equiprrr?nts are involved, i.e M > 1, then mmhg ait of arry 

of qare causes one e q U i m t  to rariain in a failed state ard the 

m i n h g  M-1 equiprients (ani related asse-rblies) to lceep operat* h t  

t h e r e ç p e c t i v e ~ ~ o f  failuresare&Cedbyl/M, givirrg 

r ise to theendof cycle effect. 
Thus, the perfoxmxe - Aç = 0.7376 calculated earlier is 

exact if t k  mm&r of equiprrnts M d ,  arid is a lower banxi  (alkit a 

p-sively worse one as M increaseç) cm the true p q r t i c a i  of 

equiprients still cperaticnal at the end of the cycle or PAS, when 

miltiple equiprronts are involved. Similarly, the total m t e d  systen 

backordersB3 = E 9 j=l,..,Jhas anqper-of onewhenW1 since 

wecannotrunoutofmrethan1spareofanytype j; c n l y m e m x e  

failure than the initial stockage -or (5,  j =l, . . J) is requ i~& to 

cauçe the e q u i p m t  to rerrain in a faiïed state (m mtil the end 

of the cycle; and, in m, UB(BO) = M whermer M z 1. ?he nilxt 

secticms introduce similatim niethdology to determine the effect of 

part failure -es <Hi m l 3 h h g  equiprents. 

6.3.2 Similatins %. In order to d e t h  the effect of miltiple 

-ting equiprents a d  part fail- depadencies towards the end of 

cycle, a simrlatian prqlram kas& cai the GNM4 variates as the sum of 
apmential variates ard amther baseü an ~e~uential MPQNGNI?AL 

variates, firçt develqed ushg CXiBAçIC.ME. 

T h e  system was sirrulated n=5.000 tims (cycles). calculating EAç 

w i t h  (6.4) as the prqortion p of the n mes that the 

-prient ÇUZYived pst t=l0,000 km wfiw the avaiiable stockage vector 
quantity at the begkaiirig of the period is set to {Sj]=(2,3,6,9). In 
other words, finiirig the t h  at &ch the m i n h m  of the 3rd, 4th, 7th 

and 9th failure oc- d u i q  each of the n -es. Ihe estirrate p 

abtained with similation was 0.7330 and is consistent with the exact 
system availability Aç of ,7376 calculateci in section 6.2 for -le 3 

wfien &1. 

We alço can establish a 95% confidence interval for .R = the true 



w i c m  of cycles that the tim at &ch w e  xan ait of any type of 

spares was les (-ter) than 10,000 km basid m this e s t h t e .  

CI(I-(U) for n = p I z(ol/2) x Jrp*(l-p)/n~ (6-5) 

= .733 & 1.96xJ[. 733*. 267/5OOO] 

= ,733 I .OU3 

= [ -7207. .7453] 

the intenml cantainirig t h e  exact value Aç= -7376 f a n d  earlier w i t h  

other ne-. W e  cmid also canduct the usual hypotheçis testing 

procedue to &termine the p - value ok,taind frcm the simiLation as 
follows : 

Hg : n = ,7376 (hypothesized 70 value) 

HA: K <> .7376 

and calculate the p value for this test - 
D V d l E  = 2*p (ZcZ,) 

reject the d l  irypothesis tha t  n=.7376 

distributiun of the minimni of the mj variates was 

using the distribution fittirag software package 

version 2.0, by [Law and Vincent 19911 ard B e s t F i t ,  version 2 . Oa, by 

CPalisade Corporatim, PU, 19951 . both of which use slightly dif ferent 
techniques to determine rm&nm likelihood es th to r s  of the 

distributim paranioters. 

Both distributim fitting software find the Weiàlll distrifxitian 

(See [IWm arYi Shapirr, 19671) as the best one t o  describe the data as 

evidenced by the usuaï @-prabability Chi-Çquare, K & ~ ~ ~ T o v -  

shemov a d  JWersm-l%rling test statistics bas& an 40 intervals at 

the a=. . 10 significance level arid shcncrn in table 6.4, as w e l l  as other 

carparisan masures descrrbed in [Law and Keltcai 19911 çuch as the P-P 

ând Q-Q plots, rriodel m t s ,  etc-. , *ch al1 indicate a better f i t  

for the weibull, 



Figure 6.1 below illustrates a Q p i d  histogmn of the q l e d  

data for exarrple 3 (5=4 itais) . 

&-Square 
K-S 
Anaerçan-I3arlhg 

Rihl l  

48.768 
0 .O12 
1 .O84 

Nomm 

80.568+ 
0.020 * 
4.437 * 







no longer a reliable (ani pmgressively worse) estinmte for AAç as M 
inaeaes; we show the derivation for % wiWt part f a i lme  

-es for the case 5-3 and M=2 *ch will eMble us to develq, a 

sinple hairistic bas& <*i total apected systern 83 later. 

For 5=3 ard M2, w e  can have either 2 ,  i or O equipnents w or 
operational at the end of the N e  (2 üP is &valent to not nmning 

cut of any çpare, 1 UP is equivalent to nmnhg ait of exactly 1 

spre, . . . ) , each me oc- w i t h  the foilowing probabilities : 

2 UP: P(XlsSl) .P(X2sS2) .P(X3rS3) = Al0A2.A3 = n 3 j=1,2,3 
1 VP: P(XIS1+l) .P(X2sS2) .P(X3ss3) or(+) 

P(XlsSl) .P(X2=S2+1) .P(X363)  or(+) 

P (X1sS1) . P (X2sS2 - P (X3=S3+1) 

O UP: P(X1=S1+1) .P(X2S2+1) .P(X3sS3) or(+) 

P(X1=S1+1) .P(X2sS2) .P(X3S3+l)  o r ( + )  

P(X1~S1) .P(X2S2+I)  .P(XJ=S~+U or(+) 

P (X1=S1+2 . P (X2sS2 1 . P (X363  ) or (+) 

P(X1sS1) .P(X2S2+2) .P(X35s3) or(+) 
P (X1sS1) . P (X25S2 ) . P (X3S3+2 ) 

DE qreçsian abwe a n  easily be redu- ard calcuiated 

analytically, althaigh the a n b h t ~  nature of these sq?ressims as 
M &/or J increaçe (specially M, assudq Js10 &ch is usually the 

case in practice) becans far tm ccnplex ami mtihezriatically 

untractable; they caAd mt be M y  calculateci for say k l 0  and J-20 

as we wmld have to enmerate al1 possible carbinatianis of faiïureç 

lO,9,. .,O equipmts are UP at the end of the cycle; within each 

one (say 2 üP &ch is -valent to rum.hg ait of at nost 8 spares of 

any type exactïy) , al1 possible p-ility CQTbinatims of 8 failureç 

a~t of J=20 i&m waild have to be evaluated. d y  ane of wfiich waild 

be: P(X1=S1+5) .P(X2&2) . . .P(X6=S6*1). .P(X8d8+2) . - .P(X20~SZO) . 
We aiso note that the pr&abilities in the mressicms abwe do 

not even take into ac-t f d u r e  dep&ncies; for example, if w e  nm 
ait of a particuiar Srpe of spare, cne @pliont w i U  be ÇCkSrl unt i l  the 

end of the cycle and anly M-1 eiycipaents are left operathg frun then 

an, causirg a redllction of (lm in e e d  mmber of faiiures for 



each part j=1,. . ,JI until t h e  erd of the cycle. 

For t h i s  reascn, PAç calculated alaie w i l l  al- be sraller ard 

thus always urderestktes the tnie value of AAs with part failure 

-es; for high syçten d a b i l i t y  Aç > say .go, the optimized 

stockage levels {sj) w i l l  be to the Poisson msui rates 

{aj) olculated baçed the ori- M value at the of the 

c y c l e a r d t h e e r r ~ r b e m t h e t y n > w ï U b e s r r a l l . s h n n n i i n g c u t o f  

spares (if any) will OC- close to the erd of the m e  d y .  
As we aerrrniçtrated above, estimatirg PAç with Aç for the special 

caçe when h l  is exact ( w i t h  or w i t h a i t  -prt faiiure dependencies since 

theyarebothquaï), b u t c a r m o t b e l e l i e d u p a i w h e n M > l ; w e ç h a l l  

therefore -op better estimates f o r  P I  w i t h  and without part 

failure dependencies, based un rrPdified -tan backorders BO in the 

last chapte kniere -cal exprimnts w i t h  larger scale prablens are 

d y z e d .  The next two sectims illustnte the differences using 

similaticm mthodology, f h t  for -le 3 (J=4 iters, B=$50) follmed 

by -le 1 (J=3 itens, B=$20) for whîch w e  also exp& and calculate 
the pmbabiliw wressions develcpeü abwe for ccnparative pirpoçes. 

6.3.6 Similatins % for examle 3 (J=4). Given the çam original 

fail- rate -ter~ {~j} aKi the qt- stockage vector 

v t i w  { ~ ~ = 2 , 3 , 6 , 9 )  for -le 3 wfien &$50, w that + = .7376 

and is ewct Ml, as calculated in the earlier sections, an3 
resulted in a similated Q value = -7330 with the GWMA distriàition. 

In this section, we present the tesults for + with and without 

depex&mies, abtainxi frun the simiLat* progam S-INVL .m. by 
varying the of Wprients M=1,2,3,4,5,10 ard 20, anl the 

1- of the period t adjustecl accordhgly in orüer to 

keep tbe sarie Poisçori parariet- { b  } . 
'Iko key characteristics diffentiate both prcqam for sirnilating 

% vs Anç (whetrhex taking failure àepedacies or not) : the f i r s t  anie 
i s t h a t w e c a n n o l ~ u s e t h e G a r m i a d i s t r i b u t i a n a s t h e r r i e a n s t 0  

similate the ~ y s t e m  if we mt ta amlyze the h p c t  of miltiple 
qgipcrints ard caldate the average iPmber of equipnents still 



aperatimal at the erd of the cycle. 

Wreaçcgiisthat~remiçtcibtainthetYrieat&chefirstm 

ait of parts of any type, M o r e  we mist use the ~ t i a l  
distzihtian çequentially,  othenvise w e  waild not be able to assess the 

h p c t  cm the overall failure rates of itars if the niinimrm of al1 

Ganrraj vafiates ex& t; in O- t10rdç. WE! waild not ~IXXI how 

failures for each type of itm occured before the d of the similatian 

tim2period t .  

The SeCCrd reasan is that for estinatirig AAç when taking into 

accanit failure dependenr:ies, w e  wmt t o  keep track of the tirrio at 

which we start nirniing cut of spare itars if it is c t in order t o  be 

able to -ce the failure rates by 1/M f m n  that t i r re  cwmrdç, until 

the erd of the cycle, since 1 less equiprient is operating, thereby 

affect- aïï other types of itars. aLis ~ t h d o l o g y  enables us to 
àetennine the effect m the overall rm&r of failures for each itan 

type j=1,. .,J for the *le similatian @cd t and is meaçured as a 

p ~ r t i m  of the ori- { 6 J val-. 
Tahle 6 -5 below dmmmtrates the effect an AAs, denoted AAç (mt) 

(md) respectively, for inrreaçing values of M wfien 

nmlifying ( w i t h a i t  -es) the Ebisîcri pammters mtil the erid 

of the cycle &en we run cllt of spares dm* the cyde or PAç(not), 

and catpared w i t h  wliw we a) mdify (with deperdenries) 

Poissa paraneters by reducing each me by (1/M) mezy tine w e  nm ait 

of spares chiMg a cycle or IVlç (md) . Since similating PAç (me) always 
inderestirrates the tnie value of AAç(Rcd) t o  iridicate depedmcies, the 

percentage errm was dculated as (+ (nodl - PAç (net) *100/ + (md) . 
aie resuits clearly show t h a t  simiLathg M=1 equiprent for 

t=i0,000 k m  does not have the effect cri (wiiether midified or 
riot due to part failure -es) as similating M=2 equiprrients each 
aperating for t=5,000 km; far w e  the average proportion of 

equiprr?nts SU m t i o n a l  at theemîof the cyclewasAAç(mrl) = 

0.7318 when M l  vs 0.8418 when M2. The interpretatim can be rrede 

for hi- values of M. 
The seccxrï inportant reçuit is the confimation t h a t  W nodifying 





wbich are the sam for k1,2 or 3 .  

Given the vectars ( s ~ )  for each hdget level. similatian based ai 

N40,OOO cycles Bach of thus t akkg  into a c m t  part failure 
-es axe shown in oolurm 4 follckJed by similated esthatecl 

values for Pps (not) withait deperidence in w1m 5 ard PAç (not) values 

calculated using the expnsicm of prababfiiw expressions in the last 

rnlullvl. 

The interpretation of the reçults exhibit the sam patterns a d  

qprt the  sa^ amclusions drawn for ewrrple 1 (J=3 i t a r s )  earlier: 

the average proportion of equiprients PAç(rmd) still operatiomi at the 
end of each cycle (coliarn 4) increases as M Uicreases for each given 

stodege level s } ;  since the available kmdget B 

fmm $50 to $20 yieids laver stock î a i e l s  { ~ j  } ard correspaidingïy 

l m  wten availability it is &dent that  w i t h  or withcut part 

dependencies (colinns 4,s ani 6 )  w i U  alço yield pmgressiveïy 1- 
e s t h t e s  of AAç, the percentage errprs between PAç ard AAç (mt) 

mre siwficant as B (and therefore { s ~ }  and Aç as well) 
decreaseç. T h i s  will be crucial for laqer  scale p r o b l m  analyzeü in 

the last chapter. 

What is also interesthg is to ccrrpare the values in the  1st t w o  

coIums (5 and 6) : the similatesi e s t h t e d  PAç(not) d u e  in c o l m  5 
with t h e  AAç(not) value, shown in colum 6 ,  ushg the pmbbility 

eqansian tmr~ for the exact distrihtion of APlç (not) , &ch alço àces 

not take part failure dependencies into accamt; the values in colinrnç 

5 Bmibit very çrnall percentage errors as carpared to values in colm 

6 a n s  each KW, of M, B, {sj} or Aç. 



As 
(sj} Marginal 



last chapter ainsists of xnmericaï -s with laryer 
scale pmblerrs ard w i î l  focus m àevelophg reliale estimtes for 

+(rd) u s h g  sinple heuristics. Before w e  do so, , the 

chapter ccnisiders further inportarit conçideratianç axd extersicm to 

the rKx3d.s. 
Figure 6 -2 below illustrates the typical diçtxihtion of the 

nur&er of equiprents qeratimaï at the e d  of the cycle for a randcmly 

generated referreà to as exaple 2 earlier (J=10 itenrrs x k10 

equiprients) , and similated for N=5,000 @es whereby the budget has 

been plrposely set very low to B= $6,000. in orùer to have an even 

1- stock level vector {Sj } than with the original B=$lS, 000 ; the 

àifferences in meaçuring AAç chie to end of c y d e  effects ( w i t h  vs 

w i t h a i t  dependencies) resulted in an average mm&r of equiprients 

operational at the ad of the period PAç (md) = O -84966 vs an average 

PAç (mt) = -80804, or a ( .84966-. 80804) *100/. 84966 = 4.9% difference. 





7.1.1 ktroductiai. As discussed in -ter 2 ,  rmlti-in3enture qstars 

m i s t  of kicorporating different carpinient levels within the 

equiprient. ?bey then an integral part of the anaïysis of optirmi 

stockage leveïs for bth the e q i ~ t s ,  its asçerhlies ard caipaients. 
It agpears that  no papers an a prion analysis of the di~aggregatim 

process have been pblished. Most studies pblished in the litaature 

regarding this tapic sinpLy linp the diffezent conpornent l a s  
tqether withmt prior analysis as to the inpact of irdividuai partst 

coçts and are usually based cn a single operatkg equipmt, a single 
l m ,  deterministic msts and/or availability d u 5 q  a fixed tirre 

period. lielevant papers inciude [Black and Proschan 19591 , [ e t t e l l e  

19621, [Gocdwin and &ese 19651 w h o  studied a single larel of imlenture 

and the qtirral level of r d u d a n q  for each lepaiable part. 

Since infomtion abait açsablies ard their mcpcxient l a s  are 
uçually based on best--ter distriaiticai nfit" and -1- 

assmpttims, the relaticndiip betvieen a s e l i f f i  a the i r  carpcmwts 

becans d i f f i d t  to analyze. 'Ihe cbjective is to determine the 

coaiditianç u x k r  which we can deciàe whether it is ~~e to 

inciude lawer level indenture stocjcage levels for caponents (Le .  

puchase a d  stock ccrrpcnents -tly frm its açsably) in a 
larger scaïe aie (1) perid irrvtintoxy syst- when additimal 

inforniation canœmiq failure (&nard) data abait these c~np~nt~nts 

beccms -able to the theyst. aie solutiai pmcdm w i ï l  use the  

niarginal anaïpis disrrussed -lier and is m i e d  to a sinple -le 

to illustate the concept. 



a mt of $9900., the last  few iteratims ard the cpthel .  solution 
fm this -le &tained via mxyhal anaiysis are shcwn in table 7.1: 

analysis are undrminated, then the soiution vector {s* ) = {3.11,18) is 

qtM w i t h  AS= -9687 = A1A2A3 = .981x. 994x. 9928 = -9687 at a total 

cost of CS= (3xiOOO) + (1M00) + (18x200) =$WOO. 
Suppsse w e  had additicmal inforrratian mnceniing ass-ly 3 

(63=10) that lead us to believe that 20% of its failures the 

pexiod were cawd by a carponent within assdly  3 (denoted as 

mrlxpierit 31) and the renaining 80% byvariouç other 

ampmems w i t h i n  the assmbly (denote. as ccnpc~ient:~ 32) . We can 
therefore estirrate 631=2 arid 632=8 sinœ the faiiure proceçs is aïso 
Pois- (disag9r(-'gatim of Fois- pmcess into individual Poisscai 

processes described in [rZoss 1989 ch 5 1 )  . 
W e  mw wish to knm whether it is worthwfüle to prrcbaçe (or 

prduce) anl stock capalent 31 irdeperdently of assaraly 3 for the 

next period; specifically, we want to detenicine an bound on the 
W S ~  ~ 3 1  f ~ n  &ch Aç will raFaui s .9687 for the or 1- hdget 

B s $9900 or correspcrdirgly a hdget of (18 x $200) = $3600 for 

anpaneat 31 ard 3 .  We CCXild &te C31 ( ~ a y  c ~ ~ = $ ~ O )  ard 
since we already b a v  other prts failureç w i i i  be replaceü by ccnplete 
asd l i ee  costw c ~ ~ = $ ~ O O  each, we can sol= the e n t h  -lm with 



Min ?=.BO ~ Q x  %=.99999 ( 

for which the solutim obtained via narginal analysis is as foliowç 

( d y  the last few iteratims &am) : 

the solution is near cptW with (~)={3,1l,8,16}, B=$9820 but Aç = 

.98ix. 994x. 9998x. 9963 = .9718 is greater than Aç = .9687 &tain& 

earlier with the 3 ong ina i  assgiàlies and that A31xA32 = -9998x.9963 = 

-9960 is greater than A3 = -9928 also obtained fran the s a m  çoluticni 

earlier. Wè note frun tahle 7.3 that the  previous iteratian w i t h  

(~}={3,11,7,16) also *el& a -tan amilability of AS = 

.981~.994x.998%. 9963 = -9710 which is s t ï U  greater than .9687 at a 

1- 00st of $9780 ard that A31xA32 = -998%. 9963 =. 9952 > = 

.9928. 



achieve a better % at equaï or 1- CS ard M o r e  wmthhile to 

disaggrqate the Poisscn pmcess into m e r  caiponents . lhese are: 

1. c ~ ~ S ~ ~ + C ~ ~ S ~ ~  s c3S3 = (S20Wl.8) = $3600 (7.1) 

2 .  A31xA32 + A3 = -9928 (7 -2) 

which are satisfied for the iteraticm yielding Cç=$9820 as w e U  as the 

previous iteratian with Cç=$9780. M cari can desdescribe a camrenient way 
to çolve the  upper bour*i UB for c3l using the solution above by s-ly 

going back to the iteratian in table 7.4 yie1di.q the laest AS>. 9687 

&ch is .9710 and calmlating the q p r  bcxd for q l  as follcws: 

UB ( c ~ ~ )  = (18-16) &200/7 = 400/7 = $57.143 (7.3) 

-ch is sinply to mïo l la te  the savings achleved for assmly 3 i .e. 
the difference betwem the original (S3=18) an i  t h e  new ane (S32=16) 

tirres its coçt and dividuig by the new stockage leveï (Sj1=7) obtained 

f m  t h e  solution; this guarantees t h a t  b t h  ccaditicniç w i i l  be 

satisfied. 

'Ihere are 2 prchlaris associateci with this p-: first, the 

stock leveïs for other parts (S1=3 ard S2=ll)  are m t  guaranteed to 

stay the sam which d l  M i d a t e  the upper baind M d  they change 

and çeocad, the e n t i r e  problen wwïd have to be solved again with the 

new paranieters w i t h a i t  hming the reSU1ts beforehand (or whether it 

was worthwhile). If we had çeveral tens or knnidreds of itenis, this 

p m e d ~ ~ ~ ?  waild pmve to be very inefficient and practically inpsssible 

to wrk with. 

7.1.3 H f  icient solutim D-. Fortunately, the pmblais described 

above can easily be hardled as foiioiis:  LE to the seprability by itm 
of mdel Pi, we wuld have siirply solve the problem us- wzgirial 

analysis çeparately for assenbly 3 with $3600 as a budget and the 

foiïadng parrmiieters : B= (1ûx$200) ~$3600 as per the originai pmblan, 

q1=$40 (initial guess), q2=$200, 63i=2 and and32=8 and &tain the 

follcwing so lu t ia i  (cnly the last few iteaticns shown) : 



l h i s  procedure guarantees t h a t  hth wnditicns will be net when an 

upperkrad for cg1 is caïcuiated; f b t ,  t k  tudget d l  mt exoeed 

$3600 (narginal analysis stw w k n  B is exceeded) and by pi- the 

1-t entry for w h i c h  Aç=A31~32>A3=. 9928 in the original solution. In 

table 7.4, this en- i s  -9952 and the band UB (c3i) = (18- 

16)~$200/7  = $57.143 as before. Solving the entire original prcblm 

w i t h  the additicrièl infomtim becaws mich mre na-tically 

tractable, ard is very efficient w i t h  m q h a . l  anaiysis. ?he steps for 

"piting an qper  banri on the  wst of a cqment  are çLmmarized 

below: 
- sol= the original problan at the assxrbly level 

"th a gLven àidget wing m a q i n a l  analysis; 
- w i t h  additional inforrriaticn abait an assably, 

çolve the prcblan ~eparateïy with a best guess 

abait its e s t h t e d  coçt ard a budget equal to 

the stock level Sj  dtained f m n  the original 

S01utim; 
- carpute the UB for the part using the separate 

çalutian wfiere the 1-t entq  is such tha t  

(catponents) is greater than Aç (original as-) 
anl the stock l m s  (Sjk (k=l, ..)) givw by the 

solutian - 



7.1.4 Crrmrints. T h e  procedure described above ushg mxginaï analys& 

is a very efficient way to Wude the analpis for milti-iidenture 

systanç and separable i t m s  like n'dei Pl. It is thus possible to 

qyickly detemine an band cm a cmpmmt's coçt w k n  additional 

Uifomticn becares amilable a -tim of missan p~ocesses 
is cmsidereà w i t h a i t  kwing to solve the entire pmhlem a d  dismver 
afterwardç that either the total reçulting costs Cç waild exceed hie 

m t  or t h a t  we achieve a lower system availability Aç. 
It has also b e n  skwn that even thouspi the çmi of the ccngnentsr 

indivim COS~S ex& the  COS^ of an assa-rbly, Z C j k  z Cj 

( 1 ,  . . ) , it rray be possible inder scm cadit ians,  to achim a hi- 

-tan availabfiity + at a 1- merail mst CS. For air exanple, 

even i f  the cost of mipanent c3 l  is set at its q p e r  baad $57.14, the 
t o ta l  msts of di~aggregatian cj, - +c32 = $57 -14 + $200 = $257.14 is 
greater than tbe original cost of the wliole asÇen531y c3=$200, tut a 
hi* -tan W a b i l i t y  was achieved (%=.9710 vs .9687) as a result 

of the additicml in fomt ian  wbich mabled us to disaggregate the 
original Foisscin prccess into hm d e r  ones. 

It is therefore possible ta use a 2-phase (or milti-laiel phase) 

approach t o  cptimize Pl  or PZ; the first phase ccnçists of m z i n g  

Aç subject to the tudget cmstraint for an equiprrent rrade up of J types 
of m j o r  assablies, uçing any mthd d e s e  in -lier chaptexç, 

d l  US Sj, A j t  ard the total w w  CDS~S for each 

item, çay Cj, j-1, ..,J; 2 can then be @lied by us* Cj the 

&able bdget for asserhly j almg w i t h  the additional infomtion 

about its sub-asse&lies (cjkfs and failure rates) to determine whether 

it is wrthwfüle t o  dîsaggrqate the Poisson process into araller 
processes and s t z U  increaçe Aç for the sam= mt. 

The end remit is the abiiity to mduce a large scaïe pxhlen into 

sepazate W e r  prcblars whxeby we optimize J najor asml ies  f i r s t  

and use  the total coçts dtaineà for an assarhly to optimize its k 

major ccnpanents while SU achievirg a better aggregate mten 

perfoxxmnce masure, as dairnstmted m. Ihe current nalitary mdel 

caild w e l l  haridte this type of situaticn since the list of iteis within 



an equiprpnt suhmtted by a mmfacturer is çuRpçed to f o l l m  s t r i c t  

guidefines as to the  breaMmn of the eqipent into aarp3nents and 

miçt contain a cde for each itan ident- its relaticnship to the 

next higher assaraly, s w a r  to how a bi l l  of naterials is used in an 

MRE' ÇYÇtm (Material ReqwraiPnt Pl-). 

7.2.1 Intnxhctim. T h e  miltiple locat im rrn3el extensim to problers 
Pi (M Aç) d / o r  P2 ( M i n  BO) is of practicaï inportance for 

oqanizatims hadng several identical systam (vehicies, nachines, . . ) 
each qeratirig in different locatians ard becmes essential in the 

military ewircaniSt for the initial pircbaçe (an3 subsequent pericdic 

-tary process) of spares for sareràl locatiais when a fixed budget 

is available. nie abjective is to decide h m  rmch of the overall 

available àrdget B should be allocated to each locatian in a 

decentralized aperaticmai envirorrnent to pirdiaçe ard stock spare 
ass~l ies /prts  whiïe optimizing a system perfo- measure. nie 

a t  allocation vectbr {mi} t o  each locatian is then used for the 

determination of the CQ~M stock 1-s {sijI i=1, . . , 1 j=1, . . . J} for 

each part j at every location i. 
A d c a ï  scanple w i l l  be intmduced fo11miq the ~thodr,Iogy 

discussed MW. We &ai l  pzesent the derivatim for Ç01ving M mb 

(rreWnizing Aç) d y ,  as the derivatim for sol* mdel P2b 

( M z i n g  BO) foUms essentially the saire mthcdolcrly. 
Pmbably the rrnst extensive research incorporating several levels 

of irdentures has k e n  in the ccaitext of miiti-echelan invwtory 

systens for repairable parts described Li chiipter 2 -lier; m>st 

qtirrizatiai e s  are not mathamtically tractable but neveaheless 

arploy saieal techniques to abtain stockage lweïs close to the t%mett 

optinal levels usuaiiy dXained fmn similation of the -tan mxkr 

study for 1- periodç of tine &/or u&er several açsrmptions &/or 
restrictias . Valuaale papers on the nibject include [- 19711 , 
Wckstadt 19731, and others as discussed in the 1ite.a- zwiew of 



7.2 .2  Termirir,lm a d  notation. A t W q  subscript i (i=l,. -1) to the 

mtatiai intruhced -lia, {Oi } i=1, . -1 locatims anl j =1, . . , J 
item repxesents missan failure rates based on arma i  expcteü ccmnn 
usage U a d  the mmber of identical @-ts {M~} a p x a t i n g  at each 

of I locatianç. 

For -le. if eadi of Mi=lO identical Wprrents at location i 

are -ed to -te U=10,000 k i l a ~ t e r s  durixq the period d item 

j is -ed to fail at a canstant ( w t i a l )  rate of T j  = 1 

fr/20,000 kilaneters, then the distrikitim of the rnarS3er of failmes 

O£ j is Poisscm with rate 6 i j  = Mi x U x T j  = 10 x 10,000 x 

1/20.000 = 5. A se& location ha- 20 equiprrints w i i l  tks -le 
a U  Poisson rates of the formr locaticri. aie a g i t e  Pois- pmœss 

can then be represented as: 

S m  of al1 Ebissan rates for i t e m  j 
( a m s  al1 locaticms) 

Sum of al1 Pois- rates at loc i 
( a m s  al1 itenis) 



As before, the anaïyst ca i ld  specify practical and nieaningful 

1- a d  upper barrds vectors {18(sij)) a d  ( ~ ~ ( s i j ) )  id,. .,I and 
. . 

j=1, . .J by sirrply a amron niinimni avaiiability for each 

i tem, s ë i ~  (II& A i j  } a 0.60 hi* f o r  each part j at lmticai 

w h i c h  w i l l  autmticaïiy reduce tbe  state spaœ mquimzd to &tain the  
* wlutian of stockage levels {sij }. C a u t i o n  rnist be 

exercised -, sinœ çpeciSlrig 
. . 

ta h W  (LB(Sijls)} can ïead tO an 

infeasible solutian as the initial ailocaticn iray al- exceed the 

W i e d  ïxdget wlue B, as discusçed earlier. 

7.2.4 DP solution 13-. The forward/backward recurçian us& for 

the DP solution p m c d m e  of chapter 3 can alço be =lied to solve 

ndeï mb to m d n i z e  Aç k t  a 2-dimmicaial state space requires first 

the çpecificaticm of various amxnits of budget to be allocated at each 
locatiai (mi, i=1, . . , 1) , foll& by wth izw stodc 1- vector 

{si , j = I f  . . , J) within each location i=1, . . , I; tiais, it irnrol~eç a 

stage for each of the  I locatiais, d within each loraticai (or stage), 

a r u & r  of psible  Wt anumts Yi to be allocated to cptimize the 

seiecteà performance masure for each of the J itenis enis E'urthernr,~, 

hdget allocations of significant aranits, pcssibly Ulvolving çeveral 

or thmsads of doliars for itam at ail locations, r q u i x e  us 
t0 chmse appropriate -ts Zi of çay $10, $50, $100,. . in order 

to reach a solutim. ?he n i v e  DP formilatim procedue is as 

follows : 

Stage i=l, . . ,I = location i 

State 4 - = mamt available for allocation 
w i t h  i stages r m a h h g  

Decisicxi variables 
Yi = C I I K X ~ ~ ~ ~  allocated for {sij } item at stage i 

(sij}= allocatian stocka- vector for ail 

j itenis at location i 

Retum functim 

Ai (yi) = d a b i l i w  fm aliocating $yi stage i 
Ai(Siji = availabiliw fm (sij} item a t  S- i 



d i s a e t e  h a m - m t s  

aie pnxeüure is to start a t  stage i=l (lmticai 1) and determine 
W qthd a o c a t i a i  Yi fm its st- I&s (sij} 
f ~ c m  all its possible val- in the rarige [min yi to mx yi] in 

-ts of zi, when bi is d a b l e  w i t h  i stages -; ance 
the last stage 1 qtM allocatim for a given h d g e t  B has been 

calculateù, w o d c  ba- frun stage 1 t o  stage 1 to detemine the 

allacatiai (sij 1 at each S-. 



7.2.5 m t s  . 'Ihe najor prohlem associated w i t h  this mthd is that 

since t h e  possible lmdget allocations Yi at each stage is amside- a 

ccntinucw variable, IIUS~ dYx>se %uitablew increrrrental. values Zi 

for Yi and t h e r e f ~ r r e ,  t 2 ~  solution &tained   an laiger guaranteed to 

be optimal. 

incrienienta1 Zi val- at Bach stage for the e~ent=ual 

allocation of an amxnit Yi have a siniilar interpzetation to the network 
anaiyçis w i t h  Wdget gaps wfiereby prt of the hïget up to the 

-ta1 value nay be lest frun stage to stage. These  values can be 

~ i f i e d  in -ts of Cj values to M z e  p s i b l e  m t  losses 

at each stage. 
ÇeaPd, for each yi mnçidered at each stage, we miçt find an 

optimal solut- irnro1Ving miltiple item for wfüch the DP solutian 
mthdology of -ter 3 for a single location rray be =lied, leading 

to a t h  cunçuniilg procecnire, midly  increiaçing in conplexity ard 
-1- the s t a t e  spœ to unacceptable levels. ?hiç mrlti- 

dirrensimal DP pmœüue for an I=3 locatiaaiç prcblan can be 
represented as shrni in table 7.5 below; within each ceil, we mist f i n i  

the qtinal allocaticn vector {sij} given each possible allocation 

yi=(BAi} at Stage i. 



Table 7.5: DP structure 1=3 locations (staoes) 

- 

Stage t = ' - 
bl \v l  

min b1 

. . 
BA1 
-. 

max b l  

min b l  + 
min b2 

max b l +  
max b2 

Budget B - 

B(y21 = min y2 UB(y2) = max y2 

nin v2 .. BA2-22 mid y2 8A2+z2 ... v2 ma 

nid b l  = BA1 = (La1 .fLa..IeB 
nid b 2  = BA2 = (Ls2./Le..IeB 
iid b3 = BA3 = (La3.h..IeB 

ninbl = 8-Sum{&bk)  k=2,3 
= 8 - {min b2 + min b3) 



7.2.6 &amle (I=3 x J=5 item). The followhg -cal -le has 

been s01VBd far an 1=3 location, J=5 item p-lem, w i t h  B=$30, OOO., 

and {~}=(2,3,5} = nunber of identical cperathg syçterrs at each of 3 

locatims, eadi me m e d  to acamïate an anmal usage of U=10,000 

miles anl the ca~ts m t e r ~  cj and fail- rates T j  for ~ a d r  

itm which are aZNi0uçly the regaràïess of the lrmtiai. hran 

these par;arrtters, the expected m&er of faiïures (Poisson -ter& 
~ Z E  e a ~ i l y  derived aS before using the equatim 6ij = Mi.U.Tj = 

M i . U - l m j  ~IXI are iridi~ated in table 7.6 belm. 

FYun the data çhaun above, it is pointed crit t h a t  the Poisson 

m t e r s  {bij} at locatian is S-ly a miltiple of an~ther 
locatia paramter w b i c h  is proportimai to  their mmber of equi-ts 

M. Fca instance, for item j=4 at location i=l, the paranieter 614=5 is 

based an 4Ur4 = ôa0000x1/4000 = 5 while t he  sam itan j=4 at locatiun 

i=3  is 634 = 12.5 since it has 2 1/2 tirnos mre equigmnts (M3=5 vç 

4 = 2 )  than a t  1ocati.m i=l. 

T b  alleviate the pmhlan of findtag the possible rarge of 

allocation amxrnts Yi to variaas locatims, a harristic initial 

allocatim çalutim nethodology wmid be to  assign the hdget B in 

p n p r t i a i  to the mnker of equiprents held at each locatian such that 



{BAi)=( ( ~ ~ b )  x B) , wfii~h is t h  s ô i ~  as (BAi} = ( (bi. /o. . ) x B} for 

i=l,2.. . ,I d t h g  in t h  followirig rnid-- Yi allocation vector 
{q} = {%=$6000, BA2=$9000 ard ~ ~ ~ = $ 1 5 0 0 0 )  far w -le. and t k ~ ~  

solve for  the qtircral stockage level vector -y for each 

locatim, ushg either the ciynmic plOgramning ~thodology  of -ter 

3 ,  or other mich f a s t e  solutian rrrethods such as marginal analysis ar 

Lagmnge rdaxatian. 

7 . 2 . 7  DP solutim (I=3 x J=5) . aie exanple above has beai solveà us* 

cfynamic pmgmmhg ~thcdology wfiere each stage represents a locatian 

i, ard within each cei l ,  niarginal anaiysis was used to determine the 

near or optimal allocation for each possible hdget allocation amxnit 

Yi f m  its nPnimnn IB (yi) IQ to its mârrimpn UB (Yi) val-, whereby the 

m x k m  values were set azbitrarily but sufficiently hi* than the 

prqorticriai budget allocation {mi) = ($6000, $9000, $15000) 

calculateci earlier to ens~e urdQninated or qtirrel solutions at sach 

Stage are fand .  T b  ~~~tdl MIES Zi theref0~ nOt 

since they were chosen f m n  the results of narginal anaïysis perforrred 

independently for each location. aie results are indicated in table 

7.7 below ard are sumrrarized as foiïows : 

{se a )  = {i=l: 1 , 3 , 7 , 8 , U ;  1 3  C s  = 6500 

i=2: 2,4,9,11,17; CZs = 9300 

i=3  : 3,7, U, 16.26) ; C 3 ~  = 14200 

s = {6,14,29,35,56); C-s = 30000 

 BA^} = {6500~9300,14200} ; 

% = .1277 and BO = 3.4702 

Due to the haeasing ccxlpltaticmai d i f f i c u l t i e s  as the rmbr  of 

locations and/= itens are added and for the sme reaçans g k n  earller 
in chapter 3 for the single location case, the DP solution procechire 

for the mrltiple locatiai nodels becaii- inpractical for several mre 
locatims (say 1 2 10) and àidgets h I v i q  tenç or hr&e& of 

tbaisands of dallars. It is desirahle ta àevelq better and mre 

efficient solution metbads to solve this pmblan. 



Table 7.7: DP solution (1=3 x J=51 

$15 100 
sis 300 
$15 700 
$15 800 
$16 O 0 0  
$16 200 
SI6 300 
$16 400 
$16 500 
$16 600 
$16 700 
$ 16 800 
sis 900 
$17 O00 
$17 100 
$17 200 

Sîage 1=3 1- 
Soiution y3= $14200 A3= 0.45495 

Budget allocation y2= $9300 A2t 0,52119 
(OP + Marginal) Y l =  $es00 Al= 0,53858 

B= 530000 &= 0,12n3 -- 
Solutlon y3- $15000 A3= 0,55234 

Budget allocation 9 $9000 A2= 0,45139 
(Prop + Marginal) = $8000 Al= 0.45503 

e= eom EUS 0,11345 



For the initial p-t and distrihition of spares in the 

"lit- envirorriisit, a new capital acquisitim p q x a n  is 

activated, the hdget allocatian at each locatim carniot be p z -  

assigned since spares are iridividiully calculated up to the sane 

availabiliw lwei (99.8%) using the clirrent rriodel d e s e  in chapter 

1 eariier ard dœs m t  discrimte between mre -ive and/- cheaper 

itens . 

7.2.8 Marsinal analvsis etmivalent (I=l x J=lS . w z i n g  that the 

mrltiple locaticn miltiple i t e m  mxïeï mb is alço separable by itm 
and by locatim, then rrarginal analpis w i t h  the ~ t u r a l  1cg 

hzmsformaticm of the cbjective b x t i o n  tenrs can be useû by c a & h h g  

a i l  3 locations into a single me a d  wmïd result in the s a r ~  cptirral 

çaluticn abtain& with DP ~~~thodolcgy. =ore, rrnjel Plb below, 
subject to (7.4) and (7.5) earlier & repeated hem becaiios: 

of the objective functim: 



at an additional C&t of C i j  d the procedure iS t-0- -valait 

to a RDdel with 1 locaticn having J=lS i t em that is mch faster ami 

sinpler to solve (a few secands d y )  than DP. Ihe oniy nrdificaticn 

t~ be made t~ validate the procemire is t~ enaire (bij) are 

prqortiaaially adjusted to cmpmate for the different rnaioer of 
equiprrents at each locatim as iniicated in table 7 . 8  below. 

l Min A p 0 0 1  Max A p 9 9 9 9 9  

T h e  optirral s o l u t h  ushg the ri.iarginal analpis proaecbrre for  

the &valent single locatim m x ï d  1=1 locatim x J=15 item 

resulted, after anpPirig the locatim irdex i, in exactïy the simio 

o p t i d  aïlocatiaai =or: 



* = {1,3,7,8,~,2,4~9,~,17,3,7,13.16,26}; ard 

taliyirig the results far each locatim: 
(SB = }  = (i=l: 1,3,7,8,U; 11 Cs = 6500 

i=2: 2,4,9,lï,17; CZS = 9300 

i=3: 3.7,U816,26; C3ç =14200 

( s )  = {6,14,29,35,56); C-s = 30000 

(BAi} = {6500,93OO, 14200) 

= .1277 and BO = 3.4702 

ani is the true salutian vector { s j J  j-1, . . .15} since the total 

costs is exactly equal to  B. Each irdividual itan aMilability 
correqmïiq to the qtimal allocaticn vector {sj*} is çhown below for 

information: 
) = {.73, .86, -95,  .93, -97, 

-81, - 82, -92, -92, -94, 
.76, -87, .86, -87, -92) . 

7.2.9 rn network anaïysis. As was the case for rrcdel m to mx ~ç 

and mdeï P2 to min BO analyzed earlier for single locatian pmblam, 

the network amïysis csai also be inpl-ted for the miltiple 

locatim noQls Plb ard P2b. T h e  FOLt networic structures can be setup 

us- the sam techniques ard w i l l  yield the sam tme optimal 

s a l u t i m  as DP rriethodolqy (as Img as ail possible hdget allocation 

valueç are enimrierated) * 

Pirst, a i l  itans j=l, . . ,J at the fizst locatim i=l are 

ccaiçidered, me at a t h  and thus nake up the first J stages of the 
netwodc; then, the pattern is again repeated for the sanie itm srpes 
j=1, . .J for each of the rarainirig locatim i=2, . . , 1. T h e  final netIlork 
w i ï l  therefore ccnsist of a total of W stages whose tme cptixmï 

solution can be fanr l  by -1- DP sequentiaily in stages or a 

shortest path algorithn in the nefxork, fmn its &gin to the 

destimtian na& N. The netmrk stmcture can be us& effectively to 

*- of = (N-1) to ta l  ncdes ard a a m t i m  
w i t h i n  ail rms = total  mmber of arcs A in the netwwrk. 

nie properties of the single locatim netwoxks for the one 



location prablats are alça ~ 1 i c . e  to the miltiple location netwzks 
tuilt u s h g  the sane m, -y: the networks w i l l  be acyclic 

4 a n y p a t . h  f ran the  dginno3e 1to the deçthatiannode Nwiu b 

made up of m c t ï y  aie arc fran each stage fa a total of W arcs. 

niaherrrPre, the sane techniques uçed t o  M p  EX~UCE the ne-& 

size (total IMLI3eT of MdeS a d  arcs) can be -lied here as well by 

processing hi* coçt item f i r s t  within each stage anl specrSing 
. . 

--te l m  {LB(sij)} a n l w b a a d ç  ( I B ( s i j ) ) -  As a reçult of 
appIyinS the proadme to  air (I=3 locatims x J=5 itars) -1e with 

the smepammters described in t h e p d o u s  sections, the 
netwcrk structure mists  of a total of N=1425 rides, A=10087 arcs and 

M8626 rratdies by processing the hi* coçt itm within each locatian 

f h t  and repeatirig the process for each subsequent locaticm, ths I=3 

graips of J=5 items for a total of W = i5 stages- ( W e  Ilote that the 

laest camnn derilniinator is $100 &ch ami& the aeatian of a 

subst.antiFi7.1y ard unacceptably high m m b r  of explainec3 by the 

IMloer of rratching ncde labels M = 8626) . 
It is aïço possible to -ce the size of the netmrk evw nore, 

by -1oith-q an interesting p- of the miitiple locatian müels .  

Since al1 itans j=l, . .J are consider& at each of the locaticai 

i=1, . . I I  it is reascnahle to  that the CO& structure {cij) is 

the sam for any item type j, regardleçs of its location Le. 
C j j  C I  1 , .  J -f0IE th, W of I ldeS aTd XCCS , 
still be redllceü by listing tbe hi* cost itan typ- j in I successive 

(adjacent) stages eventhargfi they m y  have different Pois- 

pararrie-- 

'Ihe reasoai is that ncües -ted within any <lirrent stage j are 

created byananumt = $~j, as a result of e - m p e  itm 
typej; i f the~iexti tmtypej tobe l i s ted i s theçgr io typeof i tm 

w i t h  equal msts àit frcm a different location, tben alï ncdes to be 

m t e d  will alço be created e c t l y  by the - amumt $7 apart ard 

a i l  arcs incident: t o  then will mno f m  ndes which wem also meated 

$9 aP='t at the previais stage j-1. Therefore, the net resu l t  w i l i .  be 
to direct arcs into no3es a .  aeated at the olrrent stage w i t h  



budget rerainirig labels tbat nnatchn than ard thus prwent the creatian 
of additicnal ndes or aMid pnssible ixdget loss by directhg arcs 

' into a 1- adget ncde, as described in the mxt section for the CAP 

nebm-. 
For air -le, by pnxreçsing the hi* cost iteis sequentially 

and irrespeceive of the i r  locatian L e .  the f i r s t  3 iters coçtw c1l = 

c21 = ~ 3 1  = $1000 each, the ne-& reduœs to a total of N=831 nodes 

(41.7% reducticn) , AE5765 arcs (42.8% reductian) ard W 8 9 8  rratches 

wMch is rather significarit as a sinpie Rit highly efficient t- 

to achieve mre rmnageable network structures (or settirag up DP tables) 
while guatanteeing the  true optha i  solution to the mdels. 

We can stilî achieve even fuaher &&ion by listing the hi* 

cost itm f h t ,  irrespective of their lazaticms sorthg the itam 
having quai coçts in decreasing order of their misscm pairamters i.e. 

633 = 2 . 5  > 623 = 1.5 > bu = 1.0; t h e n e t  sesuit is anetwrk 
structure cmsisthg of N=787 nodes, k a 0 7  arcs ard M=4584 matches. 

Al- the network size carniot be predicted, this sinple technie 

to be effective for a l l  (albeit few) -1s analyzed and 

shwid be the subject of furtbet analpis. 

7.2.10 Cap nettxlrk anabsis. 'Ihe GAP network analysis procedure al- 

with a l l  its prqertieç disaiççed in -ter 3 earlier for t he  single 
locatiai m d d s  Pl ami P2 can also be irrplariented for the miltiple 

locatiai &s mb arxï P2b m t e d  in this chapter; thus, t he  

netmxk canstructed by using the p- are acyclic, arry path fmn 
the origin ncde 1 ta the deçtinatim node N is niade up of s g c t l y  W 

arcs, me frun each stage. 
Fcn w eca@e, lis* the hi* mt itens C i j  f i r s t  within 

each loatim ard constructing the Cap ne-* by prooessing the l5 

itars in I=3 grarpç (locations) of J=5 iters (hi* cost itars listai 

f irst  within each locatiai) reçulted in a network with a total of 

N=1055 nades, k7162  arc^ & fi6090 niatches. 

we can s t U  apply the errer band for the near cp tM solutian 
&tain& as a result as v a s  dme in -ter 3; thus it f o l l m  that the 



total ocst solutian Cç(.) wLU be at least B - E Z cij, i=l, - - , I I  

j -2, . . , J since a i l y  the fifit i tan j=l at the f irst locatian i=l wiU 
guarantee that no lmdget loss occurç (th first itan to be listeü ard 

naking up the f i r s t  of the W=l5 stages). For air -le, the total 

cast soluticin Cs(.) from the network (ar DP tables) w i l i  be at  least 

$30,000 - @, 400 = $25,600 or a 14.7% nm&m error frun B=$30,000 by 

pmcessing the itm in 2=3 graq3s of J=5 iterrrç. 

~ietwork x&uctim techniques are also agplicable here àit the 

order in which the itars nake up the W stages b c a ~  of mich greater 

significance in inprovirig the 1- band on CS(.); as shown earlier, 

if the stages are made up by sort- the hi* cost itens f k t  and 

w v e  of their locatiuns, the net result w i i i  be to inprove the 

lawer bclnd Cç(.) to  at laaçt B - I: Cj j=2,. .JI for the single locatim 

mxlel, since no àidget loss can c z a r  when e q a ï  mst item are listed 
in adjacent stages. For the miltiple locatian mdeis howwer, the 

remit for ( . ) is mich doser to the total -able hdget B as 

shown by tbe follcwing inprtant prapoçitim: 

hwosition 7.1: The total mçt çoluticn for CçL)  as a result of 

agp ly iq  the C;AP netwcxk p- ard ~rroceçsing the higher cost itam 
f k t ,  regardless of t h e i r  locatiai (and as- to have e q a l  
pirchaçing aoçts) will have the sarre lmer baad as the single location 

mrdelsi.e. B - Z 9, j=2 ,.., J. 

proof: We )awr fm the single location mcdel that CS(.) w i l l  have a 

l<w M of at hast B - E Cj w k n  listing hi- W S ~  iters f i r s t  

and appîying the CAP netwok procgbue since nodes created as a result 

of stage j =l have =ct hüget node labels and a possible Wt loss 

of Cj cân for Badi of the rerraining S-s j=2,. .J. 

AssunÛng the sam itens have identical costs m e s s  of their 

locatim, listing a i l  of then in a d j a e  stages will M t  in exact 

hdget node labels at stage i=l,. .,I for the! f i r s t  j itars (the first 1 

stages) since ncdes (or DP mws) at tbe current stage are created 

exactlycj  a p r t a d h a v e a r c s  i n c i d e n t t o t h a n o n l y f i c m ~ ~ e a t e d  



at the p- 

i m h a v e e q u a i  
As a result 

S w ,  ~ S O  Cj w; it U £OU- that if two 

costs, rx, budget loss for riodes aeated will occur. 

of groupiq cost item in adjacent stageç, -y 
J-1 stages w i i l  have a p- stage with a different cost itgn ard 

t h e  total wt las anly be E Cj j=2,. .,JI the 

sane as the sinyle locatiai mdd. this carpletes the p m f .  

aie irmgiiate ccmiçesuence, haiew, is to signîficantly lmsr the 
mximm relative error D(%) of the  shortest path çolutian Cç ( .) which 

then becorrreç mich closer to the total available hdget B. For our 

-le, sorting the iterrs using this sinple teckmique (listing al1 3 

itaris costing $1000. each as the first 3 stages) &ces the network 

size to a total of N=728 nodes, A=5036 arcs and W 2 7 2  mtches, wfüle 

the total cost solution Cç ( .) w i l l  be at least B - Z Cj Wch becares 
$3O,OOO - ($400+$200+$200+$100) = $29,100 or l e~s  than $900/$3O, O00 or 

3% mximl errer which ccffpms with $25,600 or a 14.7% error abave. 

Fbthenmre, it appears t ha t  the net result of çorting eqaï  cost 

i t e m  in decreaçing order of theix Pois- parareters can alço h m e  a 

positive effect on rduciny network size. anis, by listing hi- cost 

items first, irreçpôctive of their locations by demeashg orüer of 

their -ive Poissai v t m  d i j  in the exa@e, r ed ted  in a 

netmrk total of N=680 ncdes, A4648  arcs a d  M=3932 rratches; other 

amples sean to d c ç n f i r m  this finding but cannot be fornal ly  praven ciue 
to the cmbimatorial nature of Watchingtl labels which camot be 

accurately predicted. 

Table 7.9 below çlamarizes anî ccnpareç the results of FüLL and 

6AP networks for our miltiple locatiaai -le (I=3 x J=5 i t -1 ; each 

network W t  us- the =rupriate sorthg techiqges piriesent& in the 

tm previouç secticms is ccrrpared in t e rm of its size i .e. the total 
nurr&r of N=&, A=arcs and Mnatches to highlight related savings 

ard the last colm states the mx5ml e m x  B(%) for the to ta l  cost 

solutian % ( . 1 fmn the total avaïlable hdget B abtained by a@yîng a 

shortest aïgorithn to CAP networks. k also note that the savhgs 

achieved fran the FULL network to the GAP network stnicture is 

significant kitt wwld be mich more had we used cost data rrme 



FULL ne-& 

1. Higkr mst items first within 
each locatian (I=3 x J=5 itans) 

2. Hi* cost (ard -1 itms 
f i r s t  r q z d l e s s  of its locaticn 

3 .  Higher cost (and -1 i t e m  
f i r s t  regarüless of their locatiar 
and in de<lreasirag orüer of their 
Poissun parwieters 

GAP ne-* 

1. Higher coçt items f i r s t  within 
each locatim (I=3 x J=5 itars) 

2 .  H i g k r  cost (and itars 
first regardless of its lacatiai 

3 .  Hi* cost (and quai) k e n s  
f i r s t  regardless of the i r  locatian 
and in decreasirig order of their 

7.2. ll Formilatim nirlel P2b 0th 80) . S u n i l a r  to nodel Plb to m;urimize 

%, mdd PZ to minimize BO can also be extended to the rmltiple 

location rtndel P2b sbcwn Hm, due to itan çeparability arid 

of each indivi- q j  finibi~n: 



The dy-c pmgamhg rrethal of chapter 3 earlier can also be 
=lied to the miltiple locatian rriodel P2b as w e l l ,  in order to 

minhize B3 with a s W a r  dyninac pmgmmhg re<lrrçian of mdel (P2a) 

àescribed earlier q t  that  the return fmctim is sinply the of 

m functians instead of the miitiplicative reairsive formila irnro1vhg 

system amilability. ?he carplete solution r~thdolcgy,  includirig the 

aadget aliocatian p-lgn {BAi} to each locaticm, will M o r e  be 

anitted since we have al- çhckiin mich mire efficient am3 quicker 

solutian mthodologie~, described belw. 
Since nrdel P2b is al- separable by itan and by locaticm, the 

rrarginal anaïysis pmœdue can alço be -lied di rec t iy .  As des- 

for the backorder case, the mzyinal benefit of - 1 mre i tem type 
ij f m  S i j  to S i j + l  wiU in a net  mctlai of the I-nariw of 

-ed backorders by its ~arp1-m ~ d f  P i j  (S i j  = I-Fij ( S i j  at àïi 

a d d i t i d  mt of C i j .  'Ihe ESdts a b t a !  f m  the anal~is 
procedue (dropping the Uidex locatim i) , irdicate tha t  CS=$~O, 000. 

was exactïy the specified a d a b l e  hidget BI and therefore is an 

undaninated ard the cipthei çolutian vector: 

{ s }  = {1,3,6,8,~,2,4,9,~,18~3,6~14,17,29); ard tallyirig the 

reçults for each location: 
{S. - )  = {i=l: 1 , 3 , 6 , 8 , U ;  1 3  C, = 6300 

i=2: 2 , 4 . 9 , l l 1 1 8 ;  CZs = 9400 

i=3:  3,6,14,17,29; C3s = 14300 

{se j }  = (4,15,32,38,60}; Cas = 30000 

{BAi) = (6300 , 9400,14300) 
% = .1241 and BO = 3.4ï l96 

which is slightîy diffezent than the solution abtain& when mximizir ig 

AS, "th the sam procecnire. Since the total coçts CS abtaind as a 

resuit of the procedue is sc ic t ly  the W i e d  hidget B=$30.000, then 



the CO- stockage level vector {!S-jf} is guaranteed to be the 

optirral soluticn for m h h i z i q  EQ tht is, rn other s- l e s  

waild have d t e d  in a 1- Bq?ected total -tan backorders of ED = 

3 -4-6 for a hdget B = $30,000. The salution obtained w i t h  mqbaï 

analyçis when  m z i n g  Aç was slightly diff erent ( . ~ 7 7  vs . U41 
hem)  a d  the crarespcrdirg ED = 3 -4706 which is, as apected, slightïy 
greater than thevaiue BO = 3.4lï.96 obtai.nedhereWtienminimizing B3. 

?fie EUU am3 CAP ne-& analysis Ipocedures for the single 

locatiai ri.oclel P2 to minimke 83 also q l y  for the miltiple locatim 
niodelPîb. T h e p ~ t o s e t u p t h e n e ~ k r a r i a i n s t h e s a n i e a ç f o r  

naQl Plb discusçed abxe  except that the branches are represented by 

the shortest path in the netmrk can be direCLy -lied t o  the network 

becares less as 1 and J haease; the mdtiplicaticm of al1 
itm availabilities +j practicaily O which that we are 

practically certain t o  run ait of at hast 1 type of spare but do not 

say mich else; ai the other hand, the total expcted çystem backorders 

gra&aïly mre since we c m  relate it àinxt ly  to 

axlother mre a p p q r i a t e  system perfonrance meaçure = the average 

rnmiw (proportim) of equiprients expected to be o p e r a t i d  at the end 
of the perioü, by appmchatirig PAç value w i t h  the expression 1 - m/M, 
ard w i i l  be disa~ssed wfEn Ccnparirig severaï la- s d e  p-lars in 

-ter 8. For air m e ,  BO = 3.41,  th^^ 1 - m/M = 1 - 3.41/10 = 

0.659 or 65 -9%  tes the simrlated pAs = 75% ard as w e  &ail 
derrnistrate, caistitute a lcwer band an AAç. 



ard are in figure 7.1 bel-, as f i ca ted  by an optirrel Aç = 

0.1277 & t a b d  fxunDP ard maqixml analpis, Aç = .a41 w k n  m i n  KI 

ard* = .O7823 w i t h t h e  equal Aj'snodel used in themS.itary. Even 

the prqorticnal adget allocatia r r i e thod  (-1 is -or to the 

d i t a r y  nadel with Aç = -1134- %e m a s u r e  of perforniance used to 
qtimke stock 1-s {sij} st"U IEaIls the probabfiiw of mt 

ait of any spares j at ary location i and, aïthrxigh it my be nice to 

laiau, becarr?s less mmhgful in the miltiple locatim msdels, since a 

different mmber of equiprients nay be cperaticmal for each location and 

therefore, the irrpact cm % may be mxe significant for locatians 

having a lesser rutber than at others. aie pmblen of a1locati.q tudget 

l a s  at each location alço rerrtains. 





I h e e f f e c t o n t h e r r ~ r e ~ ~ t e p e r f ~ ~ r r e a s u r e A A ç o r t h e  
average pmprtiun of equiprrrnts still aperatiaial at the end of W 

pericd can also be significant. Ihe stock level vectors as a reçult of 

sol- Pl, P2 and the Aj > s nodel were similated for each 

locaticn axri N=5,000 cycles by allocating the opt- hdget (q*, 
2 , 3  = ($6500,$9300 ard $14200) at each locatian abtain& fmn 

mrginal analyss (I=l x J=15), and by allocating the Ridget 
proportionaily {Bii} = ($6000, $9000 ;ad $15000) Or in proportion to 
the mm&r of equipcients M=2,3 d 5 held respectively at each 

locatian, ard are presented in table 7.10 Mm. 

'Lhere are 4 irrportant COrClClusi~a1~ to draw from the data: f h t ,  

using rrarginal analysis t o  solve mdel P l b  (or Pîb) resulted in stock 

1- vect- {sij) tbat yield significant hi- AAç Val- whe~~ 

ccnpared to the equal Pjrs mdel (current military mrael) m e s s  of 

the mthd the budget is allccated; this is not surprishg since we 

have just that riPdel P ï b  is equivaient to a single locatian case 

m w i t h t h e s a m ~ o f i t e n r s q p r d e û I  tims, a n à m q h a l  

anaïysis to qstiniize Aç wiU almys be -or to the q u a i  Aj s 



aiodel. 

çecnd, there  àœs mt sem to be a significant difference between 
the çare Kdel w h e n  capring both àdget allaatim mthodç; for mb 

to mximize Aç in the -le above, PAç = 75.95% US* {BAi*) and 

76.09% US- the prcprtimaï  BA^) and i~ al= widenced by the 

A j f s  rrrdel (67.54% vs 66.44%). This rrakeç seme ard can be qlained as 

falïawç: given a specified &able hdget, if the sam pmce&m is 
used at all locations to allocate item, regardles of the mt 

allocated, then AAç w i l l  sirrply at one location if less mmey 

is -able k t  will be ccrrpençat:ed at amther locatim by havirig mre 

w, as long as the t o m  available lmdget B for al1 locations rariain 

the sam, and the sanil method to &tain stock level vectors {s) is used 
a m s  al1 locations. The  irrportant cansequence of this is t ha t  w e  can 

use the p ~ r t i m a l  hdget allocatim methcd easily by s-ly 

assi- A BA^} = {M~/M i=1, . . ,I) as an d a b l e  tudget at  sach 

locatim, frutt which the aggregate -tan perfozmne moasure to be 
qtimized can be inpleniented ef ficiently . ?he diçadvantage of this 

Ridget allocatian mthod is that we )aicw % rray not be cptiml for 
sarre locaticms w i t h  fewer equipmts, àIt will be carpensated by a 

hi- AAç at others, but the total  pAs a m s  al1 locations remairing 
the m. 

Inair -le, AAç = 1.4114 + 2.2810 + 3.9028 = 7.5952 ait of 10 

or 75 -95% q u i ~ t s  operationai for ncdel P B  (op- budget of 

$6500, $9300 ard $14200) vs PAç = 1.2726 + 2.1548 + 4.1820 = 7.6094 mt 

of 10 or 76.094% for Plb ( p r o p o r t i d  wt of $6000, $9000 ard 
$15000) ; sol the in AAç at locaticn i=l fnm 1.4U4 (cmt of 

k 2  equiprients) to 1.2726 chie to less hdget &able ($6500 vs 

$6000) ard a slight decrease at locatian i=2  fran 2.2810 (ait of k 3  

eq@mmts) to 2 -1548 ($9300 vs $9000) has b e n  catpençated by an 

inaease in AAç at locatian i=3  f m  3 .go28 (mt of M=5 .[uiprirnts) to 

4.1820 ($14200 vs $15000) to g h e  erarcirrately the sam= overall PAç of 

7.5952 vç 7.6094 (ait of M=10 equiprients) at ail 3 locaticns. AU 
values were the remit of the  sam total available hüget B = $30000 
a r d u s i r i g t h e ~ r r a r g i n a l a n a l y s i s p r o c e c h v e i n b 3 t h t y p e ç o f ~ t  



allocation wthds. sam analysis bol& tnie for the quai A f s  

rrpdel* 

M, if the total budget available for all locations ($30,000 

for air aatpïe) ard us* the sam op- poœckm (DP or rmrginal), 

it seans that the qtirral solutim vector will famr hi* stock 

l e s  to the locaticn havlig less e q y i ~ t s  rather than me having 

mre, due to the prqx,rticaially 1- values of the Poisçan man 
p ter^ (6j}, Wiiichrrakes sen~e sinCe t h  of -ait of 

çpareç at a locatian w i t h  less ecpiprrents w i i l  te -test. Another way 

to look at it is to use the apessian 1 - 83M as an appmximticn to 

the m x e  appropriate perforrrance masure Aps, and will be discussed in 

@ter 8. 

Fairth, a d  pr&ab1y the nost inportant, is t h a t  it gives us a 
mthod ta allocate the budget to each locatian, emblirg us to solve 

large scale @lem quickly. anis, we could chriase to allocate the 

mt in proportian to the nuber of equiprionts held at Bach locaticn, 

then use tqxrp m a q b a i  anaïysis at each locaticn to (near or) 
qtimaUy determine stock levels (sij 1 ,  en- ireet the specif ied 

hdget, unïike the current ditary m. The remit shaild also be 

close to the % value for al1 equipnmts across al1 locatians, k t  

will tenl to give hi- AAçi values for locations hawig 

equiprxlxlts t h n  otherç. We can qualize thoçe AAçi valus acroçs al1 

locatians by adcpting a lxdget ailocaticn mthd by solvirig mb w i t h  

t h e t o p i p m r y i n a l a n a l y ç i s b y a p p e d q J i t e n s I t 3 m = s h t t a t t h e  

expense of possibly inrreasing the equivaîent mdel to a point where 

systen value becanie practically ~ l e s s  ta interpret, and blso 

nxpidng further mmiprlaticns, such as tal lykq results ard 

mrpiting Aç for each locatiun, eventhougfi the narginal analpis can 
easily handle such large pmb1arrs. 

We COD?C1ude this section by solving a secm3 -cal example I=3 

locations x J=10 itms, to further support the firdings discusçed 

abave. With a total wt of $16,000 ë d  {M~} = (20, 30 50) 
mspectiwAy,  COS^ paramters {cij J = ($100.~ . -, $6501 and {bij} = 

(0.445 to 8.3331, we solved Plb ushg mqha l  maiysis at each of the 



- {m*} 
- Plb (or P2b) 

% o p e r a t i d  
- Equal Ajts 

% operational 

An interest- ancept resultirig fran the mrltiple locatian nrdels 

is the re-distriluticai of item either at the bqbniq of a periai as 

a msult of w w  (sij} itarrs a m-distrihtim at t h  

ducing the  period if the knrentory positiai is )aiaun, in order to 

optimize air seïected perfoniiance measuces. Ihiç collcept is 

particuiarly hpr tant  evm for an oqanhatian that does not hoid scm 

qyantity of i t e m  at a central iiiarehouse, otherwise, it wadd k e c a e  a 

milti-echelm Qpe of systen that has  ben extemively studied under 

various assmptians of lead-tire distriaitians. repatable item. . . as 



stated in the literature d e w  of chapter 3 .  
Ihe narginal ana lp i s  prccdue described far the single or 

mritiple logth msdels al- involves the  selectim at each 
i tera t ianofani tem j whichpravides thegreatest -of the 
cbjective -an per Qilar imested when m i n g  Aç or the 

greatest decrease in the m m 2 x r  of backorders per U a r  invested. we 
can thus agpiy the prcce&re in "reversem in order ta aïlocate in a 

near or qthï way to each locatim il the stcck m t l y  pirchaçed or 

to re-allocate any tirrie duririg the priod, given that we the 

curent Ynwitoq positim for itm j at  every locatian i. 
m i s  can be acaxpIished by sinply mrbining ail quantities M d  

for each itm j, qj = Z irnrj over the lmtion index 
i=l.. .,I a d  app1yinS the narginal analysis by opïimizing Aç in 
reverçe, s t ~ t -  f m  this initiai allocation m t i w  (sj qj , 
i=1, . . ,I) ard reducing the quantitie %j for each itm to the 
different locaticaiç until.  it reachs O. 'lhe proe&ue w i l ï  guarantee 

that  the aiiocatian quanti- vector (sij } obtained is the a p t M  

sa lu t im since at every i tera t im,  the salutian abtained is 

mdmimted (se [Fax 19661 1 . Qice stock levels of each item j for al1 

locations have ben deterniined, a sinple redistriRiticni of itm 
between locatims can take place, assuming that transportatioai 
(transçhiprisit) coçts are negliwle, otherwise, a new niodel tnxild be 

~qu in2d  to niinimize transportatim mts. 

In nost organizations, the irnrentory holding coçts are usually an 

integral part of the accounting- systems and finanrial stat-ts of any 

tusiness, arrl are ri.easured using a mst of q i t a ï ,  denoteà R (either 

as $/$/tirre unit or as a % of the indivi- item value), aild 

eventhrxrgfi its accuracy nay be daibtful, they ~n he a significant part 
of total axts in additim to the pirchaskg oosts of the itars. Ebr a 

p b l i c  instituticn, suc31 as the miiitary, the mst of capital and the 

imentory holding costs m t  be against alternative pmjects 



orl upai rearrarigirig teme for  canstraint (7.9) as qlained Mm: 

?he reasm canstraint (7.10) mst be added is to start w i t h  an 

ixxvent0x-y leve l  vector {sj, j =Il . . , J} that i s  the -lest int- 

greater or equal to the aq3ected nunker of fai iures during the tim 

pericd (Poissan rate paramter) for each iten j=1,2, . . , J, and will 
ençure that coçts w i l ï  aiwayç be positive because of the secand tenn cm 

the left side of tbe inqualiw in canstraint (7 -9a) . 
T h e  secad ac~regate perforniance neamre for such an irrventory 

systen is t o  minimize the total expec&d mmkr of badcorderç B3 and 

"Udel P2 çan be re-formirated as f o l l m  : 

J J 
Min m = c  (q) = E L (x -S j ) .p j (x )  

j =i j =l x-=S,+l 

subject to equations (7.9a) & (7.10) as for model Plc. anStraint 

(7.9) ur (7.9a) in b t h  rrodels Pic and Pîc c c ~ l s i s t s  of the total 

m* mts C= I: ~ j S j  wiien Sj i t e " s o f w  j areprcbas&at  the 



aie above qprmimtion is valid w k n  çuff iciently hi@ 

d a b i l i t y  Aç is specified since it w i U  result in hi* &,'s for 

irdividml itan types, or the m&er of i tms J is hi@ a g h  such 



6j arYl t.her&y resulw in q t i v e  total -ts when IL0 in cc~ ls t ra in t  

(7.9a), the allocaticn vector {çj, j=l , .  .,JI is reçtricted to ke 

i n t w  the average 6j t k  e o d  by 

castraint (7.10) ; t h i s  requirarient will ençure that th is  situatian 

The rrarginal increaçe in the  cost of an e t i c n a l  i t em as a 

result of -1- the nasginal analysis procechire for b t h  nodels Plc 

or P ~ c  S ~ X T @ Y  Cj (l+R) or Cj + c j R  whi~h is the smi of prrchaç- 

1 additicmai itan j at the a t  Cj ard a holding cost of cjR; 

thus, we &y need to replace the term cj  by cj (1+R) in all the mràels 

Pl ,  Pia, mb or PZ, P2a. P2b to inplertsit the rrarginal analysis 

pmcedure (or others), Uicludiiig the tqiup prwedme. 'Ihe niargind 

irilrease in t o m  coçts as a result of ;uinins an e t i d  itan or 

*tory holdirag oosts t o  setup the FULL &/or GAP netmrk stnictures 

for a i l  rrodels, induding the Ebeling rrodel, since aU of thm use the 

cumilative distributicm. 
ALthmgh the ocnpariçan w i t h  a piblic organization is irrelevant 

here, we newrthdess can illustrate the poçsibk irrpact of adclhg 

UNentory holding costs to the rindels for thuse oqanizations hming 

appropriate accumting practiœs. ?he end result is tha t  for 

çufficiently high Aç (- on the mn&r of itens 3) , if 
individual itm d a b i l i t i e s  L, 's ,  j=1, ..,J are such that  they are > 

.go, then the scall errom in aggmxkmtimg E (CH) or Qi-Hand imientory 

by E(E1S) or N e t  Stock w i l l  be relativeiy accurate, when ccripared w i t h  R 

values traditiclnally in the order of 20% oai an an- mis. 

-tory holding msts chving a perbd, figure 7.2 below shows the 

riarginal anaipis squence of iteraticns w i t h  B=$15,000 for m i e l s  mc 
arid Elqual A j  s each with R=O ard R=20%. 





m s  chapter deals w i t h  larger scale p d l e i s  by agplyins the 

vaxiouç solutian nietbodç develqed in earlier chapters, in order to 

confirm or validate scnie of the  mre i r rp r tan t  theoretical arid 

practical resuïts ccnicerning the performance masures of the cprating 
system. 'Ib this erd, we aeated a series of sixten (16) raridanly 

genaated test problerrr; m t  likely to be f d  in practice in the 

military as w d l  as other organizations that  w i s h  to inpl-t an 

aggregate system perforrriance masure such as m i n  % and/or m i n  B3, 

caveririg an appropriate range of values for J = 10,20,50 and 99 itariç 

ard M = 1,5,10 ard 20 rmmi.ber of Wprients. 

For -ch problan, a trial nm was necessary to find a suitahle 
available Wt value t h a t  ençured a high -tan availability or % > 

.go for bth nodel PI to M z e  Aç a m i  for rrodel P2 to Minirr;ize BO 

=lied to the s a m  data, and rrostly cmœniuating 0i the crarginal 

analysis procemire, includixx the toprp p- and similaticn 
techniques of chapter 6 for the rreasure of perforrrance pAs ( w i t h  part 

f d u r e  incorporatea) . In addition, each of the 16 
p a l a i s  ms d v e ù  at a lower value of Aç .- 0.50 to 0.60 arib for those 

prohlerns with M = 10 or 20 equiprrints, also solved for v e q  lm values 

of Aç - 0.20 to 0.30 to &tain- use- d t s  for the 

CO- AAç values, as weU as enabling us to ktter interp-t 
the averages. anis, a total of forty (40) test pmbleis were used t o  

solve mdels Pl, P2 and A j f s  and similated ZVLç values for P1 vs 

w A j l s r n o d e l  w e r e  aïs0 ccnpared. 

-2 Bach (J x M) @lal the  COS^ 5 ard fail- rate Tj (a 

-Y its M I W j  = l/lj) for j=l,. .,J within Bach p&hn 

raridanly generated as followç: £kt. m t s  (m inkw) were 
&tain& frcm a truricatd expmential diçtributim w i t h  rriran 15000 W 

with an acceptmœ regim of betwen 5000 and 50000 km, otbenvise, it 



ms rejected. This nethaï ehniTed a prqer  range of MïBFs likely to be 

enrxuntexeâ in p&ce for vebicle çysterriç, mt m l y  in military 

mlicatians àit in other organizatians as well; the seamdaq 
lealistic effect of us* the apmentiaï is to generate m t  i t em in 
the 1- range of possible exmms. 

S e a m i ,  the cost -tm for Bach itan (cjI j=I, ..,J} was 

generated f r m  a truricatteü eqcentiai dis t r ià l t im with man $250 with 

an acqtance c r i te r i=  of between $50 and $5000 ; for each c j , a 
pIOcedure to incorporate a wrrelatim factor was inplerriented to ~ l i y  

Cj in relatim to its MIBF; this ensured t h a t  m t  itens with lm MIBh 

also had lm wsts, and itens w i t h  high MIBTr either had hi* or low 

costs, an ewnple of Wiuch is illustrated in figure 8 .l below for 1 of 

the 40 pmble~ll~ (J=99, k10) . The average correlaticn factor was 

~ ~ t e l y  0.6 acroçs all pr&lars. 
For -le, if an itan j -ted paramter MIBE'j = 36,000 lans 

ard arnnial usage rate U for an equiprrent (Ml) was -ed to be 

l2,000 lois, then M = 10 equiplients each operathg crm amrage of U,000 

lats/yr wmïd yield an estimted - W of failuxes = M x U x 

(lmj) = 10 x 12,000 x 1/36,000 lars = 3.33 failures (FUISSCRI 

distriàited) as sen earlier in chapter 2. For ail the problens 
presented (40 test problers) here, the anrnial usage was asçlrred to be 

Y, 000 b ard al1 Pois- neam mnierted to an eyivaient of 15 to 30 

days, reflecting the mil i téuy nqi tzmnt  of carrying enou* spares 

without EsUpply for tha t  period. 





AL1 the results are presenteü into seprate tables as described 

belm ku sstart with table 8.1 givirig the generai par;arroters data for 

each of the 40 probla~,  such as JI M ard B, the rriinimrm and rmdmm 

Cj, f m  wfiich the CXI the total COS~S CS fran B can be ~ e a d i l y  

ca idated More the narginal analysis procedure is =lied; tables 

8.2a pesents ccx~parative results &tain& frrn t n a q i x d  analysis vs 

t q q  wtien sol* Pl to nruPnPze AS ard table 8.2b mipareç nrdeL P i  

with the 4 u a ï  Aj 's & (military rrpJel) against similated ApS 
v a l u s .  Table 8.3a ard 8.3b repaats the çarrie cmpantive data when 

solvirig P2 to rninimize m. 
Becauçe of theamnt of data invoIved, table 8 . 1 g e n e r a l d a t a w a ç  

not repeated and incorporateci into other tables, h t  can easily be 

referred to wfien reaàixq tables 8.2a, 8.2b. 8.3a or 8.3b as they sinply 

scterid table 8 -1 into mre coltarnç. 
table 8 .i : Rardan test prd31gn data varying J, M ard B 

table 8.2a: P h q i x d  anaipis ndels Pl vs Topq? 

table 8.2b: Shdated A& vs Pl arid Equal A j ' s  

table 8.3a: Marghai anaïysis models P2 vç Toprp 

table 8.3b: Sbulated AAs vs P2 arid Equal A j ' s  

Reïevant averages are &mm at the bottcm of each appropriate column 

for CQINenience; since enor s ize  decreases as p r & l m  becare wre 

capla, careful interpretaticm of each apprcpriate colm average 

rmst be made. T k i r  individii;il values miy mt k a s  uçeful or as 
irdicative as tbe increaçe (or decreaçe) betwem 2 colurm averages. 

Fnm table 8.1 belm varyirig J, M and B, FR note the fil- used 

to describe the J x M data, annotated w i t h  an appropriate -1 L = 

k m  + or V = vezy lckv  AS; so the file lOlOL referred to in earlier 

ciÿipters as -le 2 Udicate J=10 kens x M d 0  eqipnents resuïts in 
a L = lauh value with a hdget B = $10,000. The- of itars J anl 

the rmb=r of equiprmts M becanil progressiveiy higher. 
. . 

Mirummi and ccst (least arid msst v i v e  of J=10 itans 

for 1010L) itars are $152 and $860 in columiç (5) and (71, 
givingusthemarginofermroralawerbanidanCçfranB ( a s a  

pmpatian of B) in colimns ( 6 )  a r d  (8) wkn taEup and rcarginal 



a n a l p i s  are a @ i d  t o  s d v e  Pl or P2, as derived in chapteic 4.  

Por file 1010, lOlOL or 1010V, the total axts  Cç of the solutim 
&tained frcm rrruginal analysis w i U  be within $860/$10,OOO or - .O86 of 
B or -8 .6%, rcemhg Cs w i l l  be > ($10,000-$860) or at least $9140, 

U e  the t c p p  proogàire w i U  result in Cç > ($10,000-$152) or at 

least $9&18. The IB ai CS for a l l  40 pmhlars iridicated at the 

bottan of each c0Im-n (5) and (7 )  indicate a possible irrpr~vanont of CS 

fmn an average of 42.7% dam t o  less than 0.7% by applying the tqxrp 
pmœdwe f o l l a  the regular m q i n a l  analysis pmœdure- 

M y ,  the 1st coltnlp1 (9) in table 8 -1 indicatss the macimm 

m m k r  of iteratians as a result of inp lmthg  the rrazginal analysiç 

pmceüue; a i l  40 prcblerriç specified a naniman 3 = 0.00001 ard niaximni 

aj = 0.999999 for each of the J itm. As J (and M) haeases, so üœs 

the possible nw&mm mm&r of iterati~ls (average of 356 iteratians) 

frcm applyins the reguiar rtiarginal analysis; this can be conçidered the 

mst efficient ami m e n t  of ail =thaïs anaïyzed in earlier 

-ter t o  give us the reçponse curve (% vs cS) for P i  and/or {BO vs 

) for m .  



m test 0- v 

(2) 13) (4) (5) (6)  (7)  18) (9 )  
No. No. 

items Eqpts Budget Min Prop Max Prop Max 
3 M B ci vs 8 ci vs 8 lter 
10 1 $3000 $66 -0,022 $81 1 -0,270 44 
1 O 1 $1000 $66 -0,066 $811 -0.811 44 



columns (10) to (14) : results of marsinal anaiyçis for Pi 

(10) Iter: actual rnsioer of iterati- k to rrax Aç (narginal analpis) 

(11) IB Cç: total m t s  of the qtM solutioai vector ( s j I  j=l , .  ., J}  

(wfiich is a lower banid LB) 
(12) ETq vs B: actual difierence of CS vs B as a proportiopi of B. 

(i3) IB % : lower ban3 rn AS (last iteration k) 

(14) UB Aç: u p p r  band on Aç (as a r e s u l t  of iteraticn k+i) 

cnlunaiç (15) to (19) : results of tm mxmimai analvsis for Pl 

(15) Iter: actual mmber of iteraticns as a result of tqping up the 

çolutian vector &tain& f m  columi (10) . 
(16) =*CS: total  COS^ of the mrûved solutian vector {sj, j=l , .  . I ~ }  
as a remît of toppirig up (which is the irproved lmer banid). 

(17) Prop w B: actual difference of CS vs B as a proportion of B. 
(18) LBf%: inproved LB an as a result of tqping up. 
(19) Pmp vs LB Aç: relative i n p r c w m m t  (kicrsase) in Aç as a reçult 

of tcpphg up frcm iteration k. 



(10) (11) (12) (13) (141 (1 5) (16) (17) (181 (1 9) 
Marg TOPUP 

P 1 LB Ptop LB UB P 1 LB* Prop LB* Prop vs 
lter Cs vs B As As lter Cs vs B As LB-As 
8 $2845 -0,052 0,891 81 0,94264 14 $2977 -0,008 0,89367 0,002 



F'ran the data in table 8.2a 

results of S01dng niodel Pl with 

m- 
M t ,  we note the vaïidity 

chapter 4 earlier for thie narginaL anaïysis pmœdue, baseà an the 

mucimni-t itm; VE k-tbat tbe wiLl be s B  - RRX (cjf 

jd,. .,J} as iniicated in table 8.1 Barlier, that  is bas& an the mst 

-ive ken; an average the theoretical IB on Cç f MII B was 42.5% 

frcm the buèget d the actual enor was less fban -3.0% (colm l2) 
arid inprcnred further w i t h  the tqq p- to less than 0.3%. 

Second, and probably the mst irrportant is the average 1.8% 

(col= 19) relative in<rease in % to 65.678% as a reçult of the toprp 

pmcedure, a significant inp-t in systen performance, by sinply 

adding i t e m  &ter the k th itemticai with leççer coçt than the one 

that caused the -t to be srceeded at iteratian k+l, ttnis ocnfirrrring 

the validiw of the procedure. 

mird, the very smii  @ce to pay for this significant 

irrprmms~t in systen perfornance is an average inmease of cmly 7 

iterationç (fmn U 5  to 1421, eventhqh the marginal anaïysis cmld 

easily M e  several tbaisard iterations w c k l y  and efficiently. nie 

program cumts one Ccrrpariçai as an iteratian eventhcugh no item nay be 

addeù, so in fact less than 7 iterriç were further addd as a r e m i t  of 

the p-. 

Althaigfi it &es not guarantee the çolutian to be the tïnie 

qt iml  me, the tcpip pmcedure &ai l  m o r e  be the nethal closest 
to the true optirml value of the -tan -0- Aç in table 8 .2  and 
BO in table 8.3; -ore, al1 other REM shall always be mipared 

a-t that me, demted IB*+. 



The foIIwhg table 8.2.. mipares the results of the tcplp 

niarginal analysis procabre for Pi w i t h  the Aj ls  nçdel and gives 
the similated ccnparative AAs values cbtained as a result of çalving 

both crodels. 

(20) Sim A& Pl :  sixmlated AAs value (N=5,000 cycles) cbtained fm the 
solutian {sj ) f x ~ ~  the t- anaïysis for PI to max ~ç 
(21) EVcq vs =*As: relative (prqiortional) increase of AAs vç 

(valid wtien M=l d y )  

(22) Corresp 83: mrrespandirig m value nhw çolvirig Pl to rrax 
(23) Estimte AAs = 1 - mm: the value of 1-B3/M as an estirrate of % 
when ccnpared to its sinilated value 

(24) E k q  vs Sim AAs: relative (prcporticnal) =ference of the 

e s t h t e  1-BO/M vs AAs 

oolumis (25) to (28) : carparisan Equal A j l s  vs P1 and %. 
(25) Fqual Ajts Aç: the value abtained by solving the current 
d i t a r y  mJlel with eqyal A j l s  

(26) Prop IB*k vs Quai: relative (pmprticnal) in % values 
of IB*k (toplp) vs Rpal A j l s  müeï 

(27)  Sim PAç Aj  ' s : sirmlated AAs value (N=5,000 m e s )  &tained 
fm the solution vector (3)  fm'n the Bqual A j t s  m&i. 

(28 )  P r c q  Sim Anç* vs Sim nAç: relative (proporticnal) difference in 
s*ated + a u e s  of the R p p  m q h a l  analysis vç E@al Aj1s 

mcrdels . 



s for P l  vs e 

(22) - 
Conesp 

BO - 
0, 1 1 323 
0,38877 - 
0,07820 
0,60601 
0,08472 
0,51436 

Estimate 
AAs Prop vs 

1 -BO/M Sirn AAs 
0,88677 -0,007 
0,611 23 -0,090 
0,98436 -0,001 
0,87880 -û,Ol O 
0,991 53 0,000 
0,94856 -0,002 

(251 (26) (27) (28) 
Equal Prop Sim Prop 
Aj's LB*As Equal Sim AAs4 
As Equal AAs Sim Aj's 

0,89181 0,002 0,88800 0,005 
0,581 98 0,165 0,58320 O, 1 5 1 
0,90612 0,026 0,97944 0,006 



Ihe results preentd in table 8.2b above carpares the AS val- 

o b t a i n e d f m s o I ~ m d e l P 1  (-) a r d t h e e q u a l A j ' s m d e l  

(airrent military rriodel) . 
First, the mst irrportant COIlClusicai to be çtrakai as Ydicated in 

co l inn26 ,  t h e A ç & u e s & t a i n a 3 a s a r e s u l t o f t h e ~ ~  
analysisprocedure shrxva 29-38 averagepr0particna.l ha-ease uver the 

EkpalAjlsrriDdel, bycapringAçvalues inca lun i25andco l inn180f  

the tqrup procedure in table 8.2a above; the absolute differeme in 

average % a u e s  is 0.65678 - 0.57786 = 0.07892, ar a U.7% 

Y r p r m m ~ ~ ~ t  when averaghg these absolute -LES befoae ccnpitirq ard 

carparirigtheaverages. 

~ e k n e w t h a t t h e e q u a l A j ~ s r r p d e l c a n ~ o u ~ o r m ~ ~  

(reguïar ard top~p nrarginal anaiyçid as -ed, h t  the data alsa 

shows t h a t  the axerage difference is seriously affected by l m  

ava i l ah l e lxdge tva l~~fo r l aworve ry lwAçva lues ,  t w o  

conditions likeïy to be encamtered in practicaï a d  m t  anly 

restrictd to the miiitary. Such wuuld be the case w h m  cbwnçizing or 

restxuctuiq occurs, w k n  a muiager decides (either by choice or 

otbenvise) to allocate snall budget values for maintenance, or sinply 

because a large m m k r  of itms J is h d u ü e ï  in tbe analysis remit- 

in 1- Aç values when rniitiplied together; as discussed earlier, the 

respome cuve is likeiy to be w i d e r  at suchvalues. ?Znis, the 

relative inmease in -tan performnœ can be simicant by 

inplmenthg a m x k ï  tha t  can disaiminate bettRen coçt itaris such as 

niodel P l  &/or P2. 

Çeccrd, the effect cm AAs (average ~ / ~ i c m  of equiprients 

aperaticaiaf. at the ad of the Cycze period) can also be sigruficant, as 
indicated in table 8.2b; as a result of sol* both rrodels Pl an3 

4wï  Aj 's, the AAS value uns sinulate3 for each stock l e v d  vea<x 

(sj } for N=5,000 mes ea&, taking into accamt fai lure  -ies, 

a d  are presented in mliarns 20 axï 27 respectively; colinni 28 
W c a t e s  the relative difference between the tÿ~o m=dels and shows that 

ripdel Pi outperfom the Ajls rrrdeL by an average of 4.9% across 
aiï 40 prcblem, wen thmgh the nm&r of equipents M goes as hi* as 



20andthedifferenceçfatçuchprablenis teniitobesmaller. Tb3 

avezage absalute àifference in similated % values acmss ail 40 

prablaris (cuïianis 20 and 27) is O -90641 - 0.87382 = 0 -03259. Far 

o ~ t i 0 9 1 ~  havhg M a 5 wpents, the difference in nAç can be far 
nrae Serious, specially for l m  (or very lm) values of Aç, if the 

EQwl Aj's n d e l  is used as cqpsed to nodei Pl. 

because of the sinnlarities between rcPdels EL ard P2, &ch 

will be conmenteci on shortly in tables 8.3a arxï 8.3b next, we alço 

reported in table 8.- here the m value cbtained as a 

resuit of soIvirg Pî in duxm 22 ard 1 - B3/hl, an esthate of % 
çhcwninCOfum23, a s a p r n p O r t i a a i a l i n c r e a s e ~ c c n p a r e d t o t h ~ ~ ç  

simiiated value, in columi 24. T h e  reason is as followç: the ratio BO 

divided byM is the çrni of ail q, j=1, ... J ~ w f w d i v i d e d b y ~ ,  

cmstitutes an esthte of the average proportion of eqyipmts 

o p e r a t i d  at the e d  of the cycle; when subtracted f m  1, the 

sq?ressian 1 - Kl/M becares an estinsite of the average prcporticn of 

equiprients operatiaial (or UP) at the en3 of the q d e .  As the data 

clearly shows, the esthte l-BO/hl is a close app-tian of AAç for 
mst 40 pmblemç exept those with M=1 (1- values of M) ard 

inderesthte Aps by aVeras of le~s than 2.69. 
mt for problens w i t h  M=1, the average estinrate warld be very 

close to the similated AAs value, even for lm Aç values. Since I%X ~ç 

is equivaient ta thx AAç when M=l, w e  U d  m p r e  the  i np r~ved IB*% 
abtaineü fmn the t o p q  pmcekre w i t h  the similated values of % for 
&y those 8 problaris wherekl in COIums 20 ard21 .  





Marg 
P2 LB Prop UB L8 
!ter Cs vs 8 BO 8 0  

TOPUP 
P2 UB* Prop UB* Propvs 
iter Cs vs 8 BO US BO 



T h e  results of d v h g  PZ to minimke ED pzesented in table 8.3a 

abaveare entirely cmsistent with thuse presenteü earlier for riDdel 

Pl; in fact, t he  next mbie (table 8.3b) will show t h a t  23 out of the 

40 mm yidded the exact SaKE d u t i a i  vectors (sj) as for Pl. 
First, because of the similarities between both niodels P i  a& pz, 

it is M y  surprising that the actuaï rmrtber of iteratims were 

practicaiiy the sam for both nodels ani for both the regular and the 

tqup mqhaï analpis procedure. The theoretical error an Cç baçed ( ~ 1  

the rnist v i v e  itan for the regular praœdwe ara baseü m the 

least v i v e  i t e m  for the t c p p  procechve were the  s e  as for  mdel 

pi. ?he a c W  relative differenceç (as a proportion of B) w e r e  aïço 

practically the  sa^ as for niodel El, as shom in ~ 0 1 ~  11 and 12 

(regular) arYl colums 16 and 17 (tcpp), shmiq an errer frcm an 

average of less than 3 -1% (regulat) to less than -3% (tqrrp) , which is 

@te an irrprovact?nt wfien us- the t w  p-, m t h m q h  the 

p- does m t  guarantee tbat the last point ai the response cume 

(m. cç} is -ted. 

Secoaxl, we alça note a sicpiificant average 4.0% further decreaçe 

Yi EO (last colm 19) by followirag up the regular pmœdure with the 
toprp p m ~ e & ~ ,  w h i c h  w i ï ï  also help us in ab- estimates for % 
with the expreçsion 1 - Eû/M and 1 - ItiO/M, to be discussed in the next 

table 8.3b. 



colinnis (26) to (29) : capr i sm heuristic 183 vs simiiated AAç. 
(26) 'IBO : WettePr e s t h t e  for actual B3 when çmming to Sj+M 

(27)  Esthte 1-TBON: estimte of AAç with 1 - 
(28) Prci, vs sim AAs*: relative difference between the estirriate and 

the similated pAs* value fn;m topip nrarginal anaïysis w k n  çolving ~1 

(29)  'Ig) vs Sim AAç*: relative difference when 1-?BO/M is carpred to 

the Aps esthted values f~cm similatian, exept wfien M=1, since I!@x 

is @valent t o m *  andis exact forthoseprablars. 



(22) (231 (24) (25) (26) (27) (281 (29) 
Estimate Prop vs Estirnate Rop vs 

Sim Conesp Rop us AAs Sirn AAs Sim 

sarne 
0,98100 

same 
same 

0,94164 

0,93267 
same 
same 
sarne 

0.000 
0,000 
0.000 
0,000 
0,000 

0.000 
0,000 
0.000 
0,000 

0,581 66 
0,91334 
0,60095 
0,90800 
0,57828 

O,3l O58 
0,91669 
0,57729 
0,93832 

0,000 
0,000 
0,000 
0,000 
-0,002 

-0,Of 3 
0,000 
0,000 
0,000 

0,45595 -0,208 
0,98079 0,000 
0,89042 -0,009 
0.98917 0,000 
0,93833 -0,004 

0,92703 -0,006 
0,9111 1 -0,008 
0,44494 -0.247 
0,98647 0,000 

0,52546 0,47454 -0.1 75 
0,09029 0,98194 0,001 
0,54347 0,89131 -0,008 
0,09971 0,99003 0.001 
0,57242 0,94276 0,001 

0,001 
-0,008 
0.001' 
0,001 

1.45051 0,92747 -0,006 
0,08715 0,91285 -0.006 
0,52228 0.47772 -0,191 
0,06189 0,98762 0,001 

-0,006 

0,001 



Pllst, end probahly the nost inportant d u s i o n  fnim the results 

preçentedintahle8.3babavewiWS01vingP2tominE13iç~t23ait  

of 40 p-1- yielded the exact çame S01utian vector (3 } , even for 
l a q e r  scaïe pIOb1e~1s up t o  J=99 iterrs and even &ter the tqrrp 

mqinaï analysis pmcedure is @ied, wfiere ciifferences are mre 

1 M y  to occur; for these 23 we used the saxe similated A&* 

values &M for  Pl .  

For problerris that gave different solution vectors, the differenceç 

~ v e r y s m a l l ~ c a n p a r e d t ~ r r o d e l P l s y s t € ¶ n p e r f o r r c r a n c e ~  

As, correspcrding BO anï similated PAç values. For exanpie, the 

0 0 ~ A ç v a l ~ e & ~ f r ~ m s 0 l V i n g p 2 t 0 n i i n B 3 ~ i ~  

colurtn 22 unire an average of less Chan 0.7% (wlm 23) f r m  t h e  Aç 
value Obtained fnrn SOIvirig ET to iiElx Aç. Zhe ai3çt differences oc<lired 

a t1ae r~çva lueçwkre  justani tanortwdifferef lcewil lhavethe 

r r ~ s t  irrpact, as previrxiçly discuçsed, wfien stock leveï vectors are m t  

~t w t   th&^ Poissan -te val- (6jJ.  

a mst interesthg ard inprtant conciusiai to be dram 

here is that we can use the UB*BO (colum 18 in mais table 8.3a) 

as an accurate ard mich mre reliable estirrate of the p q r t i m  of 
e q u i ~ t s  stiil qexatianàl at the ad of the m e  or +, than using 

wfien b 1  airl when % iS high 027 > 0.90, eVen wh€n takirig into 

accolrnt part failure -es ! . The  e s t k t e  1-BON is çhinrn in 

d m  24 and ccrrpared w i t h  the sirnilated pAs value of colum 20 ami 
the prqprtianal differenoeç in c01um 25 sham an average of less than 
2.4% differen~e ardnioçt diff- OCCUTwIM1 M A .  If W, tk~ dl 

estinetes l-BO/hl underirstimte AAç by less than 3 -2% (highest 

d i f f m )  , 

?he reasan is as foïlms: the a t i o  BO divided by M is the sum of 

aU BO,, j-1, . . J  ard when divide3 by M, ocnstitutes an estimate of the 

average prqnrtiai  of Wpts N3T cqeraticnal at the etxi of the 

cycle; w k n  subtracted f m n  1, tbe sqpessian 1 - Born beoarios an 
esthte  of the average prqortim of eqiprients operatimaï (car UP) at 

the erid of the cycle. For -le, if we expect to run ait of a to ta l  

of say 2.5 itars (of a U  types, as calculateü the backmkrs for al1 



itars) aid w e  have k l 0  apiprients at the begiiniuig . . 
of the m e ,  we 

waild aqect to have 2-5/10 or 25% of quipcients IUT qeraticnal (a 
-Y % = 75% cperatianal) at the end of the cycle. 

Ihird, colmm 26 ani 27 indiate the esthate of pAs with the 
-si- 1-ISofi when ampzeà to the sinulateci % value in colinn 

20; the d a t i v e  diffemnces of less than an average of 1.3% are &am 

in calm 28 ard clearly establish the validity of u ç i q  180 as a 

better esthate for calcuïating WB0 by smmhg the tenrs f m n  Sj+l to 
Sj+M instead of up to infinity; w e  therefore amt less 83, as w 
M d ,  d R D S ~  diff- ocair for lm val- of MI m l y  w h ~  

&1 in columi 27 and 28.  

We have çeen in chapter 6 that the prcprt ion of equiprients stiU 
qeratimal at the erd of the cycle w i t h a t  into acccunt part 

failure -esI w essaitially a d i n a t o r i a l  of pmblan 

deperdilncies b e c a ~  even mxe co~ lp lex  d similation mthdology nust 

be useü. Using  the expression 1-E1)/M ar better still l-TBû/M ths 

provides us w i t h  a valuable estimte of AAç w k n  b1. Iilhen Ml ,  we have 
a l ~ s h o w n ~ a r l i e r t b a t ~ ~ ç h a i l d b e w d i n ç t e a d s i n C e ~ A ç  

is @alait toMx+andthsgives  t h e s c a c t v a l u e o f ~ w i t h a r  

withait part failure dPOPnrjPnrries. 

Hmwer, the estinate of 1 - BO/M bemiiiç a progressively worse 

becario negative since we cumt tm nany backorders - 
As an -le, sqpse J=3 a d  W2; then the pnhbi l i ty  

00 

v s i m  for each of the XL, = I: (x-Sj ) .p (x) 
x=s, +1 

aKi gœs to infinity; hawever, it is inpossible to run ait of mre 



AAç earlier in chapter 6 w h i c h  dealt with eml of cycle effects, w e  can 
use the following estimate 1 - ?Born f a  % (instead of 1 - BON) , 

In s u m i ~ y ,  when Aç > 0.90 (HIGH) , % can be estinated (exactly) 

by Aç when M = 1 d esthted by 1 - Bû/M when M > 1; in fact, for 

l<-krier values of Aç or c 0.90 and M = 1, Aç M d  he used to estirrate 
A A ç w i t h a w i t h a i t f a i l ~ r e * - ~ ~ k A ç = A A ç w f i e n M =  

1. W h e n M  > 1, then 1 - Eûh wn a i l y  be reliedupm to 
accurately e s t h t e  AAç when Aç > 0.90 or 1 - ?BO/M for progressively 

1- % values as M inaeases; for lower values of Aç or < 0.70, it 

beccrri-s progreçsively unacceptable ard significantly raderestbtes the 

true value of AAç, and similatim M d  be used for these ckses. mis 

amstitutes the mst inportant ccmciusims for the % masure of 

systan performance. 



8.4.1 I n m e t i c m .  Tàble 8.4 belau (7 pages) deals mstly with a 

se ldm of - DIldcmly generated test prob1- to analyze the 

perfoniance - AAç. Since the e s t h t e  1 - pexfonried very 
w e U  for high syçtan d a b i l i t y  Aç (Aç > -90) and 

progressiveiy wrse for 1- AS values, the àidget B w s  pirposely 

1- for each test pmhlem in -ta1 steps to yield lcwer 
qtjnai stockage levels (sj} ind thezefore lower% values. we then 

applied the riarginal analysis with the top-up pmcdme by minimizing 

e3 as qpseü to m x  Aç s h œ  AAç b e c c m  mxe a functiun of systan 

backorders as defined earlier, rather than uçing which yields very 
pom estbates of% w k n M  > 1. 

iJe shall present the results of using 1 - m/M to esthate A A ~  
takirig Lit0 acmnit part failure -cies ard ccnpare its accuracy 

with similatian d t s .  aie fallcwirag briefly q l a h s  the differmt 

colunn kaàings useü in table 8.4; mïy page 1 is needed as subsequait 

pages xepeat the sam data but is srtended to s u d e  additiwal 

prrblers. aie f i r s t  3 p-lais j3-1, j3 2 and j 3 3  smniarize earlier - 
reçults for -le 1 (J=3 itms) ard -le 3 (J=4 itatrs) referred to 

in 6 of the thesis. 

(1) File = filenario used (J x M) . 
(2) hl, b2, .. = budget decreased ta yield lower cptiml (çj} as a 
result of m i n  BO using the rrarginal anaïysis top-up p-. 
(3) B = availabïe hdget. 

(4) Aç = carrespandiag -tan availabiliw as a result of min BO for 

each file for the specified hïget. 



colurms (11) to (14) : related to similated AAç value 

(il) AAç = simiiated AAç value or the propoeim of eqyiprients still 

operatianal at the erd of the cycle, obtaineü frun the pmgzam 

S - INVL.BAS *ch takes into accamt part failure dependenu 'es. A l l  

p~&lerrs were similated N=5,000 cycles for MsS and N=lI 000 cycles for 
b5. 

(U)  Sim again 10,000 = a çecand similaticai w i t h  N=lOI 000 cycles to 

a m f h  cnly those i n i t i a i  simrlatim resuïts close to + 1%. 
(u) Miff = recal.&ated % differences bebveen the e s t h t e  1-180/M 

and the çecad sinuiateà AAç value with N=10,000 cycles if applicable. 
(14) % = category us& for ps, either figh I&EXI > .go, W u m  wfien 

-60 < Aç c .90 or L a w  when Aç c .60). 

Mte: AU values of Aç lower than -60 in colmm (4) and % differences - 
in CQ1ulllls (7),  (10) ard (U) are boldfaced to highiight unsatisfactory 

results, L e  the % ciifferences that do mt satisfy the criterian of 2 

1% between the estirrates used for AAç a d  its sinulated value. 







Table 8.4: page 3 
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Table 8.4: page 6 







8.4.3 Esthtes of + us* 83 ( M A L .  Tàbïe 8 3  has also pizfleviclusly 

denraiçtrated that  the esthte  1 - B3/M can also be usesi as an accurate 

estirrate of AAç, w i t h  or w i t h a i t  part failure deperdencies, when M 

àit fcn th ighAç values or > 0.90 &y, even if the total expected 

nght tails of the missan distrihtian and, M o r e ,  do 

> 1 

is 

not 
significantly affect th= accuracy of the estirrate 1 - mm. 

Tàhle 8.4 clearly shows the progreçsively wmenixq results for 

l o w e r ~ ç  d u e s  iridicated by the % differexes shani in m1um (7) as 

stock levels (sj) are deïiberately set l m .  Qie irtportant CCa1CIusiai 

thagh, is that ,  as J andM increaçe, 1 - BOhprqressively a 
better esturate and for J r 10 and M a S. a high proportian of all 
those mars W c a t e  an ermr of less than 1% fxm Aps even for 

d u m  to m l w  Aç values!. For -le, the last five 5 p-1- 
with b20 shows tha t  a i i  estimates 1 - BOFI vs % are w i t h i n  1% when 

+ is > 0.60 (Pkdiian) i) andd be cohsidered acceptable even for m 
lm values of Aç c 0.60. 



sectims, the -siai 1 - can be used instead of 1 - B3/M to 
estimate AAç w i t h  part failure -es, for 1- values of Aç. 
Mnrierical -ts have shani that this sinple heuristics 

significantly inproves the e s t b t e  of AAç to w i t h i n  1% for a fairly 

wide of JxMvalue cmb-tims ard formdhmvalues of%. 

Since 1 - is mst sensitive for slall values of M a d  large 
values of J, table 8 - 4  ms a w t r u c t e d  u s h g  pLUb1ens with pararrreters 

in agqropriate raqe of interest, specially w i t h  k2,3,4. The d t s  

clearly sbav the -tic inprovernent of the e s t h t e  for pAç for smU 

M r 5 and essentialiy s b w  Iffi- i n p ~ t  as M z 10; the mason is 
that for maï ier  values of M, the rearoeL of backorùers BO m t e d  is 

cnisiderabIy redllced, as it ç k u l d ,  and inpmveç the estirriate for AAç 
by redll- the % errer by half; as M hmeases, the slrmratian ternis 

for Bû be- the valm of Sj + M beccme negl-le and 180 

ter& tcxuaxds 80- 
The estimate 1 - 'fBO/M aïso sbowç values that are ccnsistently 

luwer than the similated values; rnderestinating AAç is an 

irrportant since it errs ai the  oohservatiw side of the true 

Miue fa +, in t h a t  it iÇ better tu uderestirrate than to 

merestirriate this inportant masure of çyçten prfoxmnce. 
As an -le, the % difierences between 1 - ED/M ami 1 - TBO/M vs 

AAç(nod) simrlated values i n p m  by çeveal orders of magnitude for 

low Aç Wues (ex: jl0-2b.c ami d) irrpruves to a les- dqree as M 

imzeases to &3 (ex: jl0-3b,c ard d) ard are abait the sam for hi* 
M values (ex: pmbïe~rrrs at the erd w i t h  M=20). Further stiuiy wadd be 

rqubd to analyze and irrprove the reliability or accuracy of other 

estimates for AAç possihly bas& ai the ratio Jm. 

Fran table 8.4, it is clear that the  estirriate 1 - 'fBO/M 

significantly Yrpmves the 1 - BO/M estimte for AAç a m s  a -le 

xange of Aç values, even t d h g  into accamt the part faiium 
depeJdency pmblem defined earlier. Otber than being within I 1% for 

all J x M  cmbinatiais for all % values > 0.90,  it also mt that 

criterion frn all -ans idiose Aç > 0.70 except for aily j20-5a w i t h  

= 0 . 7 7 W  aniiaderesWedAAç by at msçt 3.05% f o r a  those 





Tnisthesishasanaïyzedthesparîngnodelairrentlyusedbythe 
nolitary Lard Forces for the initial pmvkiaiirig arid d e t ~ t i m  of 

imrentcay levels for first line unit organizations re@zed to cars, 
the avalent of i5 Qsrs w o r t h  of spare iterrs, which is based on a 
nodifiecl Poisson formiLa to ~equentially spate every indivichial i t e m  j, 
jd,. .,J up to a specified 99.8% amfidence level at every l o c a t i o n  il 

i= l . . , I ,  irrespective of their costs. The pmblen is carpaaded 
further when cnly a fb& hx3get is amilable, w i t h  the en- adhoc 

proceChireç to 1- stock levels w h a  it is m. Reccmriendaticais 

to change the current rriodel and a d q t  the straight missan W a t i v e  
distributim or Aj ' s nodel, specially for ~ ~ C L O C Q [ I P ~ ~ ~ ~  use, haç 
been nrade for the past 25 pars (çee Vincent 1982, DesRirichers l984a ard 

1984b and Hëbert 1995) ait have mt yet been acted upon. 
In the thesis, it has been sbdvn that 1- itaris tcgether w i t h  

practical aggregate systen performme msasures to be cptimizsl for 

either of two rrndels: m d e i  Pi to mxkize  systen availabiliw 

&/or irndel PZ to m b h i z e  total expcted srçtem ba- 83; both 

subject to a m i &  d a b l e  fYoid àadget B mnsisting of total 

purchasing crsts, wwld significantly irrprove the perfanriance when 

ccnpared w i t h  the equaï A j l s  mûel, or cmvemeîy, tha t  sicpiificant 

âollar savings waild be achievEd to attain a specified systen 

performance masure. wiricai results for 40 randanly generated test 
pr&ïans with parcoreters in the range of interest, indicate an average 

relative inaease in Aç of 29.3% uver the clrrrent nodel, and even nmre 
for lm values. 

It has also been çhrwi that adqthg either mdel Pl d / o r  P2 
wwld alço significantly increase the average iMdw (and proportian) 

of ecpip~~~ts AAç s t a  aperatianal at the @ of the priai, which ~ a y  

be aalçidered a mre -riate masure of çyçtem ~~ when 

miitiple identicai e q u i ~ t s  (M > 1) are opercithg &ring the pericd. 

Similation of stock levels abtain& as a result of qtinazing Pl 

and/or P2 a-s the sam 40 test pmhlars show an average relative 



~ i n P A ç o f 4 . 9 % o v e r t h e c u r r a i t r r a d e l , ~ c h ~ n b e c a i s i d e r e d  

sigxificant since t he  aversrge Aç value is 65 -7% caid M averageç 10.2 
equiprrints acroçs the 40 problaris. 

nie masure of systan perfcmnmce AAç is affected by the attrition 
of equipmts M ard the rnarber of itenis J irrvalved; tbe dierivatian of 

its exact -ticai distr5htim is & c m  to be essenLially a 
eimatorial type of p5b.l- ard mathataticaïly intractable wen for 
-te values of J x M. For the çpecial case M=1, bwever, it has 

been p h  that  solvhg m33eL P1 wliai UEOcirriizing Aç also -es 

AAç, m e s s  of the available hdget. resulting in stodc levels ard 
values that can be quite lm. 

q or M > 1, the estimte 1 - Bûh proveç to be a particularly 

effective and reïiahle (all less tban 1.0% fran %) for a i l  prablans 
w k r e  Aç s 0.90, includhg mxe than 80 other test pmblaris not 
report& on here. For lower values s 0.90, the expressicn 1 - 
significantly i q r a ~ e s  the estirriate 1 - Bû/M for the true value of pAç, 

by the BO funrrian to S j M  instead of up to infinisr, since 
w i t h  M @-ts, IED backorrlers can occu Sj+M. For the 32 test 

pmblaris where M z 5, 1 - 'LBO/M abtained as a reçult of sol* PI or 

P2 differed by an average of less than 0.1% when ca tpard  Co % 
simrlated values (2.8% the highest) ; mst differences terd to occur for 
p r c S 3 l m s w h e r e t h e ~ o f e q u i ~ t s i s s r a l l  ( M s f )  a r d l m e r A S  

vaîues (As s 0.30). 
~ r a n  the soluticn mthcds studied to determine cqtimal imrentory 

stock level vectors {sj, j 1 - . , J , ami possible inplmtation m 

(persmal) micro-cmpterç, the Qnmic  p r q m m h g  (DP) agproach 
presents sericluç cmputatimai difficuities arid the  te DP 
strategy w i t h  =tal hdget values at each stage, is ccnçidered 
inpractical and qredictahle in calarlating ernn size. We bave also 

shrxrin that this non-linear integer aptimizatim prohlem can be 

represented by equivalent FULL (cptinal) and GAP (near c p t M )  network 

structures and h m  they can be effectiveiy useà to determine the size 
of the DP pePhlan by its total m&er of nodes N equals the total DP 

KUWS - 1 and the t o m  mmber of arcs A q p a l s  tfie total availabnlity 



calculatims in DP rms, 
pie highly eff iuent, mich rinre versatile ard faster narginal 

analysis pmcekm gives a of mkminated points spaceü by mt 
mm than the cost of the nrst expensive of a l l  J item, ard a respançe 

ai~ve {ps vs CS) for ripdel P1 a W o r  the respaise clirve { ~ 3  vs CS} for 
~ P 2 w f i i d i w i l l a l ~ d a m n a t e t h e r e s p a n s e c u r v e s ~ t e d b y  

the e q a l A j l s  nicdel. -, the op tha ï  (ornear aptirrtal) 

so1utim genezated by th i s  pmœdure mn be extrmsly usefui for 
na~gers to decide the level of spres rqpized as w e i l  as a key factor 

for its irrplmmtation an mi~oc~crp~ters,  even an a large s w ï e  basis 

irrvolving hmdreds of itms or nore, frcm which arganizatianai d t s  

can alsa hdget spares for different timo periods as re@red. Finally, 

the saluticri vector (sj ] &tained frun this m e t h d ,  damstrates that 
it ailocates i t e m  by s t m k h g  mae of the mst d i a b l e  and 
least -ive itms and less of least reliable and -ive iterrs, 
as waild be expcteü when adcptirig a systeri perfonra~lce masure such as 

or BO, as to the -t military M indisahinate 
rrrethcd. 

f n c a ~ e s w f i e r e n e a r o p t i r r a l ç a l u t i o n ç a r e o b ~ f r a n t h e  

r q u ï a r  myginal analysis proceCaire. we intrduced the tcrprp mrg ina i  

anaiysis pmceûue, w h i c h  Qes not sean to be part of the literature, 

ard has also k e n  shmn to further related perfoxmnœ - 
such as increasing Aç by an average of 1.8% ard decreasing BO by an 

average 4 .O% across the 40 test mers. The relative percentage 
differenœ can easily beccirie rmre than 5% in cases where limited 
lxrdgets are &able lm Aç values) as a resuït of 
restructuring, h m s i z h g  or inplarenthg axt redllCti.cn mas~reç not 
cmly applicable to the miïitary k t  to other organizaticns as wd.1 .  

Al- the last  Closest solution p i n t  to the availabie hidget 

obtained as a result of tapping up is not guaranteed to be inidaninated, 
it guarantees to damhate the last iteratim point &tain& fran the 

regular narginal anaïpis, arid its total costs w i U  be within the 

least expensive of a l l  J itenis. 

Ihe Lagange relawtiai a~tbod -lied to both m i e l s  Pl PZ 



arrl an accurate initial estirrate for the qtinal rniitiplier derived 

here, can also be us& to the optirml (or near) saluticai vectors 
{sj} even fast- than the regular narginal anaiysis by skipping aw 

several itezatim at a t h ,  wIien a bisectim search is 

inplarpnted; tests pmbleis a d u c t e d  for m à d  P1 irdicated an 

a p p d t e  5 to 10 tim=s faster ex~cutian tim to abtain the ewct 

sme saïution vectm. 

faster ex~cution speed of this pmc&ue wmid be a 
definitive admntage mer the niarginal analpis pmce&re for 
calculating optircial stock levels an large scaïe pmblam -/or when 

mrltiple locations are irnrolved, but gives fewer iterative points m 

the respanse ame of interest. It can alw be used to quickiy evaluate 

total costs for these fewer points and provide valuable infonrratian to 
progam mmgers, if  an arbitrarily large hdget value is assigned. 

m s  aàMnmgt2 w i l l  quickly disagpar if mre points an the nrnre are 
desired a diffemnt search tedmiqye is used to g i v e  nrne 

u&mhated points, since it w i l l  tend tam& an order of magnitude 
similar to the m z g h î  analysis pmcedue. 

T h e  sams solution mothcds des- for the single locatian nrdel. 

have been extended to miltiple jndentured an3 miltiple location -s 

Plb to -ze AS &/or midel P2b to minimize Bû, the aggregate 

perfozmnce m3asures calcuïated for these rrodels. For miltiple 

ixrientured systarrs, it has been shciwn that, inider certain d t i m s ,  

it niay be possible to achieve a hi* systen aMilabiiity Aç at a 

1- overall cost when additiaial failure information akut 

H v i d u a l  mpnmts of an as-ly is avaiiahie, even thcugh the sum 

of the aqmentsr  aosts exceed the cost of the a l e  as-ly. A 

=th& to derive banids for -ts l c a t s  am3 a rmlti-phaçe 

appmach to cptiniize systan performme masures is inci-. 
The rmltiple locatian m s  Plb to mximize Aç axi P2b to 

B z e  BO w i t h  I locations ard J iterrs is &mm to be @valent to a 

single location m3del w i t h  (1 x J) i t e m ,  which neam that cptimil 

&O& level {sij, il, - - 1  1 J cûïî al= be SOIM US* 
the procedures des- for the single location mkï. 



1. a systenperiorrrance neasure linking itenis together such as nrnels 

m (rwcirrrize As) or rrodel P2 (mininiize ID) is clearly superior ta the 

czu3sent m&l; 

2 .  the rrarginàl anaïpis solution procerhire carplmted by the t cpp  

additicmal p m e ü u m  to either e z e  AS &/or ririnirr;ize BO, caild 

benefitially be cançidered for irrplarentaticn an a çysten wide b i s ,  
both for initial caïculation of first (an3 possibly se- line d t s )  

p&siming of parts given a -able Wt to be ailocated; 
it ÿxxild ençure that stockage levels at mexy locatim wwid be 

optimized ard hdget lwels not exceeded, tZnis avoiding the otberwise 
necesçary dpr ia t ioa i  of erid d t s ;  

3 .  the standard lColplp tables to detennine entitl-ts of s t d c  levels 

on an iridividmi. it-an Mis (up to 99.8% amfidence level currentïy) 

ârd baseù an the of equipotsnts M M d  at each k t ,  carld be 

replaced by a stardard microc~~pl ter  pmgxam (capild BASIC versian 
m other W i r d a v s  baseü program) to b bestriLnted ta every mit 

receiw the qpiprents and related spares; this &d ensure tha t  

each locatim oaild detemine its awn cpt- stock 1 4 s  for any 

cycle period as required by the budget plamhg process, based m the 



pararriet= data establiçhed thmugh the AQ 

The exï resuit waild be a far mre effetive ard efficient systan 

for detemidg op- çpares Ievels an a natimai. b i s  for hdgeting 

initial p d s i m h g  of çpareç to every f i r s t  line unit aK1 a nost 
efficient way for Wvidual. d t s  to detemine their own stockage 

levelsforanyusagepericdasrequired. 
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