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Abstract

ORGANIC COATING REMOVAL BY SINGLE PARTICLE
IMPACT

Marcello Papini
Doctor of Philosophy 1998

Department of Mechanical and Industrial Engineering
University of Toronto

Organic coatings are often removed using solvents that create waste which is difficult and
expensive to dispose of. For this reason, mechanical coating removal techniques such as blast
cleaning are of increasing interest. The impact of single particles with two typical
coating/substrate systems was examined in detail as an important first step to understanding the
fundamental mechanisms which govern the removal of organic coatings by blast cleaning. A
gas gun capable of launching single particles at speeds of up to 120 m/s and a high-speed
photographic setup capable of measuring inbound and rebound particle velocities were
constructed in order to characterise impact behaviour with respect to energy loss. The impact
sites were photographed and the amount of coating removal was determined using image
analysis.

Coating removal for a typical alkyd enamel on a pretreated steel substrate was found to
be due to impact-induced buckling delamination of the coating. An analytical technique based
on the coupling of a novel post-buckling analysis with an existing strain energy release rate
analysis was developed with the purpose of predicting the amount of coating removed when a
single particle was launched, at a given velocity, against a coated substrate. Predictions of

delamination size using this model were obtained for a wide variety of incident velocities,
ii



particle sizes, and coating thicknesses, and comparison with measured delamination size
revealed good agreement.

A second coating system, consisting of a typical aerospace urethane coating with an
epoxy primer applied to an aluminum substrate, was found to be eroded, and an existing rigid-
plastic erosion theory developed for semi-infinite targets and spherical particles was modified
to include elastic effects and shown to predict crater size well. A general rigid-plastic analysis
was then developed in which the size of an impact crater, particle rebound velocity and energy
loss could be predicted for an incident particle of any size, shape, and density, impacting at any
angle of attack and in any orientation. Finally, a parametric study in the case of symmetric

particles of arbitrary angularity revealed interesting trends with respect to coating removal.
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Nomenclature

Due to the large number of variables used in this thesis, and the author’s wish to comply
with the standard conventions used in the literature, it was necessary to occasionally use the
same variable in different contexts. To avoid confusion, the nomenclature has been divided

into that used in each chapter.

Chapter 3

Burrrenreereressssosasessisenssnsasasasens delamination radius (or size of buckled plate)

A(T) — E(0)ceeeenrcnncennnennens functions used in power expansion of displacements for Matthewson
analysis

AL Bl e integration constants used in buckling analysis

D et naennas inner radius to which buckling is prevented

Cournrrerrnerssnessesensasessssesssesssess contact radius between particle and coating

Ci Caererreeeeerreeeerenes buckling parameters

Dot flexural rigidity of coating

A oot snenannesns indentation depth of impacting particle

D' oot srrenssassssaens differential operator used in Matthewson and modified Matthewson
analyses

arererenreessrrasssssassesesessssasnane coefficient of restitution

E et cnntscssananes Young’s modulus of coating

F oeretcsctaenaee normal contact force applied to particle

| (<) SR normal contact force in Matthewson analysis

f(r) . ... spherical indentor profile used in Matthewson analysis

Fu(c) normal contact force in modified Matthewson analysis

fm(r) ... spherical indentor profile used in modified Matthewson analysis

g cressernanssesnessasasnsrssans Euler’s constant (= 0.577)

€ SO strain energy release rate

¢ — shear modulus of coating

H. :rf;llmf:m of integral used in potential energy calculation in buckling
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thickness of coating

Bessel functions of order i

strain energy of bending for buckling analysis
strain energy of stretching for buckling analysis
work done by force P in buckling analysis

real and imaginary parts of (interfacial) complex stress intensity
factor

integration constants for buckling analysis

variables representing certain integrals used in buckling analysis
reference lengths for complex stress intensity factor

mass of particle

bending moment in buckled plate

number of experiments performed at particular impact condition
applied load per unit circumference for buckling analysis
ratioofbtoa

critical buckling load

dynamic hardness or mean contact pressure

radius of impacting particle

perturbation parameter used in buckling analysis

normalised kinetic energy loss due to normal direction effects

.. normalised kinetic energy loss due to tangential direction effects

in-plane displacement in unbuckled configuration

r and z direction displacements used in Matthewson and modified
Matthewson analyses

potential energy of buckled plate

..in-plane change in displacement due to buckling

critical indentation volume to cause buckling of plate
incident velocity of particle

indentation volume

out-of-plane displacement in buckled configuration

combination of Bessel functions of order i used in buckling analysis
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incident angle of attack

parameter used in determination of F(c)
Dundur’s parameters

parameters used in determination of Fy(c)
slope of buckled path

parameter used in calculation of tin plastic hole Matthewson
analysis

pile-up of coating adjacent to coating

r, 6, and z direction average strains for Matthewson and modified
Matthewson analyses

displacement induced at edge of buckling plate due to indentation
volume

critical edge plate displacement to cause buckling

parameter describing oscillating singularity in complex stress
intensity factor

strain in radial and tangential directions in buckling analysis
parameter for determining P

shear strain in coating (Matthewson and modified Matthewson
analyses)

parameters used in calculation of Dundur’s parameters

the ratio of the particle radius squared to the radius of gyration of the
particle squared

impulse ratio

critical impulse ratio

shear modulus of coating, and substrate, respectively

Poisson’s ratio of coating

r, 0, and z direction average stresses for Matthewson and modified
Matthewson analyses

compressive biaxial stress in plate

shear and normal stresses ahead of interfacial crack tip



critical compressive stress to cause buckling

shear stress at coating/substrate interface at contact radius for plastic
hole Matthewson analysis

shear stress at coating/substrate interface for Matthewson and
modified Matthewson analyses

angle describing elastic mismatch in phase angle calculations
mode-mix phase angle

parameter describing y-b relationship for buckling analysis
slope of buckled plate

contact radius between particle and target
indentation depth of impacting particle

indentation depth to which energy can of indentation can be fully
recovered

final relaxed indentation depth after spring back of target

maximum indentation depth reached (elastic and plastic)

thickness of coating

final coating thickness at bottom of crater used in elastic-plastic
analysis

mass of impacting particle

normal contact force applied to particle

dynamic hardness or mean contact pressure

radius of impacting particle

incident velocity of particle

angle used in fully-plastic theory of impact
friction coefficient between target and particle

maximum and minimum elastic principal stresses at the onset of
yield used in Tresca criterion
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yield stress of coating

angularity of the particle

Z intercept of left and right sides of the particle, respectively

centre of mass of the particle

contact surface area element

projection of contact surface area element on X, Y plane

surface differential element

kinetic energy of the particle

function describing particle surface in body-fixed frame of reference
inertial X, Y, and Z components of the total contact force

normal forces in the Y and Z directions acting on the left and right
side of the particle

function describing particle surface in inertial frame of reference

alternate representation of particle surface in inertial frame of
reference

length of a side of the particle
principle moments of inertia
moment of inertia of symmetric particle

. mass of the particle

slope of left and right sides of the particle, respectively
moments in the X direction acting on left and right sides of the
particle, respectively

body-fixed x, y, and z components of the total moment on the
particle

dynamic hardness of target material
inertial frame X, Y, and Z components of the normal contact force
generalised co-ordinates
generalised forces
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T, Tg rreernenrenenneeenensssenens unit vectors along the surfaces of the particle

Tx, Ty, Tz ceereeevrereveeeecvenens inertial frame X, Y, and Z components of the friction force

J VI LFS PR PR inertial frame Y and Z components of the friction force acting on
left and right portions of the contacting particle

Vieerrrensemsasssasastsssasssasasssssses incident velocity of particle

XyYsZewrrrorsrassenesnsnsraressssssnes body-fixed co-ordinate system

XLY'Z' erereeneeseenensassnenens co-ordinate system fixed at centre of mass and remaining paraliel to
inertial co-ordinate system

D, 0 4V AT inertial co-ordinate system

D, €T (12 F inertial co-ordinates of the centre of mass of the particle

XY HZ e ereresnesssororssoaesssessonns body-fixed co-ordinates of a point of application of a load

) G inertial Y-co-ordinate of projection of a node on the particle surface

| (/P inertial co-ordinate of left vertex of particle

Y1, Z v eeversereraarensensennrnnsnene inertial co-ordinate of middle vertex of particle

YULZ e erenvoeresemssessussssassane inertial co-ordinate of right vertex of particle

YN ZN e inertial co-ordinates of a node on the crater profile

Ol eurereereanrerenssnensonsonsssacnsssss incident angle of attack

0, W, @ corerrecenercsenssnnans Euler angles describing orientation of particle

Diverreererrerrnenescsonsessssssensas initial orientation angle

g, Dy Oz evevreneressorsnrosesrones components of angular velocity with respect to the inertial frame of

reference along instantaneous directions of body-fixed axes
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Chapter 1

Introduction

Organic coatings are often removed using solvents that create waste that is difficult and
expensive to dispose of. For this reason, mechanical coating removal techniques such as blast
cleaning are of increasing interest. In the blast cleaning process, a stream of particles is
directed towards the coated substrate, and the coating is removed by mechanical means.
Typical blasting media includes wheat starch, cornstarch, walnut shells, glass, plastic, steel,
ceramic, and dry ice, in both granular and spherical form. The media is normally launched at
high speed using either compressed air or blasting wheels, in which particles are accelerated by
the centripetal force created by a rapidly spinning wheel. In small-scale applications, the
media is blasted manually by a single operator using commercially available blasting
equipment, but, in the aerospace industry where paint stripping of full-scale aircraft is
necessary, robotic strippers have been developed. Besides coating removal, other applications
of blast cleaning include the removal of adhesive flash and the cleaning of various types of
processing equipment. In many blast cleaning situations, it is desired to remove the coating
while leaving the underlying substrate unchanged.

1.1 Motivation

The use of blast cleaning to remove organic coatings involves a large number of
parameters that can be varied to affect removal efficiency for a specific coating. These include:
particle material, size, shape, moisture content, and orientation, incident velocity and angle of
attack, standoff distance and dwell time. The fundamental mechanisms of coating removal
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have not been established, and, as a result, the choice of these parameters for a specific
coating/substrate system, is, for the most part, governed by trial-and-error and rules of thumb.

This thesis is thus motivated by a need for a fundamental understanding of the underlying
mechanisms that govern coating removal so that an optimal choice of blasting media and

parameters can be made.

1.2 Thesis Objectives

Although multiparticle interactions, the spread of the particle streams, and the distribution
of particle sizes and shapes will have a significant effect on coating removal during the blast
cleaning process, a single particle study serves as a logical first step to understanding the
fundamentals of coating removal. The aim of this thesis is to eliminate some of the guesswork
involved in the choice of particle and blasting parameters by identifying and modelling the
fundamental mechanisms of coating removal using blast cleaning for some typical
coating/substrate systems. The specific objectives were:

o To construct an experimental apparatus capable of launching single particles at coated
substrates at typical blast cleaning velocities, measuring the energy lost in the collision, and
quantitatively assessing the damage done to the coating.

o To characterise the behaviour of typical coating/substrate systems with respect to energy
loss when impacted by single particles of different sizes and shapes, and to correlate the
energy loss with coating removal, thereby determining the blasting parameters that are
most important for maximising coating removal.

e To identify the fundamental mechanisms (i.e. ploughing, cutting, fracture/delamination) of
coating removal for the typical model coating/substrate systems.

o To develop analytical techniques to predict the amount of coating removed as a function of
the process parameters and particle material properties so that the process can be optimised.

1.3 Thesis Organisation
The thesis is divided into seven chapters. Chapter 2 describes the apparatus constructed and

used for the single-particle collision experiments.
2
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In Chapter 3, the impact behaviour of an alkyd coating/steel substrate model system is
analysed. The relevant background is discussed, the model system is described in detail, and
the impact behaviour is characterised qualitatively. Alternate possible removal mechanisms
are evaluated. An analysis capable of predicting the amount of coating removed for single
spherical particles impacting the model system is then presented and experimentally verified.

Chapter 4 deals with the impact behaviour of another model system consisting of a urethane
coating on an epoxy-primed aluminum substrate. The relevant background is discussed, and an
analysis capable of predicting the size of craters left by impacts of single spherical particles is
presented and experimentally verified.

In Chapter 5, a generally applicable analytical model of the impact of angular particles on
eroding substrates is presented. A specific case, that of symmetric angular particles, is
discussed in detail, and comparisons with experimental data in the literature are made. A
parametric study of the effect of various incident parameters on crater size and shape is then

undertaken, and conclusions with respect to maximising crater size are drawn.
In Chapter 6, the differences between the two major types of model systems discussed in
Chapters 3 and 4 are identified, and suggestions are given for maximising removal in

multiparticle applications, and, conversely, for improving coating erosion resistance.

In Chapter 7, the conclusions and recommendations are given.



Chapter 2

Experimental Apparatus

This chapter describes the experimental apparatus used in investigating the collision of
single particles with various coated targets. First, a brief background in erosion rigs and
particle velocity measurements is presented, and then a detailed description of the apparatus
designed and constructed for the present study is given. The description of the experimental
setup has already been published elsewhere [1].

2.1 Background

In order to characterise the erosion of both coatings and bare substrates, many
investigators have designed various types of erosion rigs and gas guns. For example,
Hutchings and Winter [2] have designed a gas gun that uses a reservoir full of either helium or
nitrogen, and is triggered by the bursting of two diaphragms. The single particles are placed in
polythene sabots that are stopped at the end of the barrel, yielding speeds of up to 600 m/s.
The performance of this gun under different operating pressures and fluids was evaluated and
compared to theory. Graham et al. [3] built an erosion test facility based on exploding
aluminum foils that propel single particles in the size range 100-8000 um at velocities ranging
from 250-7000 m/s. Hutchings et al. [4] have designed a gun with a rectangular bore capable
of launching 0.5 g particles at speeds of 300 m/s. The gun uses a solenoid valve to release a
compressed gas into a barrel, and the rectangular bore ensures that the particles are launched
without rotation. Sundararajan and Shewmon [5] have used helium as the accelerating fluid and
a solenoid valve as the trigger in order to launch 4.76 mm stee] spheres at speeds of up to 200
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m/s. A theoretical and experimental study of the effect of valve opening times on the
performance of gas guns can be found in the paper by White and Fowles [6].

To measure the speeds of the incident particles, experimenters have typically either used
photodiodes and timers [5] or high speed photography [7]. The measurement of rebound
velocity is particularly difficult, given the uncertainty in the rebound trajectory the particle will
take. Sundararajan and Shewmon [5] have used two pieces of aluminum foil connected to
timers to deduce this velocity. The aluminum foil was placed in the vicinity of the anticipated
rebound trajectory, and allowed to be pierced by the rebounding particles. The holes left
behind in the aluminum were used to trace the rebound trajectory.

2.2 Gas gun/high speed flash setup
Collisions between single particles and bare substrates are normally characterised in
terms of energy losses and coefficients of restitution. A similar approach was utilised in this
study to build an experimental database for collisions between various particles and some
typical coating/substrate systems. In order to do this, a gas gun/high speed photographic setup
was designed and constructed with the following design criteria:
(a) single particles (50-2000 um typical size) were to be launched at realistic blasting speeds
(approximately 120 m/s)
(b) the apparatus had to be capable of measuring the incident and rebound velocities (both
direction and magnitude) so that the energy loss in the collision could be determined
(c) the apparatus had to be capable of quantifying the amount of coating damage and/or
removal
(d) some level of automation had to be buiit in so that these measurements could be made

quickly and accurately

Figure 2.1 shows the gas-gun/high-speed photographic setup designed and built for the
present study [1]. A single particle was loaded into a cylindrical urethane sabot (6.3 mm

diameter and 10 mm length) which was, in turn, loaded into a 6.3 mm inner diameter, 50 cm

5
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long steel barrel via a breech. The target specimens (30 mm x 30 mm) were clamped onto the
specimen holder which consisted of a 9 mm thick piece of steel. The specimen holder was
pivoted in a clevice, which allowed rotation to any incident impact angle. The clevice, in turn,
was clamped to a long steel rod permitting adjustments in the height of the target.

Top View
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Figure 2.1: Experimental setup.
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The barrel/breech was attached to a solenoid valve, which was, in turn connected to a
compressed air cylinder. The fast-acting solenoid valve (Model 73216 BN2MT00, Honeywell)
permitted a burst of compressed air to accelerate the urethane sabot and the blasting particle to
the end of the barrel where a urethane ring stopped the sabot, but allowed the glass sphere to
exit. A series of holes drilled at the top of the barrel relieved the pressure behind the sabot as it
stopped, and minimised the amount of air exiting the end of the barrel with the particle.
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Figure 2.2: Gas gun velocity versus air pressure.

It was found that the speed of the particles exiting the barrel was independent of the size,
density and shape of the particles when tested with angular and spherical glass, plastic, and
steel in the diameter range 0.1 to 1 mm. This was because the mass of the particles was very
small compared to that of the sabot. The pressure/velocity curve for this gas gun can be found
in Figure 2.2, and, as can be seen, the velocity levels out somewhat after 1 MPa. This is
probably due to the high pressure air escaping around the sabot as it is accelerated up the
barrel. For a discussion of gas gun design, including the use a different gas, faster opening
valve, and longer barrel to increase velocity, see Reference [8].

Two cameras (black and white CCD cameras, not special field-on-demand) were used to

obtain images in perpendicular planes, thereby allowing a verification that the rebound and
7
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incident velocity vectors were in a single plane. A true colour RGB frame grabber (Occulus
TCX, Coreco Inc.) was used with the two cameras connected to two of the three channels. The
frame grabber continuously grabbed frames at the rate of 60 Hz, continuously overwriting its
frame buffer. Because the collisions were expected to last on the order of hundreds of
microseconds, it was only necessary to have the setup determine which of the frames was the
frame of interest (i.e. the frame in which the collision occurred), and then the continuous grab
could be terminated with the frame of interest in the frame grabber buffer.

Figure 2.3: Sample image obtained from experimental setup. The images of the 0.64
mm glass particle in flight have been digitally enhanced for clarity. Incident
velocity = 53 m/s, incident angle = §7°,

An infrared trigger mounted at the end of the barrel (VIS II, Optikon Inc.) sensed the
particles as they left the barrel, and sent a signal to an [/O board (Opto 22 PB8) attached to the
computer and to a delay generator. The I/O board was connected to the frame grabber and the
frame grab sequence was terminated upon triggering. The trigger also caused the delay unit to
generate puises to trigger four high-speed flashes (flash duration = 0.5 ps) mounted near the
target at adjustable delays (1 ps minimum). Because the CCD cameras are essentially light
integrators, summing all the light that reaches their sensor in one frame, a trajectory of the

particle (four images) appeared on the grabbed frame. The delays were timed so that two
8
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images of the particle were just before collision, and two just after collision. A sample image
obtained with this apparatus appears in Figure 2.3.

By using image analysis software (Image Pro Plus, Media Cybemetics Inc.), the precise
distance between successive particle images (i.e., the distance the particle travelled between
flashes) and the incident and rebound angles were measured. This distance divided by the
delay between flashes gave the incident and rebound velocities of the particle. Measurements
of velocity obtained in this manner are estimated (based on a worst case calculation of the error
in velocity associated with a one pixel in each direction error in the determination of the
position of the particle images) to be no greater than 5%. The computer program written to
control and automate the frame-grabbing/flash triggering can be found in Appendix A. The
data obtained from runs of this program was linked to a Microsoft Excel spreadsheet to
facilitate calculations, and an example appears in Appendix D.



Chapter 3

Alkyd Coating/Steel Substrate System

This chapter will focus on the first of the two coating/substrate systems tested, the
alkyd/steel system. First, a survey of the relevant literature regarding the analysis of the blast
cleaning process and solid particle erosion is presented. Then, a description of the alkyd/steel
system is given, followed by a description of the experiments and results. Experimental
observations and arguments leading to the conclusion that the coating delaminates due to
impact-induced buckling are then presented. Finally, an analytical method is presented for
prediction of the amount of coating removed for glass and steel spheres impacting the modetl
coating. Much of the material in this chapter has been previously published [1, 9, 10].

3.1 Background

Previous research related to blast cleaning is mostly of an empirical nature and very
specific to particular systems [11, 12, 13]. Other useful literature can be found in the contact
mechanics literature, and in the field of solid particle erosion of bare substrates. The following
is a description of some of the more interesting papers that can be found.

Finnie did some of the early fundamental work on the theory of a particle cutting a
substrate [14]. In Finnie’s original method, the equations of motion of a particle were obtained
by a simplified analysis, which considered the forces at the tip of a cutting particle to be
constant. The resulting equations could be solved in closed form and estimates of crater
volume and rebound parameters could then be made.

A book by Johnson provides an excellent introduction to contact mechanics, containing
solutions for elastic collisions between particles and substrates [15], and for static contact

10
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analysis of elastic layers on semi-infinite substrates [16]. Ramamurthy et. al. [17, 18] have
modelled the removal of chips of paint on automobiles due to stone impacts using shock
physics and finite element models of wave propagation. Brach has developed a very simple
method for characterising collisions of single particles with uncoated substrates in terms of
energy losses, the coefficient of restitution, and the ratio of normal to tangential impulse [19].
Matthewson [20] has developed an asymptotic solution for the static indentation of an elastic
layer on a semi-infinite substrate that includes the calculation of interfacial shear stress.
Rossikhin and Shitikova [21] have recently developed a wave propagation model of the impact
of a rigid sphere with an elastic layer based on ray methods. Lu [22] has provided valuable
observations of indentation cracks in coating/substrate systems, and has proposed a method to
determine the crack paths. Dioh and Williams [23] have studied the impact behaviour of paints
and developed methods for the experimental determination of material properties under impact
conditions.

Estimates of crater volume and rebound parameters can be obtained, in certain cases, by
use of a rigid-plastic theory in which the target is assumed to be fully plastic, and the particle
non-deforming. The force resisting indentation is characterised by a dynamic hardness of the
target equal to the resisting force divided by the instantaneous contact area. Because the
contact area is a function of time, and the resisting force was assumed perpendicular to the
contact area, both the magnitude and direction of the resisting force were a function of time,
and the resulting equations of motion for the particle had to be solved numerically in time
steps. The groundwork for this approach was laid by Hutchings et. al. [7, 24, 25, 26] and
variations of the same idea were presented by other authors [27, 28, 29, 30, 31].

An excellent review of the solid particle erosion of coatings can be found in the paper by
Shipway and Hutchings [32]. The paper also outlines a method for describing coating erosion
in terms of a critical dose of particles of a particular size and shape needed to remove a coating.

3.2 Model system
The first model system investigated was typical of a class of relatively soft coatings on

rigid substrates, and was a test system used at the laboratories of Valspar Inc. The system
11
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consisted of Valspar Inc. alkyd enamel of various thicknesses on Bonderite 1000 iron
phosphate pretreated, polished cold-rolled steel (0.66 mm thick) obtained from ACT
Laboratories. In the case of the 40 pm thick coating, the samples were obtained from Valspar
Inc., whereas for the other thicknesses, the coatings were applied using a draw-down
technique. The coatings were applied to the 15 x 5 cm steel plates and then cut using a shear
into approximately 30 x 30 mm samples. Each of these samples was large enough for
approximately 30 single impact experiments. The coating thicknesses were measured using a
magnetic gage (DeFelsko Co., Positector Model 6000) having a tolerance of + 2 um and the
variability in coating thickness for the samples tested was also found to be approximately + 2
jm.

One of the major problems encountered was the lack of any material properties for the
paint. Manufacturers were unable to provide even the most basic material properties such as
Young’s modulus and Poisson’s ratio. Because the coatings were presumably visco-elastic,
and thus strain rate sensitive, this was further complicated by the fact that the material
properties were needed at high rates of strain. Therefore, the Young’s modulus and Poisson’s
ratio were determined by measuring the shear and longitudinal wave velocities using a time-of-
flight ultrasonic method at 5 MHz. The wave velocities were calculated as the average of three
measurements, with the maximum difference between the three measurements being
approximately 2%. It was reasoned that the combination of a high measuring frequency and
low strain amplitude would produce an elastic (as opposed to viscoelastic) coating response
approximating that created by the very high strain rates of impact. The Young’s modulus and
Poisson’s ratio of the coating obtained in this manner were 2.47 GPa and 0.406, respectively.
The measured value of Poisson’s ratio was in agreement with that obtained by Ramamurthy et
al. [18] for a similar coating, and the measured Young’s modulus was the same order of
magnitude as those obtained for other paints by Dioh and Williams using a split Hopkinson
pressure bar [23].

The particles used for most of the impact experiments were glass and steel spheres. The
Young’s Modulus and Poisson ratio of the steel and glass spheres was 200 GPa, 0.3; and 70

12
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GPa, 0.17, respectively. The masses of single particles of glass and steel were measured on a
microbalance as the average of 50 randomly selected particles and were found to be 0.364 and
1.49 mg, respectively. The radii of the particles were also measured by taking the average of
50 measurements using a micrometer, and were found to be 0.32 mm and 0.37 mm for the
glass and steel spheres, respectively with a standard deviation of approximately 0.03 mm in

both cases.

3.3 Characterisation of impact behaviour

In order to investigate the effects of particle impacts on this paint, the photographic setup
described in Chapter 2 was used to determine the incident and rebound velocities of single
glass spheres (0.64 mm diameter) launched at various angles of attack against the coated
specimens. Four paint thicknesses were used (20, 25, 40, and 50 um) and the normal
component of the incoming velocity was varied from 10 to 120 m/s. Impact experiments were
also performed on the bare steel substrate for comparison purposes. In all cases, the particles
remained undamaged after impact.

(a) ! ®) ©

Figure 3.1: Impact sites on 40 um thick alkyd coating, 90° incident angle, incident
velocities of: (a) 33 m/s, (b) 50 m/s, (c) 90 m/s.
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3.3.1 Observations of crack path and impact site

Figure 3.1(a) shows a 33 m/s velocity (at normal incidence) impact site on the paint
photographed with a scanning electron microscope. The coating did not delaminate, but the
impact created an indentation that was similar to the ploughing or cratering observed by
Hutchings in the collisions of spheres with bare steel substrates [25].

At higher velocities, the coating delaminated approximately axisymmetrically. Figure
3.1 (b) and (c), for incident velocities of 50 m/s and 90 m/s (90° incident angle), show the
blister-like nature of the impact site, with the coating delaminated below the blister. This
characteristic feature may have been due to the delaminated paint chip adhering to the glass
particle as it rebounded and thus being partially pulled off the substrate. Alternately, the blister
may have resulted from the lateral displacement and buckling of the coating as the particle
penetrated to the steel. A hole in the paint layer is visible in the centre of both Figure 3.1 (b)
and (c¢) indicating that the glass sphere had penetrated through the paint layer. An interesting
feature of the 50 m/s collision (Figure 3.1(b)) is the radial cracking pattern, which was typical
only for a small range of velocities (45-55 m/s for the 40 um coating). Impact sites for angles
other than 90° showed similar features, but were slightly skewed into an oval shape for impacts
at low angles of attack (with a high tangential component of incident velocity vector).

At higher velocities, it was clear that delamination had occurred; however, at lower
incoming velocities, it was not so obvious. In order to determine if the coating had
delaminated, special adhesive tape was applied to the impact site and pulled off in the manner
described in the ASTM standard adhesion scratch test [33]. If a chip came off, it was assumed
that delamination had occurred. In all cases, the tape consistently removed the paint to the bare
substrate; i.e. the coating always failed by delaminating from the pretreated steel. The area
removed in each collision was measured using a video camera on a microscope, a frame-
grabber, and digital image analysis software.

Figure 3.2 shows the steel substrate below the impact sites of Figure 3.1 (b) and (c) after
the paint chips were removed with the adhesive tape, as described above. The paint has been
completely removed in both cases, and the rolling lines of the steel are visible except for a
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small spot of crushed paint directly below the impact in the 50 m/s case (Figure 3.2(a)).
Similar cracking patterns were observed by Lu in static indentation tests on ZnO coated Si
substrates [22]. Figure 3.2(b) shows that at higher velocities (>60 m/s), the remaining dot of
crushed paint on the substrate is replaced by a dimple of permanent deformation in the steel.
X-ray photoelectron spectroscopy (XPS) analysis of the back surface of the removed paint chip
revealed that there was no phosphate present. This, together with the fact that there was no
observed paint residue left on the substrates in Figure 3.2, indicated that delamination occurred
at the interface between the iron phosphate pretreatment and the paint, and not within either the

paint or the iron phosphate layer.

(a) (b)

Figure 3.2: Steel substrate below impact site after removal of 40 pm coating using
adhesive tape. 90° incident angle at incident velocities of: (a) 50 m/s, (b) 90 m/s.

A detailed inspection of the 50 m/s (normal incidence) impact site (Figure 3.2(a))
revealed no visible damage to the substrate, indicating that it was possible to remove paint
without damaging the substrate (this will be discussed further in Section 3.3.4).
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3.3.2 Dominance of normal effects and comparison to Brach’s model

Brach has shown that the energy losses in a collision due to normal and tangential effects
are, respectively [19],

T =[(1 - ¢?)sin? a]% mv; (3.1)

1 1
T = [[m] ui (2 - uiJ cos’ a} 5 mv? (3.2)

where a is the angle of attack, defined as the angle between the incident velocity vector and the
surface, A is the ratio of the particle radius squared to the radius of gyration of the particle
squared (5/2 for a sphere), e is the coefficient of restitution (defined as the ratio of the normal
rebound velocity to the normal incident velocity), v; is the incident velocity, and p. is the
critical impulse ratio which defines the transition from sliding to rolling during a collision and
is defined as [19],

1

he = Tr A )i+ e)mna 33

The impulse ratio, y, is the ratio of tangential to normal impulse generated during the
impact and is measured by taking the ratio of the change in momentum in the tangential
direction to the change in momentum in the normal direction (using the appropriate
components of measured incident and rebound velocities). It is important to note that the
impulse ratio is equivalent to a dynamic friction coefficient only in the case where the
mechanism of tangential impulse is due to friction. For a more complete discussion of impulse
ratio, and the role of friction, see Reference [19]. An underlying assumption is that, regardless
of the mechanism of tangential impulse, there can be no impulse ratio higher than the critical
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impulse ratio, y, so that if a series of impact experiments is performed at fixed incident
velocity, and the measured impulse ratio is plotted versus the angle of incidence, there should
be a point where the transition from sliding to rolling occurs, after which the data points lie
within a band defined by equation (3.3) at e=0 and e=1 [19].
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Figure 3.3: Variation of impulse ratio with angle of attack for 85 m/s total incident
velocity collisions with 40 pm thick coating. Critical impulse ratio of Brach [19]
also shown for =0 and e=l.

Brach used experimental data on uncoated specimens to support his analysis, and in
particular, this hypothesis of a critical impulse ratio [19]. There is, however, no reason why the
analysis should not aiso hold for coated substrates, and Figure 3.3 shows typical data gathered
in the present study. The data points are averages of multiple impacts performed at each angle
of incidence. As mentioned above, the impulse ratios were calculated by taking the ratio of the
change in momentum in the tangential direction to the change in momentum in the normal
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direction, using the experimentally measured components of incident velocity and rebound
velocity in the tangential and normal directions.
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Figure 3.4: Area of coating removed vs. energy loss due to normal direction effects
for coating thickness: A - 50 pm, O - 40 pm, [1- 25 pm, O - 20 pm.

The transition between rolling and sliding appears to occur at a 45° angle of incidence,
after which the data points roughly follow the ‘envelope’ defined by the theoretical critical
impulse ratios at e = 0 and e = 1. The other experimental data show similar trends and all have
a large amount of scatter in the impulse ratio. This relatively large scatter has been
experienced by others [19, 34] and is probably due to surface irregularities and the fact that the
impulse ratio is very sensitive to variations in the impact and rebound velocities.

The dependence of the paint area removed on the energy loss associated with the normal
and tangential incoming velocities is shown in Figure 3.4 and Figure 3.5. The amount of paint
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removed does not depend very much on energy loss due to tangential effects (Figure 3.5), but
does increase with the energy loss due to normal effects (Figure 3.4).
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Figure 3.5: Area of coating removed vs. energy loss due to tangential direction
effects for coating thickness: A - 50 pm, - 40 um, (1 - 25 um, O - 20 pm.

This relatively strong correlation between the area loss and the energy losses due to
normal effects and the relatively weak correlation between the area loss and the energy losses
due to tangential effects suggests that normal effects dominate paint removal. Furthermore, a
threshold value of energy ioss due to normal effects exists for each coating thickness (Figure
3.4), whereas, there is no such threshold value for energy loss due to tangential effects (Figure
3.5).

Figure 3.6 is a plot of the incident normal velocity component versus the amount of
coating removed for all experiments performed at angles of incidence between 18 and 90°.
This illustrates that a critical amount of incident normal velocity is required, for each coating
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thickness, to initiate removal of the coating, and, furthermore, that this critical value is
independent of the tangential component.

1.8
a0 1

P y—
2 o
>4
| =

—

N
P>
©

P

0.8

Area of Paint Removed (mm®)

4
<
&

0 50 100 150
Incident Normal Component of Velocity (m/s)

Figure 3.6: Area of coating removed as a function of incident normal velocity
component for coating thickness: A - 50 um, < - 40 pm, (- 25 ym, O - 20 pm.

The dependence on normal effects is further illustrated by Figure 3.7, which is a plot of
the energy losses normalised by the total incident kinetic energy versus angle of attack. In all
cases, the energy loss in the normal direction accounts for most of the energy loss. This system
exhibits, what is termed in the field of solid particle erosion, deformation or ploughing wear, as
opposed to cutting wear [19, 25]. This type of deformation wear is also characterised by the
dominance of normal effects, with the maximum amount of damage (energy loss and area loss)
occurring at high angles of incidence (@—>90°). This is demonstrated further in Figure 3.8 and
Figure 3.9, which show the area of paint removed as a function of the incident angle of attack
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for various total incident velocity ranges. The area losses are averages of multiple impacts
performed at each angle. The maximum coating removal occurs at higher angles of attack, and

removal does not begin until the normal component of velocity is sufficiently large.
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Figure 3.7: Energy loss due to normal and tangential direction effects normalised by
total incident kinetic energy as a function of incident angle of attack. Normal
energy loss for coating thickness and total incident velocity: A - 50 pum thick
coating, 80 m/s, ™ - 40 pm , 85 m/s, < - 40 um, 56 m/s, [J - 25 pm, 42 m/s, O - 20
um, 57 m/s. Tangential energy loss for coating thickness and total incident velocity:
A - 50 pm, 80 m/s, ™ - 40 pm, 85 m/s , @ - 40 pm, 56 m/s, W - 25 um, 42 w/s, @ - 20
pm, 57 m/s.
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Figure 3.8: Average area of coating removed as a function of incident angle of
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3.3.3 Role of tangential effects

The onset of coating removal was, as demonstrated above, independent of tangential
effects. However, the role of tangential effects in the magnitude of coating removal has not yet
been discussed. Figure 3.6 shows that the area of coating removed increases as the normal
component of incident velocity increases. These data, however, are for a large number of
different impact conditions (i.e. angle of attack, incident velocity).
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Figure 3.9: Area of paint removed as a function of incident angle of attack for
different ranges of incident total velocity and coating thickness. Data points
represent averages of area removal measurements at each angle. @ - 38-44 m/s, 25
um, CJ- 25-27 ms, 25 pm, A - 102-110 mys, 25 pm, O - 54-62 mJs, 20 pm, A - 25-30
m/s, 20 pm.

In order to fully understand the role of tangential effects on the area of coating removed,
a series of experiments was performed in which the incident angle and total incident velocity
were varied so as to always give the same normal component of incident velocity. The average
and standard deviation of the area removed was calculated for a number of experiments
performed at each condition, and the results are shown in Table 3.1.

The area removed for each coating thickness is virtually independent of tangential effects
(the scatter in the data is approximately constant). This result is somewhat counterintuitive, as
one might expect that an increase in tangential velocity should have some effect on the amount
of coating removed. As mentioned in Section 3.3.1, the only tangential effect was that, at

lower impact angles (tangential component of incident velocity high), the coating removal area
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changed from being axisymmetric to being slightly oval shaped, even though the total area
removed was not affected by this change in shape.

Coating | Incident | Normal Tangential | No. of Average Standard
thickness | Angle | component | component data coating deviation of
(um) (deg) of incident | of incident | points area coating

velocity velocity removed area
(m/s) (m/s) (mmz) removed
(mm’)
20 90 31 0 10 0.273 0.036
20 38 31 40 11 0.261 0.030
40 90 59 0 12 0.577 0.059
40 46 59 57 12 0.545 0.060
40 33 59 91 9 0.559 0.101

Table 3.1: Comparison of coating area removed keeping normal component of
velocity constant, while varying tangential component of velocity.

The above arguments lead to the conclusion that, for this particular system, normal
effects dominate the onset of coating removal (i.e. the threshold value of normal incoming
velocity and energy loss required to remove the coating), and that tangential effects have little
or no influence on the magnitude of coating removed. Thus, for the purposes of investigating
the onset of coating removal, and for simplification of analytical models, the tangential effects
could be ignored.

3.4 Evaluation of possible mechanisms of coating removal
3.4.1 Dynamic versus quasi-static effects

In order to determine whether the mechanism of coating removal was dominated by
dynamic (stress wave propagation) effects or quasi-static effects, a series of experimental
observations was made. It was initially suspected that removal was the result of a spalling
mechanism, in which the collision of the particle with the coating caused a compressive
spherical stress wave to propagate through the coating. Most of the wave would then be
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reflected at the coating/substrate interface (because the substrate has a much higher acoustic
impedance) as a compressive wave, then reflect at the top surface of the coating, and back
down towards the coating/substrate interface as a tensile wave which would delaminate the
coating. It was also possible that the portion of the compressive wave that was transferred to
the steel substrate could travel to the back surface of the substrate and reflect as a tensile wave
which would then travel to the interface and delaminate the coating. In order to investigate the
hypothesis that paint removal was due to a type of spalling, a series of experiments was
performed.

A 12.5 mm thick piece of steel was clamped to the back of the painted (40 um thick
coating) steel sheet with three different coupling layers: an ultrasonic coupling fluid, honey,
and a thin layer of epoxy, so that the clamped interface would transfer all waves without much
attenuation. If a wave reflected from the backside of the 12.5 mm plate as a tensile wave and
caused a delamination as explained above, the size of the delamination should be decreased
relative to the steel sheet alone because the spherical wave would have been dispersed and
attenuated by the much thicker substrate (approximately 19 times as thick as the original
sample). = The paint areas removed using the coupling gel, honey, and epoxy, were,
respectively, 0.659, 0.643, and 0.613 mm?>. The area removed from the painted steel sheet
alone (without the 12.5 mm plate coupled to it) was 0.690 mm?®. The differences between these
values are small, and certainly well within experimental error, which is approximately £30% as
shown in Figure 3.4. This meant that the compressive waves reflecting as tensile waves from
the back of the substrate could be eliminated as a mechanism of coating removal.
Nevertheless, a spalling-type mechanism could still possibly result if compressive waves
reflected at the substrate/paint interface and back down from the free surface at the top of the
paint layer towards the interface as tensile waves. The other conclusion that can be drawn from
this experiment is that the 0.66 mm thick steel substrate can be modelled effectively as semi-
infinite.

Further insights into the mechanism of removal may be gained from Figure 3.6, a plot of

the paint area removed versus the incident normal velocity component for all experiments
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performed on this coating/substrate system. An interesting feature is that the area removed
tends to reach a plateau at higher incoming normal velocities. Although this observation is
intuitively correct, it is contrary to the spalling hypothesis, where one would expect the area
removed to continue to increase, as the intensity and energy of the wave increases with the

incident normal velocity.
An additional assessment of whether quasi-static or inertial (wave) effects dominate can

be obtained by calculating the amount of time it takes for stress waves to traverse the coating
thickness, and comparing this to the amount of time that the sphere is in contact with the
coating during the collision. The longitudinal wave speed for this coating from ultrasonic tests
in Section 3.2 was = 2000 m/s . For a 50 um coating, it takes 0.025 ps for the wave to traverse
the coating. Experimental observations have shown that the contact time is on the order of 50
us. Because the stress waves will traverse the thickness of the coating approximately 2000
times during the contact time, the stress field will be dominated by static, rather than inertial
effects.

Figure 3.10: Impact near a free edge for a 40 um thick coating. Note the attached
paint in the shape of the original free edge.

The other possible mechanism for coating removal is the attainment of a quasi-static

critical delamination shear stress. In this model, the collision is treated as a quasi-static
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indentation problem, under the assumption that the coating will delaminate once a critical shear
stress is reached. An experimental observation that appears to support this mechanism is seen
in Figure 3.10, which shows an impact site very close to the cut edge of the paint layer (though
relatively far away from the edge of the steel substrate). Here, a 0.64 mm glass sphere was
launched at the edge of a 40 um thick paint layer sample to investigate the effect of a free
surface in the vicinity of an impact site. The coating was delaminated in the usual manner,
except that in the vicinity of the free surface at the edge, a small ridge of paint (shown by arrow
in Figure 3.10) remained intact in exactly the shape of the original edge of the paint layer.
Because the shear stress on a free boundary must be zero, equilibrium considerations imply
that the shear stress along the paint/substrate interface must also fall to zero very quickly at the
edge, thereby explaining why a narrow strip of paint remains attached in the immediate vicinity
of the free surface of the edge. Under the spalling hypothesis, one would expect the free
surface of the edge to have little effect on the reflected tensile wave, and for all of the paint to
be removed. The above experimental and analytical observations led to the conclusion that the
coating removal was due to quasi-static, rather than wave effects, normal effects dominated the
collision for this system, and that interfacial shear effects played a role in the delamination.

3.4.2 Analysis of incident kinematics

A realistic model of the kinematics of the incident portion of the collision assumed that
the coating behaved locally in a fully plastic manner during the impact, resisting indentation
with a constant dynamic flow pressure (or dynamic hardness, for a sphere, the resisting force
divided by the projected contact area) [15, 24-31]. For a sphere, an estimate of the dynamic
hardness can be obtained by setting the incoming kinetic energy equal to the work done
indenting the coating,

1wtz dTF d(d) (3.4)
2
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where F is the indentation force, which is equal to the dynamic hardness multiplied by the
projection of the contact area (i.e. F = pgnc?).

In
S S S S

Figure 3.11: Geometry of indentation of coating (thickness h) on rigid substrate by a
sphere of radius R.

By assuming a relationship between the penetration depth, d, and the contact radius, c,
Figure 3.11), of the form (neglecting the pile-up dh),

¢ !
d=—+— 3.5
TS -3
equation (3.4) becomes (1],
1 2 c..' ¢’
2 2 _ max | _“max 3.
7 p“"[ 4R 12R’] ©9)

where p; is the dynamic hardness, cmax is the maximum contact radius reached during the
indentation, and m, R, and v; are, respectively, the mass, radius and incident velocity of the
particle.

Adjusting the dynamic hardness in the plastic model so that penetration to the bare
substrate occurred for the experimental penetration velocities shown in Table 3.2 resulted in a
relatively consistent dynamic hardness (also shown in Table 3.2). It should be noted that Table
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3.2 includes normal incidence experiments performed with 0.72 mm diameter steel spheres,
which were used to test the dependence of pq on particle material.

Coating Impacting | Velocity required | Kinetic Energy Dynamic
Thickness Particle to initiate coating | required to just | Hardness, py
(1m) removal (i.e. penetrate (MPa)

penetrate to steel | coating to steel

substrate) (m/s) (mJ)
20 glass 20 0.073 190
40 steel 20 0.297 170
40 glass 40 0.291 190
50 glass 45 0.369 155

Table 3.2: Experimentally determined incident velocity and kinetic energy required
to remove coating, and resulting dynamic hardness for different impacting particles
and coating thickness.

The dependence of the dynamic hardness on the indentation depth is quite small. One
would expect that the dynamic hardness should increase with decreasing coating thickness
since the influence of the substrate will be a maximum when the coating is thin. This was
found to be the case for organic coatings in studies by other authors [35, 36], and is evident
when comparing the 40 and 50 pum thick coatings, but not for coating thicknesses of 20 and 40
pm. The reason for this was not clear, but it is possible that, for very thin coatings, the
influence of the substrate became relatively consistent. It should also be noted that the
instantaneous dynamic hardness will change slightly as the particle penetrates the coating.
Thus, the dynamic hardnesses in Table 3.2 should be viewed as values averaged for the whole
impact.

The fact that the required kinetic energy to penetrate the coating to the substrate (to just
start to remove the coating) is almost the same for the steel and glass spheres on the same 40
um thick coating is also expected, given the fact that the particles are of similar size, and do not
deform while penetrating the coating in both cases.

As an interesting side note, the dependence of dynamic hardness on the substrate material
was used to explain differences in coating removal rates in a multiparticle blast cleaning

application. When identical coatings were applied to aluminum and composite substrates, it
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was found that the coating removal rate was much higher for the composite substrate. In
addition, a ‘selective stripping window’ which is a period of time where, upon blasting, a
coating can be removed without removing the epoxy primer, existed for the aluminum
substrate panels, but not for the composite panels [36]. Because the composite matrix will be
of approximately the same dynamic hardness as the coating (and the epoxy primer), whereas
the aluminum will be of higher dynamic hardness, the coating should be effectively softer on
the composite panels. This explains the differences in coating removal rates between the two
systems. Also, for the same reason, the composite system will appear to the impacting particle
as essentially a very thick panel of material of dynamic hardness approximately equal to that of
the coating, whereas when the epoxy primer is reached in the case of the aluminum system, the
presence of the hard aluminum substrate will be felt more by the impacting particle. Thus, one
would expect the selective stripping window to appear in the case of the aluminum system, but
not the composite system.

In order to further test the validity of the fully-plastic indentation model at a range of
incident velocities, single glass spheres were launched against a 40 pm thick coating at normal
incidence, and the diameter of the permanent indentation of the coating was measured using
image analysis software, and compared to that predicted by the analysis using a constant value
of p¢= 190 MPa. The results are presented in Table 3.3.

Incident | Plastic-flow model | Measured coating | Percent Difference
Velocity, coating contact contact diameter, | 2(cp-Cm)/(Cm+cp)x100
Via (nv/s) | diameter, 2¢, (mm) 2¢m (mm)

27 0.252 0.233 7.8

37 0.299 0.313 -4.6

20 0.220 0.231 4.9

29 0.263 0.256 2.7

24 0.242 0.228 5.9

Table 3.3: Comparison of predicted and measured contact diameters for 40 um
thick coating impacted by glass sphere (R=0.32 mm, m=0.364 mg) using plastic flow
model with dynamic harness, p,~190 MPa
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The agreement is very good, and thus it can be concluded that this analysis, which neglects
any elastic effects during the incident portion of the collision, describes the kinematics of the
indentation adequately.

Table 3.4 shows a comparison of predicted penetration velocities using pg =190 MPa and
the experimental observations of the normal velocity component required to begin coating
removal (from Figure 3.6). There is a good correlation between the predicted coating
penetration velocity and the measured velocity at which the coating begins to be removed for
four different coating thicknesses. In other words, coating removal begins only when the
coating is fully penetrated for this coating/substrate/particle system. The reason for this may be
that the onset of delamination required the creation of a free edge that was formed when the

particle reaches the substrate.
Coating Predicted normal Experimental normal Difference
thickness component of velocity | component of velocity at (%)
(um) to penetrate coating | which coating begins to be
(m/s) removed (Fig. 6) (m/s)
20 20 20 1
25 25 22 13
40 39 40 4
50 50 45 11

Table 3.4: Comparison of predicted velocity (pd = 19¢ MPa) to cause penetration of
coating to steel substrate, and measured velocity at onset of coating removal.

According to Johnson [15], the dynamic hardness, pq, is between 1.1 and 3 times the
yield stress of the coating, though this relationship is for infinitely thick materials (whereas
there is some dependence of the dynamic hardness on coating thickness as shown above).
Thus, for this coating, the yield stress is in the range 60-170 MPa, which compares well to the
values obtained by Dioh and Williams [23] for other types of paints.

A certain amount of energy was lost in penetrating the coating, and then the collision

proceeded as if the remaining energy (incident energy minus energy to penetrate the coating to
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the substrate) was incident on a bare substrate. This is demonstrated in Figure 3.12, which
shows that for all coating thicknesses, e tended to reach an approximately constant value of
0.35 when the coating began to be removed, meaning that the collision proceeded in a similar
manner for all the coating thicknesses from this point. This is further illustrated in Figure 3.13,
which shows that the coefficient of restitution tended to reach the value measured on bare steel

at higher incoming energies.

Coefficient of Restitution, e
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Figure 3.12: Variation of coefficient of restitution, e, with area of coating removed
for coating thickness: A - 50 um, - 40 pm, [1- 25 um, O- 20 pm.

The coefficient of restitution can be estimated by using the fully-plastic indentation
model (equation (3.6)) to describe the incident portion of the impact, and an elastic analysis to
describe the elastic rebound of the particle. Johnson [15] used a similar approach with bare
substrates. The elastic analysis used is similar to that developed by Matthewson [20], with a
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modification by the author [1] to the expression for the indentor profile which gives more
accurate results. The model is presented in Appendix B, and its application in a MathCad 7.0
(Mathsoft Inc) sheet can be found in Appendix D. This model shall be referred to as the
‘modified Matthewson analysis’. Application of this procedure for incident kinetic energies
less than or equal to that for penetration to the substrate (range for which the elastic model is
valid), yielded predicted values of e (solid line in Figure 3.14 is linear best fit of predicted e)
that agreed reasonably well with the experimental data (dashed line in Figure 3.14 is linear best
fit of experimental e), given the scatter inherent to measurements of e. This further illustrates
the validity of the present model, and shows that the value of Young’s modulus of the coating
obtained ultrasonically is a reasonable estimate of the true value under impact conditions.

Coefficient of Restitution, e

3 o i |

o A | |
0.1 ‘ . :
0 - . | .
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Normal Incident Kinetic Energy (mJ)
Figure 3.13: Variation of coefficient of restitution, e, with incident kinetic energy in

normal direction for coating thickness: A - 50 pm, - 40 p.m,n- 25 um, O - 20
pm, == - bare steel.
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Figure 3.14: Coefficient of restitution as a function of incident normal velocity for
40 um thick coating. <>-experimental data, (] - predicted using plastic analysis for
incident portion and elastic analysis for rebound portion.

Figure 3.4 and Figure 3.5 show energy losses for the coated system as a whole, including
energy losses due to local plastic deformation in the bare steel substrate directly below the
impact site. An estimate of the amount of energy lost to the coating alone can be obtained
using the normal direction energy loss for experiments performed on both coated and bare
substrates, as a function of incident normal direction energy (Figure 3.15).

The following steps demonstrate how to use these plots for estimating energy losses to
the coating due to normal effects at high incident normal velocities [1]. All energies and
energy losses in the following steps are due to normal effects.
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Let L4 be the incident kinetic energy for the particular data point of interest, and let I, equal the

incident kinetic energy of a sphere that just penetrates the coating to the substrate.

(a) Use the fully-plastic model (equation (3.20)) to calculate I, the incident kinetic energy to
penetrate the coating, corresponding to the onset of coating removal.

(b) Subtract I, from 4 to estimate the incident kinetic energy that is available to deform the
steel substrate. As illustrated in Figure 3.12, once the coating has been penetrated, impact

proceeds as if the substrate were bare.
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Figure 3.15: Energy loss due to normal direction effects vs. normal incident kinetic
energy. Equations shown are linear regression curve fits. O-4a0 pm coating, L] -
bare steel.

(¢) Use the linear curve fit of the energy loss vs. incoming energy for bare steel (bottom curve

of Figure 3.15) with the result of (b) to estimate the energy loss to the steel substrate.
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(d) Use the top curve of Figure 3.15 with I to find the energy loss for the coated system
(which is made up of energy loss to the coating and energy loss to the substrate). Subtract
the energy loss to the steel substrate obtained in (c) from this energy loss. This is an
estimate of the amount of the energy lost to the coating.

Figures similar to Figure 3.15 were obtained for all coating thicknesses, and the above
steps were performed on all data obtained in this study. The resulting estimates of energy loss
to the coating due to normal effects can be found in Figure 3.16. The lines are best- linear
curve fits for each coating thickness using only the nonzero data points.
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Figure 3.16: Area of coating removed vs. energy lost to coating for coating

thickness: A 50 pm, X 40 pm, Qs um, 20 pm. Best linear fit lines: — — — 50
pm, —40 pm, 25 pm, 20 pm.

Though there is significant scatter, there is, as seen before in Figure 3.4, Figure 3.8, and
Figure 3.9, a threshold value of the normal energy loss corresponding to the onset of coating

removal. The threshold increases with coating thickness, and beyond it, the area removed
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increases rapidly with energy loss (approaching a step increase). The energy losses due to
tangential effects for coated substrates (Figure 3.5) are approximately equal to the energy
losses due to tangential effects to the coating itself. This is because the energy losses due to
tangential effects were found be very low for impacts on bare substrates when the impact angle
was varied from 17 to 90° for incident total velocities of 50 and 90 m/s (fess than 10% of total
energy lost in most cases).

As the incident normal kinetic energy is increased beyond that required to penetrate the
coating to the substrate, the area of coating removed increases. It is hypothesised that this may
be due to the deformation of the particle after it contacts the steel substrate. Because the steel’s
Young’s Modulus was approximately three times than that of the glass, it is possible that, upon
contacting the steel, the glass particles experienced significant lateral deformation which
resulted in increased shear stresses at the coating/substrate interface. An estimate of the extent
of this deformation can be obtained by using a Hertzian analysis [37].

Although the substrate will deform plastically at higher impact velocities, it is noted that
coating removal did occur for a range of velocities that do not cause plastic deformation of the
steel (Figure 3.2). Hence, the use of an elastic (Hertzian) analysis was expected to yield
realistic results, at least for intermediate velocities. For example, according to Table 3.4, a 39
m/s incident normal velocity was required to just penetrate a 40 um coating, corresponding to
0.27 mJ total incident energy (particle velocity is zero at substrate contact). Now, assume that
a second particle is incident at 50 m/s normal velocity, corresponding to 0.46 mJ of incident
normal energy. The particle would again use 0.27 mJ of incident energy in penetrating the
coating and the remaining incident energy would be 0.19 mJ. Assuming all of the remaining
incident energy is available to deform the substrate and particle, the Hertzian analysis gives a
maximum deflection of the steel substrate of approximately 3 um, and the particle diameter at
the point of impact decreases approximately 8 um. The additional volume of coating displaced
by this particle deformation was approximately 40% of the original coating volume displaced
by the penetration to the substrate. Therefore, significant amounts of lateral deformation of the
coating are expected to occur as the particle deforms (flattens), even at the relatively low
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velocity of 50 m/s. This additional deformation of the coating may account for the continuing
increase in the area removed.

As noted above, an interesting result in the context of coating removal using blast
cleaning is that it may be possible to remove the coating without causing visible permanent
damage to the substrate. An examination of the impact sites for all experiments (optical
microscope at 160X) showed the existence of a range of incident normal velocities, beginning
at the coating penetration velocity, where coating removal occurred with no visible damage to
the substrate. For the 50 um coating, this range was about 50-80 m/s, for the 40 um coating
about 40-65 m/s, and about 21-36 m/s for the 25 um coating (no conclusions could be drawn
from the 20 m/s experiments due to a lack of data in the proper range). The lack of damage to
the substrate in these cases is thought to be due to the coating protecting the substrate. At
higher velocities, the particle does not lose enough energy penetrating the coating, and
sufficient incident energy remains to deform the substrate. It is important to note that this
result, although interesting, is not applicable to streams of particles such as in blast cleaning,
because, after removing the coating, subsequent impacts on the bare steel would damage the

substrate.

3.5 Delamination mechanism: Impact-Induced Buckling

Examination of the impact sites in Figure 3.1 revealed delamination that was
approximately circular, with a raised (buckled) portion of coating in the centre. This behaviour
is consistent with coating delamination due to the buckling of the coating. Similar patterns of
bebaviour have been observed by others in the context of the quasi-static buckling of
precompressed thin films [38,39,40,41,42], and in particular by Evans and Hutchinson {40],
who studied the static indentation-induced buckling of thin films.

38



Alkyd/Steel Coating System

3.5.1 Theory and analysis: Buckling analysis of clamped ring constrained from deflecting
at an arbitrary inner radius

In the analysis of Evans and Hutchinson [40], the delaminated coating was modelled as a
clamped circular plate, and an asymptotic post-buckling solution developed by Thompson and
Hunt [43] was modified and used to determine the post-buckled response of the coating. Strain
energy arguments were then used to estimate the strain energy release rate and mode mix of the

interface delamination crack.

& /)

................ 1
) Unbuckled : Buckled

A, NA
Figure 3.17: Possible equilibrium paths for an axially compressed flat plate.

Figure 3.17 depicts two possible paths that might be taken by an edge stress, o, vs. edge
displacement, A, curve when a flat plate is subject to an applied compressive edge force. If the
edge stress is less than a critical buckling stress, o, then the path taken is the one marked
‘unbuckled’ in Figure 3.17. Otherwise, the path taken is the one marked ‘buckled’. The
analysis of Evans and Hutchinson [40] relies on the calculation of the initial slope of the post-
buckled path (Figure 3.17) and the calculation of the critical force at the edge of the
delamination required for buckling to occur, which is expressed as a buckling parameter, C,
defined as,
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C = 3.7

where a is the radius of delamination, P is the critical buckling force and D is the plane-strain
flexural rigidity per unit length defined as,

3
D="-§—h—z
12(1 -v%)

(3.8)
where E and h are, respectively, the Young’s modulus and the thickness of the coating. The
value of C, calculated by Evans and Hutchinson and others is 14.68 [40, 43, 44]. The analysis
of Evans and Hutchinson was based on a coating free to deflect anywhere within the
delamination radius. Figure 3.1, however, shows that this is not the case for the present
system. The imprint of the particle is visible in the coating at the impact site and a small dot of
crushed paint remains attached to the substrate, indicating that the presence of the particle may
limit the buckling over a finite area. Evans and Hutchinson acknowledged this, and used a
numerical analysis to calculate a buckling parameter, C,, of 42.68 for a buckled coating which
is prevented from deflecting at a single point in the centre of the indentation; no attempt was
made to calculate the initial post-buckling slope for this case [40]. Their analysis, however, is
not applicable to cases, such as the present, where a finite area (i.e. more than just a single
point) is prevented from deflecting. I[n the present work, a new post-buckling analysis
developed by the author [9,10], also based on the method of Thompson and Hunt [43], was
performed for cases where the coating is prevented from buckling at some radius from the
centre of impact, due to the presence of the particle. This was then used to calculate the strain
energy release rate and mode mix at the outer edge of the delaminating coating using an
existing strain energy release rate/mode-mix analysis [38, 45].

The buckled coating is modelled as a flat plate subject to an external uniform force per
unit length (circumference) P at the outer radius of delamination, r = a (Figure 3.18). The outer
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boundary (r = a) is clamped (but allowed to translate in plane), and at some radius, b, the plate
is pinned (i.e. prevented from deflecting out of plane, but allowed to translate in plane) due to
the presence of the impacting particle.

o

Prerare w(r),
T Pk AB P

Figure 3.18: Clamped-pinned annular plate configuration used in buckling analysis.

In the absence of buckling, the “fundamental” response is,

-P(1-v) .
Eh 3.9
wi(r)=0

uf(r)=

where u"(r) and w'(r) are the in-plane and out-of-plane displacements, respectively, of the
unbuckled coating. The problem can also be interpreted as an annular ring subject to equal
compressive forces per unit length, P, on the inner (r = b) and outer (r = a) boundaries.

The potential energy, V, of this system is
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Ve=lo+J +], (3.10)

where Jg is the elastic stretching energy of the system, J; is the work done by the force P, and Jg
is the strain energy of bending which are given by,

Eh
Jg = 20—V 1(3,2 +2VE g +Ey hmdr (3.11)
J, = Pu(a)2na - Pu(b)2nb (3.12)
and
1 wl wl 2
Jg =TtDJ|:W”2 +2vw”—r—+(7) }rdr (3.13)

where E is the Young’s modulus, h is the thickness, and v is the Poisson’s ratio of the coating,
respectively, and & and g5 are the strains in the radial and circumferential directions,
respectively. The primes indicate differentiation with respect to r.

The middle surface strains, according to Von Karman non-linear plate theory, can be

written as,

2 (.14)

Substituting equations (3.11)~(3.13)into (3.10) yields
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’

X , 2
V= RDJ w? e 2vw" Xy ( —“L] jlrdr +2nP(au(a) - bu(b)) +
r r

2 2
+ nEhz (u'+ 1-w'z) +2v[u’+lw'z)3+(3) rdr (3.15)
l-v 2 2 r r

—

Following the approach of Thompson and Hunt [43], the changes in displacement, due to
buckling, from the fundamental (unbuckled) state are defined as,

w(r) = w(r) } G.16)

u(r) = uf (r) + v(r)

Substituting this into the expression for the potential energy, equation (3.15), the potential

energy becomes, in terms of the incremental buckling displacements, w(r) and v(r),

( ’ 1\ 2 F _
Vv =nDJl:wnZ +2vwnl”r_+(w ) }l’dl’ +21:P[a(u (a)+V(a)) :l

T b(u* (b) + v(b))

a
rr 2 <
1 1 uf+v
(u”:-i-v'+5w'2 +2v u"7+\r’+5w'2 —_
r

+ FEh e (3.17)

Substitution of the fundamental response, equation (3.9) into equation (3.17) yields,
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{ L4 ’ 2
V(v,w,P) = nrD”iw"2 +2vw" (l) :lrdr -nP [ w'irdr +
r r

3 2 2
+ nEhZJ[(v'+lw'z) +2v(v'+lw'2jl+(y—) ]rdr (3.18)
l-v 2 2 r r
b

where the linear terms have disappeared because the fundamental (unbuckled) state is one of
equilibrium, (8V of the fundamental response equals zero). Equation (3.18) has exactly the
same form as equation (3.15) except that there is a quadratic load term instead of a linear one,

and can be rewritten as
b
V(v,w,P) = j’ [H(w", w',v,v)jr (3.19)
Taking the first variation of V,
5V = || P swr+ I s+ Mgy o Hsorlar (3.20)
ow" ow’ v v’

b

Using integration by parts, and knowing that 8V = 0 must be satisfied for all dw, the resulting
two differential equations are,
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o v 2W" w12 [-2viw = 2wy = 3rw i w”
d e b7 - w” - 2vvw" - 2vv'w’ (3.21)
+ BE’ 12(1-v)(2w' +2rw”)=0
for the out-of-plane response, and
! - 12
v+ y_ - 12_ + wlwn + (1 V)W -0 (3.22)
r r 2r

for the in-plane response, with the boundary requirements given by,

' 2
2rWSW' — 2rW"BW — 2W"BW + 2VWBW' + 2 Sw — lngh, v)
r
12

+3 (2rv'w'dw + rw'sw + 2vwwdw), =0} (3.23)

(2w'rsw)+

2rv'dv + rw'28v + 2w8v: =0

By integrating once, the out-of-plane equation, (3.21), can be simplified to

r ' 12 Y-
w"'+w—-zz--127 A4 w'+1—2£(13—v)w'=§- (3.24)
r r° h r Eh r
where k is an integration constant to be determined from the boundary conditions:
at r = a (clamped),
= =0
dw(a) w('a) (325)
dw'(a)=w'(a) =0
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and at r = b (pinned at the inner radius due to the presence of the particle),
sw(b) = w(b) =0 (3.26)

After inserting equations (3.25) and (3.26) into equation (3.23), the remaining boundary
conditions to be satisfied are,

, (.27

The first of equation (3.27) shows that the bending moment must be zero at the pin at b,
and the second that the change in radial edge stress due to buckling is zero at both a and b.
Thus, the variational procedure has provided the proper boundary conditions for the problem.
The out-of-plane differential equation (3.21), and the in-plane differential equation (3.22), must
be solved using the boundary conditions given by equations (3.25)-(3.27). An exact solution
can be obtained numerically, but an asymptotic one [9] is sufficient for the purposes of this
study, and can be obtained by the series expansion of the displacements and forces. This is

explained in Appendix C.

3.5.2 Theory and analysis: Calculation of arrest strain energy release rate and mode mix
for interfacial cracks

The calculation of the strain energy release rate and mode mix for interfacial cracks is, in
general, complicated by the elastic mismatch between the coating and substrate, and thus some
modification to the usual framework of linear elastic fracture mechanics is required [38].
Dundurs described the elastic mismatch in terms of two nondimensional parameters [46],
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= ps(e +1)—pcles +1) d - ps(ice =1)-ps (ks —1) 328
° pclke +1)+pelks +1) wd B pelics +1)+ps(cc +1) 428)

where the subscripts C and S refer to, respectively, the coating and the substrate. In plane
strain,

Kc=3-4vcand x4 =3-4v, (3.29)

and pc and pg are the shear modulus of the coating and substrate, respectively. Combinations
of materials that give rise to Bp = 0 give crack tip fields that are simple, and thus it is usual to
assume that Bp = 0. However, in the present case, the coating is much more compliant than the
substrate, and thus Bp= 0. In this case, the tractions on the interface at a distance r directly
ahead of the crack can be written as [38],

0, elly
og +io, = PR ) e (3.30)
(2mr)?
where
1. (1-Bp
= —In| —Fo 3.31
=2 I+BDJ 6-31)

The complex stress intensity factor K=K!'+iK™ has real and imaginary parts which are
similar to the conventional mode I and mode II stress intensity factors in linear elastic fracture
mechanics. However, the r* term in equation (3.30) introduces an oscillating singularity which
complicates matters for Bp # 0. In this case, the idea of mode I and mode II stress fields must
be modified. Hutchinson and Suo suggested, in this case, a definition of mode mix in terms of
a characteristic length, /, as follows [38],

47



Alkyd/Steel Coating System

_ oo Im(K7*
Yy = tan [Ec-%ﬁ‘ﬂ (3.32)

where K is the complex stress intensity factor. A mode I crack then becomes one that has zero

shear traction at a distance / ahead of the crack tip, and a mode II crack one that has zero
normal traction at that point [38]. The choice of the reference length, /, is arbitrary, and Suo
and Hutchinson suggest the use of the film thickness in the thin film case [38]. Comparisons of
data obtained at different coating thicknesses can then be compared using the transformation

law,

v, =y, + sln[t—z) (3.33)
1

where h; and h; are the two coating thicknesses being compared. The shift is negligible for
small €.

Another important feature of the oscillating singularity is that the crack faces are
predicted to interpenetrate at a small distance ahead of the crack tip. This further complicates
matters, but, fortunately, in most cases, the size of the region in which the crack faces are in
contact is very small compared to the process zone (plastic zone), and thus the usual argument
of linear elastic fracture mechanics (LEFM) can be invoked (i.e. the behaviour of the material
in the process zone is assumed to be characterised by the state at some distance from the crack
tip where the stress state, as given by equation (3.30), is well-behaved) [47]. For the present
system, the demonstrated independence of the critical interfacial strain energy release rate on
geometry (i.e. coating thickness), together with the good agreement in predicted and
experimentally determined delamination size (see Section 3.6.2) is used to justify the use of an
LEFM approach.
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Hutchinson and Suo give an estimate of the range of y over which the crack faces are
expected to be open as a function of two parameters, /, (which characterises the size of the
process zone), and L, (which characterises an in-plane length of the geometry being
considered). For £>0, the condition for which the crack is open is [38],

4 n 1L
-—+2 —+2e-¢ln| —— 3.34
> s<\y<2 E—¢€ (101) ( )

For a coated system, typical values of / and L are, respectively, the coating thickness, and the
crack length. It will be shown in Section 3.6 that, for the present case, this range is very large.
For a more detailed discussion of bimaterial interfaces under conditions of nonzero B, the

reader is referred to reference {38].
Expressions for the strain energy release rate and mode mix, as defined above, for the

case of a thin coating on a substrate are [38]:

2 2p2
G= M(M(a)’ + hlz ] (3.35)

Eh’

_ Im(Kh*) _ V12M(a)cos@ - hPsino

= = = 3.36
M Re(Kh*) —+12M(a)sin®-hPcoso (3.36)

where K is the complex stress intensity factor, G is the strain energy release rate, \ is the phase
angle (which is a measure of the relative amounts of mode I and mode II at the interface, i.e.
the mode mix) and M(a) and P are the bending moment per unit circumference and force per
unit circumference, respectively, at the delaminated edge (r = a), as shown in Figure 3.19. The
value of @ depends on the elastic mismatch at the interface between the coating and substrate
and can be found from the tables in reference [45].
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Spherical Cap
of Volume V,

(a)

Figure 3.19: Configuration of impact site, (a) unbuckled, (b) buckled. Force, P, and
moment, M, reactions in coating at edge of delamination (r = a).

In order to find the strain energy release rate and phase angle as defined in equations.
(3.35) and (3.36), the reactions M(a) and P are required. The above buckling analysis can be
used to find these as follows [9]. Figure 3.17 illustrates the post-buckled path. Assuming an
indentation of volume V,, as shown in Figure 3.19, a displacement of A must be applied at the
edge of the clamped ring (r = a) in the unbuckled configuration in order to offset the dilatation
of the coating due to the indentation, which is given by [40],
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A=—2- (337

This induces a compressive biaxial stress in the disk, in the unbuckled state, of

EV,
G, = m (33 8)

The initial slope of the buckled path (Figure 3.17) can be found by applying the results of
the post-buckling analysis. Let A be the in-plane displacement at r = a in the buckled
configuration, and let

P¢(1-v)a

= (3.39)

Ac=ui(a)=-

be the critical displacement at the outer edge of the delamination (r = a) necessary for buckling
to occur. The critical compressive stress to initiate buckling, oc, using equation (3.7), can then

be written as,

C,Eh’

-__GCEh 3.40
%= Ra-vha? (3.40)

and, using equation (3.38), the buckling condition is expressed as a critical indentation volume,
Ve,
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V. = C,nh’

= 1Y) (3.41)

The slope of the unbuckled portion of Figure 3.17 is 1. The equation for the buckled portion of
Figure 3.17 can be written as:

+(1-atg) (3.42)

c A
C (o

where ag is the initial slope of the post-buckled portion of the curve. When the coating
buckles, the displacement at the outer edge (r = a) is, using equation (3.16),
u(a)=uf(a)+v(a)=A (3.43)

where v(a) is the additional in-plane displacement due to buckling. The initial post-buckled
slope is written, using Figure 3.17, as,

C
oy =L (3.44)

Manipulating equations (C.1), (C.14), (C.25), (3.40), (3.43) and (3.44), the slope becomes,
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1
_ av,(a)24(1 +v)
C,

(3.45)

ag =
l

which, although not obvious, is independent of a for fixed p = b/a. Equation (3.45) is the initial
post-buckled slope, and its dependence on p is shown in Figure C.2 in Appendix C.
Rewriting equation (C.25),

5
s_|{2 )%
h'[(PC 1) Cz] (3.46)

A_S_ Y (3.47)
Ac o V¢
gives,
v. YT
5 = —o _1[|==L
- [aﬂ( v ) c ] (3.48)
Noting that,
M(r) =—D(w"(r)+%w’(r)) (3.49)

where M(r) is the bending moment per unit length, equations (C.11), (C.25), (3.48) and (3.49)
can be used to find the force, P, and the bending moment M(a) at the edge of the delamination

53



Alkyd/Steel Coating System

(Figure 3.19) for subsequent substitution into equations (3.35) and (3.36) to find the arrest
value of the strain energy release rate and mode mix for cracks due to indentation-induced
buckling.

3.5.3 Estimation of critical interfacial shear stress required to initiate delamination

The above analysis works well for estimating the arrest values of the strain energy release
rate and phase angle of cracks in thin buckled coatings, but makes no mention of how the
cracks initiated. Equation (3.38) shows that the biaxial stress induced by the indentation of the
coating, and thus the strain energy release rate, increases sharply as the delamination radius
decreases. It is difficult to determine the magnitude of the strain energy release rate under
these conditions, because the initial location and size of the interfacial crack cannot be
determined accurately, and because of the difficulty in obtaining the stress state in this area.

If one assumes a completely plastic zone directly below the indenting sphere, roughly the
shape of a cylinder with radius ¢ (contact radius), and height h (coating thickness), and the
further assumption is made that the crack initiates from the edge of this zone, Matthewson [48]
has developed a model for determining the interfacial shear stress required to initiate an
indentation-induced delamination. This analysis shall be referred to as the ‘plastic hole
Matthewson analysis’. Conceptually, the analysis involves removing the cylinder of plastically
deformed material, and replacing it by a radial compressive pressure equal to 2/3 times
(determined using Tresca criterion) the mean contact pressure required to create the plastic
zone. This radial compressive pressure is then used as a boundary condition in the
approximate elastic stress analysis presented in Appendix B, and the resulting expression for
interfacial shear stress at the edge of the hole (r = c) is [48],
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3
3 (3.50)

EGIE
k)

ﬁf"ﬁ

where pq is the mean pressure (dynamic hardness), K;'(x)=d K(x)/dx, K(x) is the first-order
modified Bessel function of the second kind, v is Poisson’s ratio of the coating, ¢ is the contact
radius, h is the coating thickness, and

=[6_<1_-zz]% .

4+v

The normal stress across the interface is predicted to be zero. It should be noted that this
approximate analysis is based on normal stresses and strains which are averaged through the
thickness of the coating (as in the case in Appendix B), and thus, the resuiting interfacial shear
stress is not suitable for the calculation of the energy release rate and phase angle.
Nevertheless, this nominal value of the interfacial shear stress at initiation is useful in
describing the conditions under which initiation of a debond will occur (this will be
demonstrated below).

3.6 Experimental verification of impact-induced buckling mechanism

The aim of this section is to verify the theory presented in Section 3.5 through experiment.
In order to test the analysis, individual glass spheres (the same used in Section 3.3, 0.64 mm
diameter, m=0.364 mg, E=70 GPa) and steel spheres (0.73 mm diameter, m=1.49 mg, E=210
GPa) were launched against alkyd coated steel panels (same as described in Section 3.2) of
varying paint film thickness (20 - 50 pm), and the incident and rebound velocities were
measured photographically, in the manner outlined in Chapter 2.
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The coating always delaminated at the interface between the coating and the steel substrate,
leaving a raised blister of coating as shown in Figure 3.1. This blister was thought to be due to
the coating buckling, hence motivating the analysis of Section 3.5. In order to perform the
buckling analysis, the indentation volume, V,, the radius at which vertical deflection is
prevented from occurring due to the presence of the particle, b, and the radius of delamination,

a, were determined as described below [10].

3.6.1 Determination of indentation volume, V, and radius at which buckling is prevented
from occurring due to presence of particle, b

In Section 3.4.2, it was found that the kinematics of a single particle as it penetrates into
the coated substrate (under conditions of impact) could be described well by a simple plastic-
flow model. The coating was assumed to behave locally in a fully plastic manner during the
impact, resisting indentation with a constant dynamic flow pressure (or dynamic hardness).
The dynamic flow pressure is similar to the hardness in static indentation tests, and is defined
as the force divided by the area over which the force is being applied by the indenting particle.
Once pg has been determined, the indentation depth, d, can be easily obtained via equations
(3.5) and (3.6), and calculation of the indentation volume, V,, for use in the buckling and strain
energy release rate, becomes a simple matter of geometry.

In the cases where the incident velocity is just sufficient to cause penetration of the particle
to the substrate (Figure 3.20 (a)), the calculation of V, is simply the volume of the spherical
cap portion of the sphere bounded by the coating thickness, h. The radius at which the coating
is prevented from deflecting, b, is taken to be the contact radius between the particle and
substrate (b = 0 in this case). In cases where the incident velocity is greater than that required
to just penetrate the coating to the substrate (Figure 3.20 (b)), the calculation of V, and b are
more complicated, because the deformation of the particle as it collides with the hard steel
substrate after penetration will displace additional coating. It is believed that this is the
principle mechanism responsible for the growth in delamination area as the incident kinetic

energy increases.
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Volume V, is portion of
sphere bounded by
interface and original h

(a)

Volume V, is portion of
deformed sphere betwee
interface and original h

(b)

Figure 3.20: Calculation of indentation volume, V,, and radius, b, at which coating
is prevented from buckling due to presence of indenting particle: (a) penetration of
particle to coating/substrate interface. (b) penetration of particle into substrate.

A complete analysis of the kinematics of the indenting particle would take into account the
elastic-plastic behaviour of the coating, particle and the substrate, as it penetrates the coating.
Because such an elastic-plastic compliance relationship is difficult to obtain, a Hertzian
analysis [15] was used to model the deformation of the particle and substrate after penetration
into the bare steel substrate. The resistance to indentation provided by the coating after the
particle had reached the substrate was ignored, as was the deformation of the particle due to the
coating. The indentation volume, V,, in this case, was taken as the portion of the deformed
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sphere bounded by the original interface between the coating and substrate, and the original
coating thickness. After the particle penetrated to the bare substrate, the collision proceeded as
if the particle were incident on a bare substrate, as explained in Section 3.4.2. The deformation
of the particle after penetration to the steel substrate was thus modelled as quasi-static Hertzian,
with incident kinetic energy equal to the difference between the total incident kinetic energy
and the incident kinetic energy required to penetrate the coating to the bare steel substrate
(Table 3.2). The radius at which the coating is prevented from deflecting due to the presence
of the impacting sphere, b, is approximated as the contact radius between the particle and the
substrate in this Hertzian analysis, as shown in Figure 3.20(b). The deflected profile obtained
from the Hertzian analysis was then used to calculate the indentation volume, V,, and b, for use
in the buckling analysis of Section 3.5.2.

It should be noted that after penetration to the bare substrate, there would, in some cases, be
enough kinetic energy left over to plastically deform the substrate. In these cases, the Hertzian
analysis must be regarded as approximate. Nevertheless, two experimental observations
suggest that this approximation is valid: (1) There was a range of incident kinetic energies
where the coating was removed (i.e. the particle penetrated to the bare substrate), but no visible
permanent deformation was evident in the substrate; and (2) No damage or permanent
deformation was seen in the impacting particles.

The choice of the Hertzian contact radius between the particle and steel substrate as b, the
radius to which the coating is prevented from buckling due to the presence of the particle, is
motivated, in part, by the fact that a small dot of crushed paint was left attached to the substrate
after the buckled paint chip delaminated (Figure 3.2(a)). This was paint that was trapped
between the particle and the substrate, and was roughly the size of the Hertzian contact radius
for a sphere impacting on a bare steel substrate at the appropriate kinetic energy, as explained
above (i.e. the total energy minus the portion required to penetrate the coating to the bare
substrate).
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3.6.2 Calculation of reactions, arrest strain energy release rate, and phase angle at edge of
delamination

The delamination radius, a, for collisions between glass and steel spheres and alkyd coated
panels at various incident velocities was obtained using image analysis in the manner explained
in Section 3.3.1. The indentation volume, V,, and radius at which coating deflection was
prevented from occurring, b, (due to the presence of the impacting particle) was calculated, for
both the case of complete indentation of the coating (where coating removal just begins to
occur), and for penetrations beyond the coating thickness.

h | N | Particle| V, o |[Ave.| b Yo V. | Arrest| vy
(um) (m/s) | (deg) | a |(um)| (m’x | (m’x [ Gc | (deg)
(um) 10" | 10" [ Jm?)
20 [15] glass | 20 | 90 [208 | 0 [0394]0.131] 222 | 22
40 [16] glass | 40 | 90 [375 [ 0 | 154 ] 1.05 [ 229 | 127
40 | 5] steel [ 20 | 90 [402 [ 0 | 177 [ 1.05 [ 219 | 9.0
24 [ 3] glass | 59 | 90 [330 | 71 | 115 (0214 222 | -8.8
24 10| glass | 31 | 90 | 293 | 47 |0.838 | 0.177 [ 203 [ 4.0
40 |18 glass | 58 | 90 [ 440 | 64 [ 235 [0921 [ 250 | -0.6
40 [ 5] steel | 25 | 90 [ 416 | 52 | 234 [0915] 298 | 11
40 | 3| steel 87 | 90 [ 561 | 103 [ 3.92 [0.950 ] 210 | 6.0
40 | 6] steel | 45 | 90 [489 [ 80 [ 3.10 [0.932 [ 252 | 3.7
40 [ 5] Ssteel 57 | 90 | 504 | 8 | 328 0937 | 246 | 44
50 [12] glass | 50 | 90 | 513 | 49 [ 299 | 1.80 | 197 | 9.0
24 [11]| glass | 31 | 38 | 284 | 47 [0.838 [0202 | 233 | 4.5
40 [12] glass | 58 | 46 [ 421 | 64 | 235 [0.924 | 303 | -l.1
40 | 8] glass | 58 | 33 | 418 | 64 | 235 [ 0925 313 | -1.2

Table 3.5: Experimentally determined arrest strain energy release rates (G} and
phase angles (y) for glass and steel spheres impacting alkyd coatings of varying
thickness. h = coating thickness, N = number of experiments performed, V, =
normal component of incident velocity, @ = incident angle of attack, Average a =
average delamination radius, b= radius at which coating is prevented from
deflecting due to presence of particle, V. = critical indentation volume to cause
buckling, V, = calculated indentation volume.

The buckling analysis (Section 3.5.1) was then used to find the bending moment, M(a),
and compressive force, P, per unit circumference at the edge of the delaminated coating. These
59



Alkyd/Steel Coating System

reactions were used, together with the delamination radius, a, to calculate the arrest value of the
strain energy release rate, G, and the phase angle, y, for the impact sites, as explained in
Sections 3.5.1 and 3.5.2. The phase angle calculation requires the calculation of a parameter ©,
which depends on the Dundur’s parameters. This value was extrapolated from the tables in
Reference [45] as 52.5°. To facilitate calculations, the plastic and Hertzian analyses required
for calculation of V, and b, the buckling analysis required for calculation of M(a) and P, and
the strain energy release rate/phase angle analysis were all set up in a MathCad Plus 6.0
(Mathsoft Inc.) worksheet, and the results are shown in Table 3.5. The MathCad
implementation can be found in Appendix D.

In Section 3.5.2, it was noted that some coating/substrate combinations give rise to
interfacial crack stress fields that are more complicated than the usual ones of linear elastic
fracture mechanics. The present alkyd/steel system is one such system. The parameters that
describe the elastic mismatch at the bimaterial interface are the Dundur’s parameters op and fp
(see [38,45]). For the present system, ap = -0.975, and Pp = -0.153. The fact that Bp#0
introduces an oscillating singularity in the stress field directly ahead of the interfacial crack,
which can be described by a parameter € (equal to 0.049 for the present system). A result of
this complication is that the crack faces are predicted to interpenetrate at some distance behind
the crack under certain conditions. Hutchinson and Suo [38] give an estimate of the range of
phase angles, y, over which this is not expected to occur as a function of /, which characterises
the size of the process zone (plastic zone at crack tip), and L, which characterises an in-plane
length of the geometry being considered. If!is taken as a typical coating thickness, h, and L is
taken as a typical radius of delamination, a, then, for the present system, the range is found to
be on the order of -84° < y < 90°. The phase angles obtained with the present system (Table
3.5) are well within this range, so it is expected that the crack faces will not interpenetrate in
any of the present cases.

For nonzero B, the phase angle must be defined in terms of a characteristic length, /. A
mode I crack then becomes one that has zero shear traction at a distance / ahead of the crack
tip, and a mode II crack one that has zero normal traction at that point [38]. For coatings, / is
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usually taken as the coating thickness, h, which creates a problem if comparisons of G and y
are made between different coating thicknesses. Fortunately, the y transformation given in
equation (3.33) (which is a function of only the thicknesses involved and €), and discussed in
Section 3.5.2, can be used to convert between coating thicknesses. For the present system,
taking the largest and smallest coating thickness (20 and 50 um) gives a conversion factor of
approximately 2.5° which must be added to the phase angle of the smaller thickness. Because
this change is well within the experimental scatter of the data, it was ignored. For a detailed
discussion of bimaterial interface cracks, the reader is referred to reference [38].

Each one of the entries in Table 3.5 represents the average of measurements for multiple
experiments performed at each coating thickness. It was necessary to perform multiple
experiments due to the relatively large scatter in coating removal radius experienced in these
types of experiments [see Figure 3.6, for example]. It should be noted that the last three rows
of Table 3.5 represent experiments performed at angles of attack different than 90° (i.e. not at
normal incidence). In these cases, the collision was treated using only the normal component
of incident velocity, and the delamination radii are average values (since for an angle of attack
different from 90°, the delaminations are slightly skewed into ovals).

The first three rows in Table 3.5 represent particle velocities to just penetrate the coating to
the steel substrate (Table 3.2), and the arrest strain energy release rates, G, should be very
close to each other. This is because the strain energy release rate should be a property of the
interface, and the dependence on coating thickness should thus be very weak (assuming also a
weak dependence of critical strain energy release rate on phase angle over the relatively small
range of phase angles in Table 3.5). The remaining entries in Table 3.5 are for velocities where
the particle penetrates through the coating and into the steel substrate. Overall, the arrest strain
energy release rates do not change much (average = 243 J/m?, standard deviation = 37 J/m?)
which is again to be expected because of the assumed weak dependence of strain energy
release rate on phase angle over the range of phase angles considered. The differences are
probably due more to experimental scatter than any phase angle dependence.
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If the average of the first three values of G. (Table 3.5, onset of delamination) are taken as
a material property of the system, and again, assuming that G; does not change significantly
over the range of phase angles considered, predictions can be made of the delamination radii
for cases in which the incident kinetic energy is such that the particle penetrates through the
coating and into the substrate. The incident energy required to penetrate the coating to the
substrate was subtracted from the total incident energy, and this remaining energy was used as
the incident kinetic energy on a bare substrate in the Hertzian analysis giving b and V,, as
explained above. The delamination radius was then adjusted in the buckling analysis until the
arrest strain energy release rate equalled G, the average of the first three values in Table 3.5
(223 J/m?). This value of delamination radius was taken as the predicted delamination radius,

and is compared to the measured delamination radius in Table 3.6.

Coating Angle | Incident Measured Predicted Percent
Thickness, of Normal | Delamination | Delamination Difference
h(um) | Attack | Velocity, Radius, ap Radius, 2(ap-
(deg) | Va(mis) (um) _ay(um) )/ (an+2,)x100

24 90 59 330 330 0

24 90 31 293 287 -3

40 90 58 440 452 3

40 90 25 416 445 7

40 90 87 561 554 -1

40 90 45 489 503 3

40 90 57 504 515 2

50 90 50 513 498 -3

24 38 31 284 287 1

40 46 58 421 452 7

40 33 58 418 452 8

Table 3.6: Comparison of measured and predicted delamination radii for last eleven
data points of Table 3.5.

The entries in Table 3.6 correspond to the last eleven entries of Table 3.5. The agreement
between measured and predicted delamination radii is good, particularly given the scatter
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inherent to fracture phenomenon of this type, and the fact that the variation in critical strain
energy release with respect to phase angle was ignored.

3.6.3 Estimation of critical interfacial shear stress required to initiate delamination

Initiation values of strain energy release rate and mode mix (phase angle) are not easily
obtained. However, a method to estimate the critical interfacial shear stress required to initiate
delamination has been developed [48] and discussed in Section 3.5.3 (plastic hole Matthewson
analysis). Conceptually, the model involves removing a cylinder of radius c (the coating
contact radius) and height h (coating thickness), which is assumed to be the size of the plastic
zone under the indentation, and replacing it with radial compressive stress equal to 2/3 times
(due to the Tresca criterion) the dynamic hardness, ps. A nominal value of the interfacial shear
stress at the edge of this hole (where a delamination crack is assumed to initiate) was calculated
using the simple stress analysis [48]. The MathCad Plus 7.0 (Mathsoft Inc) sheet constructed
to perform this analysis can be found in Appendix D. The parameters that are required are the
dynamic hardness, ps (Table 3.2), and the contact radius, c. The model is only valid for
indentations which are less than or equal to the thickness of the coating (i.e. it is not valid for
cases in which the particle penetrates to the substrate causing particle and substrate
deformation), and was originally developed for static indentations. It can easily be extended to
collisions using the ideally-plastic collision mode] used in Section 3.4.2.

Coating | Particle | Incident | Coating | Penetration | Dynamic | Interfacial
Thickness Velocity | Contact depth, d Hardness Shear
h (um) (m/s) | Radius,c (um) (MPa) Stress,
(um) t (MPa)
20 glass 20 111 20 190 110
40 steel 20 166 40 170 96
40 glass 40 155 40 190 108
50 glass 45 173 50 155 88

Table 3.7: Nominal interfacial shear stress at the edge of the ‘plastic hole’ using analysis
explained in Section 3.5.3 and Reference [48]
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Taking the values of dynamic hardness shown in Table 3.2, and calculating the contact
radius at incident velocities required to just penetrate the coating results in the nominal
interfacial shear stress values (at the edge of the plastic zone) shown in Table 3.7. The values
are relatively constant (maximum difference between two values is about 20 %). This, together
with the fact that the coating does not delaminate until the values of incident velocity in Table
3.7 are reached, indicates that the delaminations initiate under similar conditions regardless of
coating thickness and particle size.

3.7 Angular Particles

The preceding analysis for spherical particles showed that the extent of buckling was
largely dependent on the volume of coating displaced by the impacting particle. The analysis
and experiments were simplified by the fact that the problem was axi-symmetric and that
tangential effects could be ignored. For angular particles, problems arise in both an
experimental and a theoretical study. The extent of buckling should still depend on the volume
of coating displaced, but in order to calculate this, the particle size and shape, as well as the
exact orientation of the particle at the moment of impact, would have to be known. One would
have to characterise the incident particles in terms of their size and shape, and then ensure that
they arrive at the target in a known orientation. In the literature, the only investigator to study
angular impacts was Hutchings, who filmed impacts of square plates with metal targets using
high-speed photography [7]. The particles in that study were essentially two dimensional, with
the impact occurring with the plane of the plate normal to the target surface. Unfortunately, the
experimental apparatus described in Chapter 2 was not suited to such experiments.

Even if an experimental study were possible, the difficulties associated with the analysis
would be formidable. A numerical analysis of the type presented in Chapter 5 would have to
be performed in order to calculate the trajectory of the particle as it cut/ploughed through the
coating in order to calculate the volume of coating displaced. This having been done, a post-
buckled analysis would have to be performed without the convenience of the problem being
axi-symmetric. Even in the simple case of a two-dimensional square particle of the type

Hutchings used [7], impacting at normal incidence, the compressive stresses induced in the
64



Alkyd/Steel Coating System

coating would be difficult to analyse because the simplification of egi-biaxial stress would not
exist. Such an analysis would be impossible in closed-form and could only be performed
numerically using finite element analysis (FEA).

In order to qualitatively assess the behaviour of the alkyd/steel system when impacted by
angular particles, a series of simple experiments was performed. Irregular glass media was
sorted by hand, and characterised using image analysis software. The parameters used to
describe the size and shape were roundness ratio (ratio of the perimeter to 4w times the
projected area of the particle), aspect ratio (ratio of longest to shortest length measured), and
maximum length. The particles were measured individually in 5 random orientations, and the
results were averaged. Only particles that met the following criteria were used in the
experiments: roundness ratio = 1.2 to 1.4, aspect ratio = 1.2 to 1.4, maximum length = 0.8 to
1.0 mm. The average mass (0.442 mg) was found by measuring the total mass of 85 such
particles, and dividing by 85. Single particles of the type meeting the above criteria were then
launched at various incident velocities and angles of attack against 40 um coating thickness
specimens, and the impact sites were photographed.

It was hoped that by calculating the radius of a sphere of equivalent mass (0.34 mm) of
the irregular particles, it might be possible to use the methods of this chapter to predict
delamination behaviour. This, however, proved not to be the case. Examination of the impact
sites revealed that none of the trends with respect to dependence of area removed on incident
angle, velocity, etc. that were observed for spherical particles occurred with angular particles.
In fact, it was found that, even under identical incident angle and velocity, some impacts
caused buckling, and some did not. In the cases where buckling did not occur, there were
simply depressions in the coating at the impact site, with no material removal. In addition, it
was noted that the particles sometimes fractured upon impact, a phenomenon not observed in
the impact of glass spheres.

An example of a site where buckling did occur is shown in Figure 3.21. Even at normal
incidence, the loss of symmetry discussed above is evident. The buckled material is all on one
side of the impact site. Removal of the buckled portion via the tape method discussed in
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Section 3.3.1 revealed extensive damage to the substrate in the form of a dent in the steel.
Other impacts performed at the same incident conditions revealed no buckling, but with dents
left in the steel substrate below the impact site. It was found that the delamination area was
always less for angular particles than that found for spherical particles of equal mass.

Figure 3.21: Impact site for irregular glass particle {aunched at 42 m/s and normal
incidence.

The fact that such unpredictable behaviour occurs is most likely due to the fact that the
orientation of the particle upon impact is variable and highly significant. In some experiments,
a blunt portion of the particle probably contacted the coating, causing a large volume of coating
to be displaced, and buckling to occur as in Figure 3.21. In other cases, a sharp point might
have contacted, causing the particle to penetrate through the coating to the substrate, but, in the
process, not displacing enough coating volume to cause buckling. In this case, the coating does
not delaminate, but there is still damage to the substrate due to the particle hitting the substrate,
a very undesirable effect in many blast cleaning applications.

The analysis of Chapter 5 reveals that, in angular particle impacts, a significant amount of
incident kinetic energy can be converted to rotational energy upon impact. This energy is, for
coating removal purposes, wasted, because the rotational energy is better used displacing the
volume necessary to cause buckling to occur. In addition, with angular particles, energy is also
wasted in fracturing the particle.

The above arguments and observations lead to the conclusion that spherical particles are

most effective in removing coatings that buckle delaminate because of the low rebound
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rotational energy, low probability of particle fracture, and the possibility of coating
delamination without substrate damage. For this reason, further investigation of angular
impacts for this coating system was not pursued.

3.8 Summary

For this alkyd/steel/glass bead system, both the onset and magnitude of coating
delamination was controlled by normmal impact effects, and a maximum in coating removal
occurred at normal incidence with spherical particles. A quasi-static deformation analysis was
sufficient to predict the critical amount of normal energy required to penetrate a coating of
given thickness. This critical normal kinetic energy was found to correlate with the onset of
coating removal, and was independent of total incident energy and angle of attack. A range of
incident normal kinetic energies was found where the coating was removed without damaging
the steel substrate.

The initiation of removal of the coating was consistent with the generation of a quasi-static
critical interfacial shear stress. The critical shear stress appeared to be reached after the coating
was completely penetrated. Thereafter, it was assumed that the particle continued the collision
with the bare substrate, causing significant lateral deformation as the particle flattened, leading
to a further increase in interfacial shear stress.

Analytical techniques have been developed to determine the arrest value of the strain
energy release rate and the phase angle for impact-induced buckling of thin coatings on rigid
substrates. The theoretical model [9] for indentation-induced buckling of thin coatings on stiff
substrates has been verified experimentally using data for individual glass and steel spheres
impacting against a painted steel substrate. It was found that the kinematics of particle
penetration through the coating to the substrate could be accurately described using an ideally-
plastic indentation model. Subsequent deformation of the substrate and particle were
adequately described by a quasi-static Hertzian analysis. The coupling of a novel buckling
analysis and an existing strain energy release/mode-mix analysis [38] resulted in accurate
predictions of the coating delamination radius for a variety of impact conditions.
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Chapter 4

Urethane Coating/Epoxy Primer/Aluminum
Substrate System

In Chapter 3, single glass beads were launched against substrates coated with an alkyd
paint, for the purpose of understanding the fundamental mechanisms which govern the removal
of organic coatings in blast cleaning. The examination of impact sites from these experiments
revealed behaviour consistent with coating delamination due to the buckling of the coating.
Further experiments with an automotive topcoat have indicated that this delamination
behaviour may be typical of a class of coatings having relatively weak interfacial bond strength
[8]. In this chapter, a second class of coatings that cannot be made to delaminate, regardless of
impact conditions due to their relatively high hardness and interfacial strength, is examined.
These coatings must be removed by mechanical erosion. The rigid-plastic theory of Section
3.4.2 and a novel elastic-plastic theory are used to predict the crater size, shape, and rebound
parameters as a function of incident velocity and angle for collisions between both spherical
and angular particles and a thin organic coating on an aluminum substrate. Most of the
material in this chapter will soon be published by the author [49].

4.1 Experiments

Impact experiments were carried out on a model system consisting of a typical aerospace
coating system: MIL-P-23377 epoxy polyamide primer (nominal 25 um thick) with MIL-C-
83286 polyurethane topcoat (nominal 75 pm thick) on 0.66 mm thick AA2024-T3 clad
aluminum panels (pretreated with a chemical conversion coating). All painted panels were
prepared by the Canadian Department of National Defence.
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Using an ultrasonic time-of-flight method (same used in Section 3.2), the Young’s
Modulus and Poisson’s Ratio of the coating were found to be, respectively, 4.57 GPa, and
0.376. Using the setup of Chapter 2, steel spheres (diameter = 0.89 + 0.01 mm, mass =2.92 +
0.2 mg) were launched at these coated panels at different velocities and angles of attack,
keeping the total incident velocity constant at 55 m/s.
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Figure 4.2: Rebound angle versus incident angle. Total incident velocity = 55m/s.
X - measured values, A - predicted values using present elastic-plastic analysis,L]-
predicted values using fully-plastic model [24]. Error bars representing @ 1
standard deviation in the five trials for each data point, are so close that they are
overiaid by the data symbols, and thus are omitted here. All three symbols overlie
each other at 90° incident angle.

Incident and rebound velocities and angles were measured using a video camera and
strobe lights as described in Chapter 2. The three-dimensional profiles of the impact craters
were also obtained with an optical surface profilometer (WYKO), with a resolution on the
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order of the wavelength of white light. An example of a three-dimensional profilometer scan
can be found in Figure 4.1. The raised material at the edges of the crater is thought to be
available for knock-off by subsequent impacts.

The measured rebound angles and velocities are plotted versus the angle of attack in
Figure 4.2 and Figure 4.3, respectively. Each experimental data point represents the average of
five measurements. The incident and rebound angies were measured from the same origin on
the surface of the paint (i.e. 90° corresponds to normal impact). As expected, the rebound
velocity and angle decrease as the incident angle increases.
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Figure 4.3: Rebound velocity versus incident angle. Total incident velocity = 55 m/s.
X-measured values, /\ - predicted values using present elastic-plastic analysis, [ -

predicted values using fully-plastic model [24]. Error bars represent @1 standard
deviation in the five trials for each experimental data point.
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Figure 4.4: Maximum length of impact crater versus incident angle. Total incident
velocity = 55 m/s. X - measured values, A - predicted values using present elastic-
plastic analysis, O- predicted values using fully-plastic model [24]. Error bars
represent = 1 standard deviation in the five trials for each experimental data point.

The maximum measured length, depth, and volume of each impact crater are presented in
Figure 4.4, Figure 4.5, and Figure 4.6, respectively. Each data point represents the average of 5
measurements. An interesting feature is the plateau in crater length, depth and volume at high
incident angles (between 70° and 90)° seen in Figure 4.4, Figure 4.5, and Figure 4.6. This
plateau corresponds to the region of minimum rebound velocity seen in Figure 4.3 between
approximately 70° and 90°.
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Figure 4.5: Maximum depth of impact crater versus incident angle. Total incident
velocity = 55 m/s. X - measured values, A. predicted values using present elastic-
plastic analysis, O- predicted values using fully-plastic model [24]. Error bars
represent @ 1 standard deviation in the five trials for each experimental data point.

Because there was pileup at the edge of the crater (Figure 4.7), there was some question
as to how the crater length should be defined. In Figure 4.4, the length of the crater was taken
to be the distance from the inside leading edge of the crater (on the side of the pileup closer to
the centre of impact) to the inside trailing edge of the crater, at a height equal to the
undisturbed coating surface, as shown in Figure 4.7.
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Figure 4.6: Measured crater volume versus incident angle. Error bars represent + 1
standard deviation in the five triais for each data point.

Figure 4.8 shows the WYKO optical profilometer two-dimensional cross section (plane
perpendicular to the surface, at the centre of the impact site) used to measure the length of the
crater shown in Figure 4.1. In cases such as those shown in Figure 4.1, where the impact is at
normal incidence and the crater is approximately symmetric, the average between the longest
and shortest length (i.e. using two cross sections of the type shown in Figure 4.8) was taken as
the length of the crater. In cases where the impact occurred at incidence different than normal,
the length of the crater was taken as the maximum length (i.e. using the cross-section that gave

a maximum length of crater).
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Figure 4.8: Two-dimensional cross section of profile shown in Figure 4.1 taken at
centre of impact site. Vertical bars indicate where crater length was measured.

4.2 Collision kinematics
In Chapter 3, it was shown that, for particle impact against coated substrates at moderate
speeds, such as those used in blast cleaning (50-150 m/s [49]), dynamic effects were found to
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be negligible, and the collision could be treated as quasi-static. In order to analyse such quasi-
static impacts, a relationship must be obtained between P, the instantaneous force on the
particle, and d, the penetration of the particle into the coating.
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of: (a) force-deflection, and (b) mean pressure-deflection.
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A typical P-d curve for the collision of a sphere with a substrate at normal incidence is
shown in Figure 4.9(a). If the instantaneous contact force P, is divided by the instantaneous
contact area, then the mean contact pressure, py, can be also plotted as a function of the
penetration depth, d (Figure 4.9(b)).

The amount of elastic energy stored and returned to the system can be calculated by
integrating the P-d curve using the appropriate limits. When the coating has fully yielded, the
contact pressure reaches a constant value, py, called the dynamic hardness or plastic flow
pressure.

The elastic-plastic transition portion of the contact is not well defined [51], so it is usual, in
the analysis of collisions with semi-infinite substrates, to assume rigid-plastic behaviour. This
approach has been used with good success in the impact of hard steel spheres against soft target
materials [5,24-31]. It is assumed that the particle is undeformable (and thus much harder than
the substrate), and that a fully-plastic condition is reached very quickly in the impact process.
In this case, the elastic and elastic-plastic transition portions of Figure 4.9 are assumed
negligible. The main drawback of this approach is that, because elastic effects are ignored and
the sphere itself is considered rigid, in a normal incidence impact all of the energy is consumed
in plastic deformation, leading to a prediction of zero springback in the crater and thus zero
rebound velocity. This is clearly not the case in realistic collisions.

Johnson obtained good predictions for the coefficient of restitution and elastic springback
for normal direction collisions involving hard spheres against ductile semi-infinite metal targets
by assuming rigid-plastic behaviour for the incident portion of the impact, and fully elastic
behaviour for the rebound portion [15]. He assumed that after rebound, the crater would relax
to some radius of curvature p that was less than the particle radius R. The strain energy
assoctated with the rebound portion of the impact, being fully elastic and thus reversible, could
be modelled as the reverse of an indentation of a crater of radius of curvature p to radius of
curvature R. By assuming that the depth of indentation is relatively small, he was able to
calculate rebound parameters for normal direction impacts using a Hertzian analysis [15].
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For semi-infinite substrates, when yield is first exceeded, the plastic zone is small and
fully contained by the surrounding elastic material, so that plastic strains are of the same order
as surrounding elastic strains. The material displaced by the indentor is accommodated largely
by an elastic expansion of the surrounding solid. As the indentation becomes deeper, an
increasing pressure is required beneath the indentor to produce the necessary expansion (this is
the elastic-plastic transition range in Figure 4.9). Eventually (in the fully plastic range), the
plastic zone breaks out and the displaced material escapes by plastic flow to the sides of the
indentor (plastic range with pn= pg) [15]. In the case of coated substrates, because most
organic coatings (i.e. paints) are elastomeric, yielding will begin only when the indentation
depth is a significant fraction of the distance to the substrate. As the force, P, on the sphere
continues to increase (i.e. an increasing indentation depth), the material displaced by the
indentor cannot be as readily accommodated by the elastic expansion of the surrounding
coating due to the presence of the substrate, and thus the transition to fully plastic behaviour
occurs rapidly. For this reason, the elastic-plastic transition portion of the impact was assumed
very small, and was ignored in the present analysis.

4.3 Analysis of impacts
4.3.1 Rigid-plastic (fully plastic) analysis

It is possible that, if the impacting particle does not completely penetrate the coating to
the substrate, the plastic analysis due to Hutchings et al. [24] for semi-infinite substrates can
also be used for coatings. This will be shown to be the case in the present study. In the
literature, this approach is usually referred to as ‘rigid-plastic’, implying that the particle is
assumed rigid, and the target material fully plastic. Because the particle is assumed to be rigid
in all analyses presented, the Hutchings et al. [24] approach shall be referred to as ‘fully-
plastic’ in this study. As mentioned above, if fully-plastic behaviour is assumed, the elastic and
elastic-plastic transition portions of Figure 4.9 are ignored. In this case, the force P, that resists
indentation, is assumed to be proportional to a constant flow pressure (or dynamic hardness)
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multiplied by the instantaneous contact area, and acts along a radial line, as shown in Figure
4.10.

- Q.

{)

Coating PT P~P h

(a)

Trailing edge VA

Coating d

(b)

Figure 4.10: Fully-plastic analysis of impacting spheres: (a) when crater is in full
contact with sphere, and (b) when crater loses full contact with sphere

In addition, a friction force is assumed, which is proportional to P (coefficient of friction,
M) and acts normal to it. The material below the indentor has yielded in compression with
normal stress oy and flows at a constant shear stress t,. According to the Tresca criterion,

21, =0, =|o, —q (4.1)

where T, is the yield shear stress, and o) and o; are the maximum and minimum elastic

principal stresses at the onset of yield.
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Two different cases must be considered: the case of the spherical particle fully filling the
crater (Figure 4.10a), and the case when the sphere no longer fills the crater (Figure 4.10b).
For completeness, the differential equations governing the motion of the sphere through the
coating are presented; the details can be found in [24, 27, 28].

For the case where the sphere fully fills the crater (Figure 4.10(a)), the equations are [27]:

§= _1"’&.(1{2 - yz) 42)
m

% =_E_7‘_P4_(Rz _yl) 4.3)
m

where yand X are the y and x components of the acceleration of the centre of the sphere, pq is
the dynamic hardness of the coating defined as the indentation force required to reach fully
plastic conditions divided by the contact area at that point, u is a friction coefficient, and R and
m are, respectively, the radius and mass of the sphere shown in Figure 4.10. Note that the
origin of the co-ordinate system in Figure 4.10(a) is at the point of initial contact between the
sphere and coating.

For the case of the sphere which no longer fills the crater (Figure 4.10(b)), the relevant
equations were first developed by Hutchings et al. [24], then modified by Rickersby and
MacMillan {27}, and are given here in the form suggested by Sundararajan et al. [28],

% = —P¢ Asin(y)- n B2 A cos(y) 4.4)
m m
v=Pa _uPaag
¥ == Acos(y)-u=* Asin(y) 4.5)
m m
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where pq and m are as above, A is the instantaneous contact area, and y is the angle defined in
Figure 4.10(b). Expressions for A and y can be found in [28]. All collisions begin with full
contact, but at a certain point during the impact, the sphere will lose full contact. Equations
(4.2) and (4.3) must thus be solved until the point where full contact between the sphere and
the coating is lost, and equations (4.4) and (4.5) hold from that point until the end of the
collision.

Knowing the incident velocity and angle of attack, the trajectory of the sphere, and thus
the rebound velocity, rebound angle, and crater dimensions can be determined by non-linear
differential equations (4.2)-(4.5). In practice, these equations must be solved using numerical
methods, and the authors have found that the Runge-Kutta function in MathCad 7.0 (Mathsoft
Inc.) is particularly useful.

The dynamic hardness, py, and the friction coefficient, p, are required for this analysis. It
is usual to adjust these parameters until a best fit of experimental data is achieved [7, 24-28].
In the present study, a method similar to that of Tirupataiah et. al. [30], and introduced in
Section 3.4.2 was used: If the size of impact craters at a particular velocity and normal
incidence are known, then the dynamic hardness can be estimated by setting the incident
kinetic energy equal to the work done in plastically deforming the coating,

1, =
Sy’ = [P(d) d(a) 4.6)

where v; is the incident velocity, m is the mass of the incident particle, and P(d) is the load as a
function of the indentation depth. If the pileup of material adjacent to the crater edges is
neglected, the indentation depth, d, and hence the force-depth relationship, P(d), can be
expressed in terms of the contact radius, c. Making the appropriate substitutions and re-
arranging equation (4.6) results in the following expression for the dynamic hardness,
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where R is the particle radius, and cme is the maximum contact radius reached at deepest
penetration. When a particle strikes, the coating below the particle will experience
compressive plastic deformation in the direction of the impact, and plastic radial expansion.
On rebound, some of the compression in the direction of impact will be recovered due to
elastic effects, but much less radial expansion will be recovered. The material surrounding the
crater will thus be left in a state of residual biaxial compressive stress, which will inhibit radial
recovery within the crater. Furthermore, the elastic deformations up to the point of yield will
be much greater in the direction of impact than in the radial direction [20, 52], and thus, the
elastic recovery will also be greater. For these reasons, it can be assumed that the final crater
radius measured after an impact (i.e. after elastic recovery) will be approximately equal to the
maximum contact radius reached during the impact, cpe in equation (4.7). This was found to
be the case by Tirupataiah et al. for impacts on semi-infinite metal substrates [30]. In this
manner, measurements of crater diameter can be used to estimate the dynamic hardness. For
the present coating system, Cmax Was measured as 0.420 mm for a 55 m/s normal direction
impact of a 0.89 mm steel sphere, and hence the dynamic hardness was found to be p;~1120
MPa.

The friction coefficient, in the case of impacts, is best thought of as the impulse ratio, y,
which is the ratio of the normal to tangential impulse in the impact and will, in general, be a
function of the incident impact angle [19]. Hutchings et al. have found that the value of the
impulse ratio has little effect on the predictions of the fully-plastic model, and as such, may be
assigned an arbitrary value which best fits the experimental data [26]. The best fit was found
with u=0.001 for the present data (i.e. minimal effect of friction).

The preceding fully-plastic analysis was implemented in a MathCad 7.0 (Mathsoft Inc.)
spreadsheet, and predictions of rebound velocity, rebound angle, crater depth, and crater length
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are plotted in Figure 4.3, Figure 4.4, and Figure 4.5, along with the experimentally determined
values. The MathCad implementation of this plastic analysis can be found in Appendix D.

4.3.2 Elastic-plastic analysis of impact

The main drawback to using the fully-plastic analysis, as mentioned before, is the neglect
of elastic springback. In real collisions, there will be a certain amount of springback at all
angles of attack. This is most evident at normal incidence, where the rebound velocity and
springback are predicted to be zero according to fully-plastic theory (Figure 4.5). This is
clearly not the case in real collisions; there will be components of normal rebound velocity and
springback in collisions at any angle. For this reason, an elastic-plastic model of collision was
developed [49].

For normal incidence collisions, according to Figure 4.9, the particle first encounters an
elastic retarding force, then an elastic-plastic transition retarding force, and finally a plastic
retarding force. In order to correctly model the incident portion of the collision, the appropriate
force-deflection (P-d) relationships must be known for the elastic, elastic-plastic, and fully
plastic conditions. The elastic-plastic transition portion of the curve is difficult to obtain, so the
collision is assumed to follow the elastic incident path until fully plastic conditions have been
reached, as shown in Figure 4.9. The fully plastic condition is then used until the point of
maximum penetration, where it is assumed that the particle normal (y direction) velocity is
zero. At this point, an elastic rebound contact force causes the sphere to accelerate away from
the coating.

The elastic portion of the impact can be modelled using the analysis of Matthewson [20].
presented in its modified form in Appendix B in which the coating is assumed to be thin
enough so that the stresses and strains can be described adequately by their averages through
the thickness of the coating. This analysis is used to obtain the elastic P-d relationship
describing the incident and rebound elastic portions of Figure 4.9. An estimate of the point of
transition between elastic and fully plastic behaviour can be made using the modified
Matthewson analysis by assuming that the state of stress below the indenting particle, at first
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yield, is described by the Tresca criterion, equation (4.1), at a stress equal to the flow pressure
(i.e. oy = pg). At this point, the fully plastic analysis of Hutchings et al., described in Section
4.3.1, was used to the point where the particle velocity drops to zero (i.e. dpnax)-

The elastic rebound P-d relationship will be different from that of incidence. It can be
modelled as the reverse of an elastic indentation of the final (relaxed) crater to the point where
the rebound begins (dma). If the final crater shape after springback is relatively flat, the
rebound P-d relationship can be obtained by using the modified Matthewson analysis
(Appendix B) with an equivalent coating of thickness h’, equal to the original coating
thickness, h, minus the final relaxed indentation depth, dgqa (Figure 4.11), i.e. [49],

g =4 ~dypse =h-h’ 438)

where degic is the elastic deformation for a coating of thickness h’ (equal to the final thickness
at the bottom of the crater) pressed to a depth of dpgx.

Figure 4.11: Geometry of assumed reversible rebound process.

A second condition existing at the onset of rebound is,
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Py =lo, — o] 4.9)

corresponding to the fully plastic state. The final thickness h’ is adjusted in the modified
Matthewson model until the conditions given by equations (4.8) and (4.9) are met at the point
of maximum indentation. The proper P-d relationship is then extracted for use in determining
the kinematics of rebound. It should be noted that the stress condition is evaluated at a point
directly below the indentation, since this is the point of maximum stress where full plasticity
will be reached first. This is a slightly different approach than that used by Johnson, who
assumed, for semi-infinite targets, that the reversible elastic indentation would occur on the
relaxed crater starting at the relaxed crater depth and ending at a Hertzian mean pressure
(calculated by taking the Hertzian force and dividing it by the contact area) equal to the
dynamic bardness [51].

For impacts at an arbitrary angle, the sphere does not, in general, make full contact with
the whole crater (Figure 4.10b), and it is more difficult to determine the effect of elastic
springback on the trajectory of the particle as it ploughs through the coating. An assumption
must be made as to when the elastic rebound force takes effect. In this study, it was assumed
that the elastic rebound contact force is applied to the particle from the point of deepest
penetration, dms (Where the y velocity of the particle reaches zero), to the point where the
particle leaves the coating, at dsna. The elastic springback of the trailing regions of the crater,
prior to the maximum depth being reached, is assumed to occur after the particle has passed,
and hence does not affect the trajectory. Once the particle has stopped moving in the y-
direction, the coating is assumed to spring back around the particle, and the appropriate P-d
relationship, as described above, is used to describe the rebound. The rebound force is
assumed to always act in the y-direction.

The determination of the kinematics of indentation and rebound according to the elastic-
plastic model can thus be summarised in three steps as follows [49]:

(1) An elastic analysis such as the modified Matthewson [Appendix B] analysis is used to
determine the incident P-d relationship for impact upon a coating of thickness h. This
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relationship gives the kinematics of indentation to the transition point between elastic and
fully plastic behaviour, i.e. to the point where equation (4.1) is satisfied with the flow
pressure, pm, equal to the dynamic hardness, pq.

(2) The fully plastic analysis described in Section 4.3.1 is used from the elastic-plastic
transition point until the sphere has penetrated to the maximum depth, dmax, where the y-
direction velocity is zero.

(3) Assuming that the springback begins at dpax, the rebound P-d relationship is determined
using an iterative procedure with equations (4.8) and (4.9). The elastic force, P, that
causes the particle to rebound, is assumed to always act vertically (i.e. in the y direction).
Furthermore, the elastic rebound is assumed to not affect the crater length (i.e. even
though the rebound takes place from the point where the y-direction velocity is zero, and
the particle may still have a significant x-direction velocity, it is assumed that the
remaining x-direction velocity does not cause further permanent deformation of the
coating) The crater length is thus fully defined at the point of maximum penetration.

The preceding elastic-plastic analysis was used to calculate rebound velocity, rebound angle,
and the final shape of the crater. The results are presented in Figure 4.2, Figure 4.3, Figure 4.4,
and Figure 4.5.

4.4 Comparison of Experimental and Analytical Results

Figure 4.2 shows that the elastic-plastic analysis fits the measured rebound angles better
than the fully-plastic theory, thereby supporting the assumption that the rebound elastic effects
occur only from the point of maximum indentation (where the y-direction velocity is zero).
Both the fully-plastic and elastic-plastic models do not consider the effect that the lip of
ploughed material at the edge of the crater will have on the trajectory of the particle. It had
been speculated in the literature [29] that this might contribute to the fully-plastic model’s
overestimate in rebound angle, because the lip at the leading edge of the crater would increase
the effective contact area, leading to a lower rebound angle. However, Figure 4.2 shows that
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consideration of elastic rebound effects alone is enough to yield good agreement with
experimental rebound angles.

Figure 4.3 shows that the fully-plastic theory fits the experimental data for measured
rebound velocities slightly better than the elastic-plastic analysis at all angles except for normal
incidence. This is most likely because the elastic-plastic analysis does not take into account
any retarding force in the x-direction after the maximum depth has been reached. The elastic-
plastic theory will therefore predict slightly higher x-component rebound velocities than is
realistic. This is reinforced by the fact that very accurate predictions of rebound velocity are
made at 90 °, where the effect of the x-component of velocity is non-existent. As expected, the
fully-plastic theory cannot predict the rebound velocity at 90° incidence.

Figure 4.4 demonstrates that the elastic-plastic and fully-plastic theories are both quite
good at predicting the final crater length. The elastic-plastic analysis is slightly better at
intermediate incident angles, and the fully-plastic analysis is slightly better at very high and
very low incident angles. The fact that the fully-plastic analysis works well at very high angles
is not surprising, given that the y-component of incident velocity will be highest there, and thus
fully plastic conditions will be reached relatively quickly.

Figure 4.5 shows that the elastic-plastic analysis accurately predicts the final depth of the
crater after springback. This is important for calculations of material removal in blast cleaning
applications, since the material that is displaced to form the lip of the crater (pile-up, shown in
Figure 4.7) is in a position to be knocked off by subsequent impacts. Because the fully-plastic
theory neglects springback, it is not surprising that it over-estimates the crater depth. Organic
coatings are, in general, more elastomeric than metals and will thus experience more elastic
recovery of crater depth upon rebound. For this reason, it can be concluded that the elastic-
plastic model is a more accurate representation of organic coating behaviour, whereas, for
metals, the fully-plastic model is sufficient. The assumption of a small elastic-plastic transition
region (Figure 4.9) is supported by the good agreement between the predictions of the elastic-
plastic model and experimental values (Figure 4.2-Figure 4.5).
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In Figure 4.3, Figure 4.4, Figure 4.5, and Figure 4.6, a plateau is reached in the measured
quantities for high angles of attack. There are two possible explanations for this. The first is a
simple consequence of how the data are presented. The trends in Figure 4.3-Figure 4.6 look
like sinusoidal curves, indicating that there is a strong correlation between the plotted data and
the normal component of the incident velocity, i.e. Vyoma=55 m/s sin(c). This implies that the
plateau reached at high angles of attack is due to the relatively small change in incident normal
velocity between 60° and 90° (approximately 6 m/s). Another possible reason for the plateaus
is the variation in dynamic hardness. A mentioned in Section 3.4.2, in general, the dynamic
hardness is not a constant for a given coating system because it can be a function both of
coating thickness and indentation depth. For example, as a particle penetrates deeper, the
presence of a harder substrate will increase the effective hardness of the coating; i.e. a coating
becomes effectively harder the thinner it is, or the deeper the indentation, as others [35, 36]
have found, and as was shown in Section 3.4.2. At high angles of attack where the penetration
is greatest, it is possible that the presence of the substrate begins to strongly affect the effective
hardness of the coating, resulting in the plateaus in experimental data seen in Figure 4.3-Figure
4.6. Nevertheless, because the plateaus are also seen in the predicted values in Figure 4.3-
Figure 4.6, and a constant dynamic hardness is assumed for all predictions, it is likely that any
dynamic hardness effects are negligible. It is concluded, therefore, that the plateaus are a result
of the strong correlation between normal direction effects and the quantities plotted in Figure
4.3-Figure 4.6.

The penetration depths reached in the present experiments ranged from 50% of the
coating thickness to approximately 17% of the coating thickness. Therefore, for the present
models, the dynamic hardness is considered an average value, capable of adequately describing
the overall behaviour of the coating system over this range of penetration depths. However,
this analysis should be valid for penetrations approaching the coating thickness if the dynamic
hardness is properly adjusted. For particles that penetrate the coating and strike the substrate, it
might be possible to modify the model by using the present analysis until the particle reaches
the substrate, and by then repeating the analysis assuming that the remaining kinetic energy is
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incident on the bare substrate The dynamic hardness and elastic P-d curve of the bare substrate
would have to be determined, and the particle might no longer be considered rigid compared to
the substrate.

The reason that the fully-plastic analysis works reasonably well in all but the prediction
of crater depth and rebound angle is that, as the particle penetrates, a core of plastically
deformed material quickly develops directly below the indenting particle, as was discussed by
Johnson [51] for semi-infinite substrates. For thin coatings, the fully plastic state will be
reached quickly because of the constraint of the substrate, and thus the analysis will work well
in describing the incident portion of the impact, where the effect of springback is minimal.
However, superimposed on this plastic stress, there will be an elastic stress that is recovered
upon rebound. The elastic rebound force increases with the volume of elastically stressed
coating, which in turn increases with the penetration depth. The effect of the elastic rebound
force will be more pronounced at higher angles of impact where the penetration depth is
greater, and thus the elastic-plastic model will be more accurate in this range.

4.5 Summary

In this chapter, it was found that a fully-plastic theory of indentation [24] gave good
predictions of crater length and rebound velocity for the coating system studied. The
predictions of rebound angle and crater depth, however, did not agree well with experimental
observations. A new elastic-plastic analysis {49] was found to predict all of these quantities
well, and can be used to calculate the amount of plastically deformed material appearing at the
edges of the impact crater. It is thought that this raised coating material is prone to being
knocked off by other impacting particles in a blast cleaning application.
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Chapter 5

Analytical Investigation of Erosion by Angular
Particles

In this chapter, the erosion of substrates of arbitrary dynamic hardness and friction
coefficient, due to the impact of individual angular particles, is analysed with the purpose of
predicting crater size, shape, and rebound parameters as a function of incident particle velocity,
angle, orientation, and shape. A rigid-plastic theory due to Hutchings et. al. [7], developed for
square plates impacting frictionless surfaces, is generalised for arbitrarily shaped particles
impacting surfaces having nonzero friction. The specific case of symmetric angular particles
of arbitrary angularity is studied in detail. Because of time restrictions, confirming angular
particle experiments were not conducted; however, the model is shown to match Hutchings’
experimental data for square steel plates on smooth steel surfaces [7]. A parametric study of
the effect of the input parameters on the crater volume (and thus the amount of material
appearing as pileup at the edge of the crater) is presented. It is believed that this piled-up
material is available to be knocked off by subsequent collisions, and that this model can be
used to predict coating removal behaviour in blast cleaning operations. Most of the material in
this chapter will soon be published by the author [53, 54]

5.1 Background
In earlier papers, Hutchings [7, 24-26] showed that crater size, crater shape and rebound
parameters can be successfully predicted for collisions between both spherical and square
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particles and various target materials, if fully plastic behaviour was assumed for the target, and
the particle was assumed rigid. These models approximated the resisting force to indentation
as the dynamic hardness of the material multiplied by the instantaneous contact area. Because
the contact area changes as the particle travels through the target material, the governing
differential equations are non-linear, and the problem must be solved numerically. Other
successful applications of this theory on semi-infinite target materials include the work of
Sundararajan et. al. [28-31]. It has been demonstrated in Chapter 4 that this method can also be
used successfully to predict the crater size and shape, and rebound parameters for impacts
between spherical particles and certain types of organic coatings provided that the particle does
not penetrate to the substrate.

In the present study, the work of Hutchings with regards to square particles [7] is
extended to arbitrarily-shaped particles impacting targets at arbitrary orientations. The method
is applicable to both semi-infinite and coated systems (assuming that the assumptions of rigid-
plastic theory hold). The specific case of angular particles having equal length sides, but of
arbitrary angularity is discussed in detail. The present model [53, 54] also accounts for the
effects of friction, and is used to predict the crater volume and rebound parameters (velocity,
angle, and angular velocity) for rigid, symmetric, angular particles of any size, angularity and
initial orientation, impacting target materials of arbitrary dynamic hardness and friction

coefficient at various angles of attack and incident velocities.

5.2 Formulation of problem for general case

Referring to Figure 5.1, the position of the centre of mass and orientation of an arbitrarily
shaped 3-dimensional particle can be described at time, t, by an inertial co-ordinate system
located at the first point of contact of the particle with the target (X, Y, Z), and a body-fixed co-
ordinate system attached at the centre of mass (x, y, z). The target surface is defined by Z = 0.
The co-ordinate system (x', y', Z) is attached to the centre of mass of the particle but remains
parallel to the inertial frame. The orientation of the particle can therefore be described by the
Euler angles (9, ¢, y) depicted in Figure 5.1, and the position of the centre of mass of the
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particle will be described by the co-ordinates (X, Yo, Zo). The external contact force acting on
the particle, F, can be resolved into its inertial frame components Fy, Fy, and Fz. The problem
has 6 degrees of freedom: three position co-ordinates, and three orientation co-ordinates.

X

Figure 5.1: Definition of Euler Angles, 6, y, ¢ , inertial (X,Y,Z), and body fixed
(x.y,z) co-ordinates systems used in general analysis. Co-ordinate system (x',y',2') is
attached to the centre of mass (CM), and remains parallel to the (X,Y,Z) axis.

The kinetic energy, E, of the particle at any given time is,

Ezém()'(ﬁ +Y? +Z§)+%(I§m,2 +Po +I§mzz) (5.1)
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where L?, 1,, and [.” are the mass moments of inertia about the principal axes, and wy, ©y, and
o, are the components of the angular velocity of the particle relative to the inertial space
resolved along the instantaneous directions of the body-fixed axes (x, y, z):

®, = ysinOsin¢+Ocosé
o, = sin@cos¢ - Osind (5.2)

®, = ¢+ \jcosO

A dot above a variable represents differentiation with respect to time. Insertion of
equation (5.2) into equation (5.1) results in a general expression for the kinetic energy of the
particle, and using the Lagrangian formulation assuming gravitational effects negligible, the

equations of motion are,

g[_@z—s_J_eL . 53)

where q; represents each of the six generalised co-ordinates, t is time, and Q; is the generalised
external force in the direction of the generalised co-ordinate. It is seen that, in the case of a free
particle, there will be six coupled differential equations describing the motion.

According to rigid-plastic theory, the instantaneous contact force, dP, acting normal to
an infinitesimal element of the surface of the particle, is the dynamic hardness, multiplied by
the instantaneous element of contact surface area, dA (with unit vector outward normal to the
contact surface),

dP = p,idA (5.4)

The surface of an arbitrarily shaped particle can be described, in body-fixed co-ordinates, by,
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z=f(x,y) (5.5)

and this can be expressed in terms of inertial co-ordinates using the appropriate direction
cosine transformations (see, for example, [55]) to obtain Z = g(X,Y).

IIZ

<y

Figure 5.2: Surface area element dA, and projected surface area element dA,. Z=0
represents the surface of the target.

In the inertial frame of reference, using equation (5.4), the total contact force acting on the
particle becomes,

P= [p,AdA (5.6)
A

where dA is the surface area differential given by,
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fiis a unit vector normal to the contact surface area element dA pointing towards the inside of
the particle (Figure 5.2). The area element, dA,, over which the integration takes place is the
projection of the contact area on the X-Y plane (Figure 5.2).

The components of the resisting force, P, in each of the X, Y, and Z directions (Px, Py,
and Pz) can be obtained by forming the dot product of equation (5.7) with each of the unit
vectors in the directions of the inertial axes. The friction force, T, can be obtained by
multiplying the normal force of equation (5.6) by the friction coefficient, p, and will be along
the contacting particle surface in the direction opposite to the local direction of motion. The
components of T in the inertial frame of reference (Tx, Ty, and T3) are obtained by forming
the dot product of T (whose direction depends on the direction of motion) with the unit vectors
in the inertial frame. The resultant forces acting on the particle along each of the inertial axes

are:

Fy =P, + Ty
Fy =P, +T, (5.8)
F,=P,+T,

The generalised forces, Q;, in the direction of the 6, ¢, y axes in equation (5.3) are
moments and must be expressed as appropriate components in each of these directions. For
example, if the co-ordinates of the point of application of an element of force relative to the
body-fixed co-ordinate system are (Xg Yr 2f) (Figure 5.2), then the components of the

differential moments are:
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dQ, =dM, cos¢—dM sin¢
dQ, =dM, (5.9)
dQ, =dM, sin®sin¢ +dM  sinBcos$ +dM,cosd

where the moments dMy, dMy, and dM; are in the direction of the body-fixed co-ordinates (i.e.
dMy = dF,ys - dFzy, etc. with dFy, dF,, dF; being expressed along the directions of the body-
fixed axes (x,y,2) [S5]).

The moments of equation (5.9) can be found by integrating equation (5.9) over the
contact area, which is initially the intersection of the surface g(X,Y) with the Z = 0 plane (if the
target is flat). It should be noted that the contact area will change during the impact, and thus
should be considered a function of time (i.e. it is the instantaneous contact area). Since the
total force depends on the contact area, it too will change in both direction and magnitude with
time.

5.3 Symmetric particles
5.3.1 Formulation of equations of motion

The erosion behaviour typical of angular particles can be obtained by studying the
simplified case of symmetric particles of uniform thickness (two-dimensional) [53, 54]. Figure
5.3 shows a particle of this type at some time, t, during impact on a flat surface (Z = 0). The
notation for the body-fixed and inertial co-ordinate systems is the same as the general case
described above. The problem is essentially two dimensional, and v, ¢, @y, ©2, X, Fx, My, and
M, all equal zero, thereby reducing equations (5.1) and (5.9) to,

= 2m(¥? + 23)+ 2 (20,) (5.10)
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Z A
y
— Y'
>
Y
Figure 5.3: Co-ordinate system definitions used for specific case of symmetric
particles of side length h.
dQ, =dM, =dM,
dQ, =0 (5.11)
dQ, =0

and the differential equations describing the motion, equation (5.3), reduce to

mY, =F,

mZ, =F, (5.12)
1,0 =M,

Because the particle was assumed to impact with the Y-Z plane perpendicular to the
surface (i.e. the x' direction was always parallel to the X direction in Figure 5.3), the problem

remains two dimensional at all times, and thus the mass, m, moment of inertia, Iy, and applied
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forces are expressed per unit thickness in the x direction. For the particle in Figure 5.3, the

moment of inertia is,

mh’ (5.13)

”
R

Referring to Figure 5.3, the particle shape can be described in body-fixed co-ordinates by the
following function,

z(y) = tytan(A) + hsin(A) ~hcos(A)<y<0

z(y) = Fytan(A) £ hsin(A) 0<y<hcos(A) (5.149)

where A is the particle angularity, and h is the length of one side of the particle (Figure 5.3).
The * in the above equations refers to the fact that there are two values of z for each y (the
upper sign in each + pair refers to the surface of the particle above the z = 0 plane in Figure 5.3,
and shall be referred to as the ‘top’ of the particle, while the lower sign refers to the surface of
the particle below the z = 0 piane and shall be referred to as the ‘bottom’ of the particle).
Equation (5.14), in the inertial frame co-ordinates, becomes,

. _ h sin(2A)
Z(X,Y)=Zo +(Y~-Y,)tan(8 A) £ 2 cos(0+A)
for Y, ~hcos(A)cos(8) < Y < ¥, Fhsin(A)sin(6)

(5.15)
) _ E sin(2A)
Z(X,Y)=Z, +(Y-Y,)tan(6F A) £ 2 cos(0FA)

for Y, Fhsin(A)sin(0) <Y <Y, +hcos(A)cos(6)

The instantaneous contact force (equation (5.6)) is, in this case
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B=p, [[-an@FA)j +K)aY (5.16)

Y

where, the + sign now indicates whether the force in question is on the left (-) or right (+) side,
of the bottom part of the particle (the portion of the particle above the y axis is assumed not to
contact the substrate at any time). The unit vectors, j and k, in equation (5.16) are in the Y
and Z directions, respectively. The integration takes place over the region Y., which is the
projection of the contact area on the Y axis. It must be noted that the contact area may be
broken up into distinct intervals on each side of the particle if the particle makes simultaneous
contact over more than one contiguous area. At any instant in time, from equation (5.15), dZ =
tan(6FA)dY, so that equation (5.16) can be rewritten as,

Py =-p, de
= (5.17)
P, =p, [dY
Y.

which is valid for both the left and right sides of the bottom of the particle. The regions of
integration in equation (5.17), Z; and Y., are the projections of the instantaneous contact area

on the Z and Y axes, respectively.
The magnitude of the friction forces acting on the contacting surfaces will be the

magnitude of the force in equation (5.16) multiplied by the coefficient of friction and will act
along the contact surface. Unit vectors along the surface of the particle are,

t, =+cos(6—A)j tsin(0-A)k

ok o - (5.18)
t, = Fcos(8+A)j Fsin(0+ A)k
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where the upper sign in each + pair indicates that the friction force acts towards the vertex of
the particle, and the lower sign away from the vertex, and the subscripts L and R, represent the
left and right contact faces, respectively. Multiplication of the magnitude of the force in
equation (5.17) by the friction coefficient, p, and the vectors in equation (5.18) results in the
friction forces acting over the instantaneous contact area. The expressions for the friction
forces acting on the left and right sides of the particle in the Y and Z directions, Tiy, Tup TRy

and TRZ are,

Ty, =+wp, IdY
Ye

T, =zup, IdZ

% (5.19)
Ty, =Fup, [dY

Yo
T, =Fup, IdZ

Ze

where, as before, the upper sign indicates friction towards the vertex of the particle, and the
lower one, friction away from the vertex. The total instantaneous forces acting on the left and
right side of the particle in the Y and Z directions become,

Fy, =-p, IdZ tpp, IdY
Zc Yo
F; =p, Iinl-"Pd IdZ
Yc Zc
(5.20)
Fy, =—p. [dZFpp, [dY
Zc

Ye

F;, =P JldYq:lJ-Pd Id.Z
zc

Yo
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where, again the upper sign on the + denotes friction towards the particle vertex, and the lower
sign is for friction away from the particle vertex.

Because there is no ¢ and y dependence in this problem, the body-fixed x-axis will
always remain parallel to the inertial X axis, and My = Mx = My; therefore it is convenient to
work in inertial co-ordinates. The instantaneous moments in the X direction acting on the left
and right sides of the bottom portion of the particle are found by multiplying the differentials of
the forces in equation (5.20) by the appropriate moment arms expressed in inertial co-ordinates,
(Zo - Z for forces in the Y direction, and Y - Y, for forces in the Z direction) and integrating
over the contact area, i.e.,

My, =M, =-p, I(Z Z)dliumj((e 2
+pq [(Y - Y, WY £pp, J’(Y Y, )tan(6 - A)dY
Y°(Z 2) (521)
My, =M, =-p, I(Z ~Z}ZF updfm(°e+A)dZ

+pq [(Y-Y, )Y Fpp, [(Y - Y,)tan(0 + A)dY
Ye Yo

with the usual + sign convention for the direction of friction, and Yy and Z, are the co-ordinates
of the centre of mass of the particle expressed in the inertial frame of reference. Substitution of
equations (5.20) and (5.21) into equation (5.12) results in a system of three coupled differential
equations describing the motion of the centre of mass of the particle (Yq, Zg) and the
orientation of the particle, 6, at any time during the impact.

5.3.2 Numerical solution of the differential equations

The forces and moments acting on the particle, equations (5.20) and (5.21) were derived
for a fixed instant in time. The area of integration (i.e. the contact area) for these forces and
moments, however, will change with time as the particle travels through the target material. As
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long as the particle is in full contact with the target material, the limits of integration in
equations (5.20) and (5.21) are defined by the vertex of the particle contacting the target, and
the intersection of the left and right sides of the particle with the Y axis. However, at some
point during the impact the particle will probably lose full contact with the target material, and
may be in contact only over segments of each of the left and right side of the particle (Figure
5.4). It is thus very difficult to obtain general expressions for the limits of integration in
equations (5.20) and (5.21) at any instant in time. The equations are best solved numerically in
time steps, with the above forces and moments assumed constant over each time interval.

The system of second order differential equations describing the particle dynamics,
equation (5.12), can be reduced to the following set of six first-order differential equations,

dt (5.22)

where all parameters are functions of time. Equations (5.22) can be solved by using the fourth-~
order Runge-Kutta method over each time step as follows [53]:

(1) Specify the input variables: incident velocity, Vi, angle of attack, a, and particle
orientation, 8;, friction coefficient, u, dynamic hardness of the target, py, length of a side of
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the particle, h, angularity of the particle, A, and density of the particle material, p. The
initial rotational velocity is assumed to be zero.

(2) The initial contact areas, and thus the limits of integration for equations (5.20) and (5.21),
are determined by assuming the particle is initially in full contact with the target material.
Equations (5.22) are then solved to obtain the position and orientation at the end of the first
time step. The co-ordinates of the vertex of the particle, and the left and right intersection
of the particle profile with the Y axis, are stored as the crater profile at the end of the first
step.

(3) The position, orientation, linear and angular velocities of the particle obtained from the
previous time step (step (2)) are used as the initial conditions in solving equation (5.22) to
obtain the current particle position, velocities and orientation, again assuming full contact.
By using the algorithm outlined below, the current crater profile, as well as the contact area
for use in equations (5.20) and (5.21) (to calculate the force and moment for the next time
step) can be determined based on this current particle position. The contact area may only
be over portions of the particle at this point, so that the integrals of equations (5.20) and
(5.21) may have to be carried out over different contact intervals on each of the left and
right side of the particle.

Step (3) is repeated using the position, orientation, linear and angular velocities of the particle
at the end of each time step, as the initial conditions for the next time step. At the end of each
time step, the intersection between the current particle profile and the previous crater profile is
used to update the crater profile, and to determine the contact area, and thus the force, for the
next time step. The direction of friction is determined by comparing the contact areas in
subsequent time steps. If the contact area over a given contact interval on either the left or
right side, in a given time step, decreases in the subsequent time step, the friction is assumed to
act towards the particle vertex for the subsequent interval, otherwise it is assumed to act away
from the particle vertex. The procedure is repeated until the particle vertex Z-co-ordinate
reaches Z = 0, indicating that the collision has ended.
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5.3.3 Algorithm for determining crater profile and contact area at end of each step

The most difficult part of the above procedure is the determination of the crater profile
and contact area at the end of each time step. Figure 5.4 depicts a certain time step with the
current position of the particle shown, and the current and previous crater profiles. The ‘nodes’
marked by the numbers without primes in Figure 5.4 define line segments making up the crater
profile determined in the previous time step, and are assumed stored in an array, and the nodes
marked by numbers with primes define the current crater profile. The distance between nodes
has been exaggerated for clarity. The Roman numerals [, II, and III, defining the co-ordinates
of the left vertex, middle vertex, and right vertex of the particle in the current position are
assumed known, obtained from the co-ordinates of the centre of mass (Yo,Zo) by application of
equation (5.15).

@ < Right force

interval 1 interval 1

Left force / II

interval 2

Figure 5.4: Previous crater profile (1,2,3...), current crater profile (1°,2°3"...) and
force application intervals for the next time step.
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In order to determine the current crater profile, it is necessary to determine the
intersection of the current particle surface with the previous crater profile. This can be done by
finding the intersection of previous crater segments (the lines formed by connecting two
consecutive unprimed nodes, Figure 5.4) with the particle surface. Because the left and right
side of the bottom part of the particle surface are described by different equations, it is
necessary to locate the transition from checking the intersection of previous crater segments
with the left side of the current particle surface to checking the intersection of previous crater
segments with the right side of the current particle surface. It is thus assumed that the previous
crater segment at which this transition occurs is known at the beginning of each time step
(determination of this crater segment is explained below). In general, there can be multiple
intersection points (and thus multiple force segments) of the current particle surface with the
previous crater profile on either of the left and right side of the particle. In practice, however,
the author has found that no more than two force segments appear on either the left or right
sides of the particle.

The tasks are: (a) to determine if the previous crater nodes will be part of the current
crater profile (b) find the intersection of the current particle position with the previous crater
profile, and (c) determine the interval of Y over which contact occurs for use in equations
(5.20) and (5.21) to determine the forces for the next time step.

The detailed procedure is as follows [53]:

(1) Determine the equations defining the current left and right sides of the particle by using
points [, II, and III (Figure 5.4). The equations will have the form,

Z; =m;Y +b}
. e 2 (5.23)
Z, =m;Y+b,
where m and b are the slope and Z intercept of the current particle profile, respectively, the
superscripts L and R refer to the left and right side of the particle, and the subscript P
indicates that the equations refer to the particle.
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(2) Determine the equation of the first segment of the previous crater profile using points 1 and

2 in Figure 5.4, which will have the form,

Z.=m.Y +b,

where m¢ and b are the slope and Z intercept of the crater profile.

(5.24)

(3) Find the intersection of the current particle surface with the previous crater segment in

question using equations (5.23) and (5.24). Determine whether this intersection actually

occurs on the previous crater segment in question. If it does not, determine whether the

two crater nodes forming the crater segment in question are on the inside or outside of the

particle surface. For example, to determine if a specific crater node on the left side of

vertex II is inside or outside of the particle surface, the points (Y,',Z;) and (Y;,Z))

(Figure 5.5) are formed by projecting the node (Y,',Z}')onto the particle surface. A

similar procedure holds for crater nodes on the right side of vertex [I. The criteria for a

node being inside or outside of the particle surface is different depending on whether nodes
are being checked against the left or right side of the particle, and Figure 5.5 shows an

example of each case:

Left side :
—TlY
Yn - Yx
N -—
m;
inside: Y, - Y}’ <0

outside: Y, - Y, >0

Right side :
m, =Zn=Zy
Ym - Yn

N —

Mg

inside : Yg — Yg =0

outside: Yy ~ Yy <0
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If the node is on the outside of the particle, then it becomes a node in the current crater,

otherwise it is not a node on the current crater.

Figure 5.5: Points (Y.',Z,), (Y;,Zf), (Yl?,Z;), and (Yg,Zy) used to
determine whether given nodes (Y, ,Z})and (Y}, ZY) are inside or outside of
particle surface,

Step (3) is repeated on subsequent nodal segments until an intersection between the particle
and the previous crater profile is obtained. The intersection point becomes a node on the
current crater profile, and the first of the limits of integration for the forces and moments of
equations (5.20) and (5.21). Step (3) is then repeated on subsequent segments until another
intersection point is reached, which then becomes the second limit of integration.

In this manner, all nodal segments for the previous crater profile are checked for
intersection with the left side of the particle, nodes are checked to see whether they belong in
the current crater profile or not, and integration limits are assigned for forces and moments on
the left side of the particle.

When the transition crater segment (at which the transition between checking the left and
right side of the particles against the previous crater profile) is reached, the vertex of the
particle is checked as a possible node on the current crater profile. This is done by determining
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whether the vertex is inside or outside of the crater, using the method of equation (5.25), but
with the transition crater segment (e.g. segment 4-5 in Figure 5.4) used in place of the particle
profile (I-I), and the particle vertex co-ordinates (Yy,Zy) used in place of the crater node
(Yn,Zo). If the vertex is found to be on the outside of the crater profile, then the vertex is
assigned as a current crater profile node and the subsequent nodes on the previous crater profile
are checked against the right side of the particle. The crater segment (current) containing the
vertex is stored as the transition segment for the next time step. If the vertex is found to be
inside of the crater profile, then it is not part of the current crater profile, and the transition

segment does not change.

5.3.4 Limitations of model

It would be useful at this point to list the limitations of the model, as applied to the
symmetric particles of Figure 5.3. The limitations on the model can be summarised as follows:

(@) Rigid-plastic theory is assumed. The particles must be non-deforming, and the target
material must behave fully plastic, and is thus described by a constant dynamic
hardness defined as the normal force resisting the indentation divided by the
instantaneous contact area. The direction of a force differential is assumed
perpendicular to the instantaneous contact area differential. No elastic effects are
accommodated by the model.

(b) Particles are symmetric, with side length h, as shown in Figure 5.3. The thickness of
the particle is constant, and impact is assumed to occur with the y-z plane of the
particle perpendicular to the surface of the target material. The problem is thus
essentially two-dimensional, with particle mass, moment of inertia, and the volume of
the crater all expressed on a per-unit-thickness basis.

(c) The model will sometimes predict that the particle rotates forward (i.e. it tumbles) to
the point that 2 secondary impact occurs. The model is valid only to the start of the
secondary impact, and thus predictions of crater area will not include the secondary

108



Analytical Investigation of Erosion by Angular Particles

impact. This is not a limitation of the fundamental theory, but a limitation of the
computer program written to implement the model (as explained in Section 5.5).

(d) Though the model can accommodate nonzero initial rotational velocity, to reduce the
number of variables, the initial rotational velocity was assumed zero in this study.

(e) At any point during the impact, only the bottom part of the particle (the material below
the y axis in Figure 5.3) is assumed to contact the target. Note that this does not
necessarily mean that the vertices at y = ® hcos(A) cannot be below the Y axis. If one
of the edges on the top part of the particle above the y axis becomes a trailing edge (as
a result of backward rotation), it will not come into contact with the target material, and
thus the model is still valid. However, if the particle rotates forwards, the top part of
the particle will become a leading edge and thus contact the material, and the model is
not valid. This is not a limitation of the model, but the computer implementation.

(f) The model does not consider the destination of the plowed target material ( i.e. the
model does not predict the formation of ‘lips’ of plowed target material above Z = 0).

(g) The model assumes constant friction coefficient, .

5.4 Comparison with experimental data

In the case of square particles (i.e. A = 45 deg.), the model can be compared with
experimental data involving the collision of 8 x 8 x 1.5 mm thick steel plates with steel targets
obtained by Hutchings [7]. The measured crater volume, energy loss, and rebound rotational
energy obtained by Hutchings, together with the results of the present model are presented in
Figure 5.6, Figure 5.7, and Figure 5.8. It should be noted that the data are a combination of the
data at 6; = 0°, 10°, and 25° plotted together. The initial rake angle defined by Hutchings is
equal to 45° minus the present initial orientation angle, 8;. The dynamic hardness, p4, used in
these figures was the same as used by Hutchings (4 GPa), and, to facilitate comparison with the
results of Hutchings’ analysis, the friction coefficient, u, was chosen to be zero. It will be
shown in the next section that friction has a very small effect on the results of the model, if p is
small (approx. <0.1).
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Figure 5.6: Crater Volume vs. Incident Velocity for different initial particle
orientations, 0; (Figure 5.3). Predictions of model with angle of attack o = 30°,
angularity, A = 45°, dynamic hardness py = 4 GPa, friction coefficient, u = 0 shown
as solid lines. Experimental data of Hutchings [7] for 8 x 8 x 1.5 mm thick steel
plates impacting steel targets for 6; = 0°, 10°, 25° shown as dots.
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Figure 5.7: Energy Loss vs. Incident Velocity for different initial particle
orientations, 6; (Figure 5.3). Predictions of model with angle of attack « = 30°,
angularity A = 45°, dynamic hardness p; = 4 GPa, friction coefficient u = 0 shown as
solid lines. Experimental data of Hutchings [7] for 8 x 8 x 1.5 mm thick steel plates
impacting steel targets for 6; = 0°, 10°, 25° shown as dots.
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Figure 5.8: Rotational Energy vs. Incident Velocity for different initial particle
orientations, 6; (Figure 5.3). Predictions of model with angle of attack a = 30°,
angularity A = 45°, dynamic hardness p; = 4 GPa, friction coefficient u =0 shown as
solid lines. Experimental data of Hutchings (7] for 8 x 8 x 1.5 mm thick steef plates
impacting steel targets for 6; = 0°, 10°, 25° shown as dots.

There is good agreement with the experimental results in all cases. No systematic
variation in the measured quantities with rake angle was observed in the experiments of
Hutchings [7]. Although the present model predicts a small variation with initial orientation, if
such a variation actually exists in the experimental data, the inherent data scatter would most
likely hide it.

It should be noted that all predictions obtained by the present model shown in Figure 5.6,
Figure 5.7, and Figure 5.8 are within 1% of the predictions made by the Hutchings model (not
shown) [7]. This, together with the agreement with the experimental data lends support to the
validity of the present model.
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5.5 Parametric study of impact of symmetric angular particles

In Section 5.3, a rigid-plastic theory for the impact of symmetric particles with plastic
targets was developed. It was found that the resulting differential equations cannot be solved
in closed-form, and the problem is best solved in time steps via a computer. In this section, the
crater size, A, is examined as a function of particle size, h, angularity, A, initial particle
orientation, 8;, initial angle of attack, a, initial velocity, v;, target dynamic hardness, pg, and
friction coefficient, n. The purpose is to predict the conditions under which maximum material

removal occurs.

5.5.1 Implementation of model

A computer program to implement the analysis of the symmetric particle of Section 5.3
was written using the MathCad 7.0 Plus programming language. This program can be found in
Appendix D, with a brief description of each function written also being given. The program
allowed for all of the inputs discussed at the end of the previous paragraph, along with the
chosen time step, and calculated the trajectory of the particle as it ploughed through the target,
the final crater profile, rebound angle, rebound linear velocity, rebound rotational velocity, and
rebound orientation. In each time step, the differential equations were solved using the fourth
order Runge-Kutta function in MathCad. The time step required for model convergence was
determined by decreasing it until the difference between successive runs of the model was less
than 1%. Depending on the input parameters used, the required time steps varied between 0.01
us and 0.2 ps, which corresponds to approximately 0.5 % of the impact duration.

5.5.2 Dimensional analysis

The following eight input parameters can be varied: incident velocity, v;, length of a side
of the particle, h, angle of attack, o, initial particle orientation, 6;, angularity of the particle, A,
target dynamic hardness, pq, particle density, p, and friction coefficient, p. The output of

current interest is the crater volume per unit width, or, equivalently, the crater cross-sectional
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area, A in the Y-Z plane (the rebound velocity and rebound angle can also be predicted by the
model, but these are of secondary interest). A simple dimensional analysis reveals that the
number of parameters can be reduced by use of the following two dimensionless groups [54]:

r, =P (5.26)
pv;
AC
n, = 5.2
2 2h?cosAsinA (527)

The denominator of equation (5.27) is the area of the particle in the Y-Z plane so that =,
gives the ratio of the crater volume to the particle volume (both per unit thickness). If the
numerator and denominator of w; are multiplied by the particle volume, it is seen that (see
equation (5.30)) w, is ratio of the plastic work required to create a crater having the size of the
incident particle to the incident kinetic energy of the particle. In order to verify that the model
results scaled, different values of py and v; were used, each giving ®,=12.8, and the model was
run for different values of 0, A, and . It was found that corresponding =, values (model
output in this case) were within 2% of each other, provided that the time steps were adjusted
for convergence, and that the conditions outlined in Section 5.3.4 were met. The number of

parameters to be varied is thus reduced to =, a, 8, y, and A, and the only output parameter is

M.

5.5.3 Model systems

Two model systems were chosen for a parametric study of the effects of varying input
parameters on crater area. The first was chosen to facilitate comparison between the present
model and the work of Hutchings [7], who studied the impact of square steel plates with steel
targets. The relevant parameters are: dynamic hardness, ps = 4 GPa, density of steel, p=7813
kg/m’, and a typical value of v; = 200 m/s. This results in a m; value of 12.8. The time step
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used for this system was 0.2 ps, which is the same value used by Hutchings [7] for the special
case of A =45°.

The second system was meant to emulate erosion of an organic coating by wheat starch
particles [36]. As discussed in Section 3.4.2, the dynamic hardness, pq, of such a coating is
dependant on the substrate material on which the coating is applied and on the thickness of the
coating [35, 36]. For the coating of Chapter 4, the dynamic hardness is approximately 1120
MPa, and the density, p, of wheat starch is approximately 1450 kg/m®. Measurements of
particle velocities in blast cleaning applications have shown that a typical value of particle
incident velocity is 188 m/s [36]. This results in a &, value of 21.9, and the time step used for

this system was 0.02 ps.

5.5.4 Results and Discussion

Figure 5.9 and Figure 5.10 show some typical particle trajectories (plotted every 4 ps
from left to right) obtained with the computer implementation of the model for particles of
various sizes and shapes and input conditions. Figure 5.9 shows the results of the model for
low to mid angularity, and Figure 5.10 shows the results for high angularity. In each of Figure
5.9 and Figure 5.10, (a) and (c) illustrate backwards rotation of the particle, and (b) and (d)
illustrate forward rotation of the particle. Hutchings also observed this type of behavior in his
study of the impact of square particles [7].

Figure 5.11 and Figure 5.12 show the final calculated crater profiles corresponding to the
conditions in in Figure 5.9 and Figure 5.10. In general, collisions in which backward rotation
occurs ((a) and (c)) result in long shallow craters, while collisions with forward rotation ((b)
and (d)) result in shorter, but deeper craters.
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Figure 5.9: Particle trajectories at 4 s intervals, obtained with model for =, = 12.8,
and angularity, A, incident angle, a, initial orientation, 6;, and particle side length,
h, of: (a) 30°, 15°, 27°, 8.6 mm (b) 30°, 45°, 0°, 8.6 mm, (c) 45°, 25°, 37°, 8.0 mm (d)
45°, 25°,20°, 8.0 mm. A solution time step of 0.2 us was used in all cases.
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Figure 5.10: Particle trajectories at 4 us intervals, obtaired with model for x; = 12.8,
and angularity, A, incident angle, a, initial orientation, 8,, and particle side length,
b, of: (a) 60°, 25°, 55°, 8.6 mm (b) 60°, 25°, 20°, 8.6 mm (c) 80°, 25°, 75°, 13.7 mm (d)
80°, 25°,9°, 13.7 mm. A solution time step of 0.2 us was used in all cases.
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Figure 5.11: Crater profiles obtained with model corresponding to impacts shown in

Figure 5.9.
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Figure 5.12: Crater profiles obtained with model corresponding to impacts shown in
Figure 5.10.

Figure 5.13-Figure 5.15 demonstrate how the dimensionless crater volume, =, varies
with w; for square particles (A = 45°) at three different angles of attack, a = 25°, 45°, and 85°
in the frictionless case. It is seen that the dimensionless crater volume, n;, decreases with
increasing =, (increased pg or smaller kinetic energy), that the general shape of the curve is
maintained for all =), and that the peak value of 7, occurs at the same value of 6; regardless of
n;. The implication is that, for a given particle, and fixed target material (i.e. fixed h, p, and
pd), increasing the incident velocity does not significantly change the impact behaviour, but

does create proportionally bigger craters.
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Figure 5.13: Dimensionless crater volume, «,, as a function of initial orientation, 6;,
for square particles impacting a frictionless target at angle of attack, a = 25° and =,
equal to: @7, 12.8, A 21.4,0 25,051, A 208.
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Figure 5.14: Dimensionless crater volume, x;, as a function of initial orientation, 6;,
for square g;—ﬁclu impacting a frictionless target at angle of attack, « = 45° and =,
equal to: : @7, 12.8, A 21.4,025,51, A 205.
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Figure 5.15: Dimeansionless crater volume, 7;, as a function of initial orientation, 6;,
for square particles impacting a frictionjess target at angle of attack, o = 85° and w,
equal to: : @7, 12.8, A 21.4,025,0is1, A 205.

The relative difference between the peak and minimum =, values becomes smaller with
increasing m, meaning that the effect of initial particle orientation, 0;, becomes less
pronounced as w; increases. Similar trends are observed at all angles of attack, «.. Finally,
comparison of Figure 5.15 with Figure 5.13 and Figure 5.14 shows that the effect of initial
orientation diminishes at high angles of attack. This point will be further addressed later.

It should be noted that the initial orientation, 6, is only varied from ~A to A. Behaviour
for values of 6; outside this range can be predicted by noting that the initial conditions in this
case are the same as for an impact of a particle with complementary angularity, A* occurring at

an initial orientation, 8;* described by the following relationship:

0"=0,-90° for®, >0

: (528)
0 =0,+90° for9, <0
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where the relationship between the angularity, A, and its complement, A*, is,
A=90°-A" (5.29)

For example, a particle with A = 30° impacting with 8; = 35° can equivalently be described by
a particle with angularity, A* = 60° impacting with 0; = -55°.

It also should be noted that, especially at high angles of attack, a particle might lose all of
its kinetic energy at some point during the impact, and remain embedded in the target material
(because the model neglects elastic spring-back). An estimate of the conditions under which
this will occur can be obtained by noting that the dynamic hardness, py, multiplied by the final
crater volume (cross-sectional A times 1), is approximately equal to the work done in creating
the crater, in the absence of friction. Assuming that all of the kinetic energy is consumed in
work done creating the crater, the following relationship holds (per unit width):

PA, =%mviz (5.30)
The mass per unit width of the particle, m, is
m = 2ph’ cos(A)sin(A) (5.31)

where p is the density of the particle, and A is the angularity (Figure 5.3). Using equations
(5.26), (5.27), (5.30), and (5.31), the condition for the particle embedding becomes,

&, =0.5 (5.32)
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where f,is the maximum possible dimensionless crater area corresponding to particle
embedding. For the square particle cases (A = 45°) shown in Figure 5.13- Figure 5.15, for n; =
7.0, 12.8, 21.9, 25, 51, and 205, ®,= 0.071, 0.039, 0.023, 0.020, 0.010, and 0.0024,
respectively. Comparison of the peak values of 7, with #,in Figure 5.13 and Figure 5.14
shows that the particles do not embed in these cases. The flatmess of the curves in Figure 5.15
near or at 7, indicates that particles are very likely to embed at high angles of attack,
regardless of orientation. The fact that particles are more likely to embed at steep angles of
attack is to be expected, given that particles will rotate less impacting at close to normal
incidence (and thus less of the incident kinetic energy will be converted to rotational energy).
This point is further supported by noting that the peaks in material removal occur at the
transition between forward and backward rotation (see discussion of Figure 5.16-Figure 5.20
below) where particle rotation through the impact is minimized.
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Figure 5.16: Dimensionless crater volume, , as a function of initial orientation, 0,
for particles impacting a frictionless target at angle of attack, & = 5° and =, fixed at
two values: T, = 12.8 and A values: A 80°, ®60° H 45°, ¥ 30°, @10°. x, =219,
A values: A 800, O 60°, [J45°, V 300, O 10°.
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Figure 5.17; Dimensionless crater volume, x,, as a function of initial orientation, 9,
for particles impacting a frictionless target at angle of attack, a = 25° and =, fixed at
two values: &, = 12.8 and A values: A 80°, ‘60° [ | 45°, 'V 30°, @10°. n; =21.9,
A values: A 80°, O 60°, (1 45°, V 30°, O 10°.
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Figure 5.18: Dimensionless crater volume, m;, as a function of initial orientation, 6;,
for particles impacting a frictionless target at angle of attack, o = 45° and ~, fixed at
two values: n; = 12.8 and A values: A 80°, @ 60° W45, 30°, @10 T =219,
Avalues: A 80°, O 60°, (1450, V 300, O 10°
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Figure 5.19: Dimensionless crater volume, x;, as a function of initial orientation, 0,
for particles impacting a frictionless target at angle of attack, a = 65° and =, fixed at
two values: 7, = 12.8 and A values: A 50°, @ 60° [l 45°, ¥ 30°, @ 10°. =, =21.9,
A values: A 80°, O 60°, [145°, V 300, O 10°.
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Figure 5.20: Dimensionless crater volume, x;, as a function of initial orientation, 0,
for particles impacting a frictionless target at angle of attack, o = 85° and =, fixed at
two values: 7, = 12.8 and A values: A §0°, ® 60° Il 45°, ¥ 30°, @ 10°. x,=21.9,A
values: A 80°, O 60°, [145°, V 30°, O 10°.
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Figure 5.16-Figure 5.20 show the effect of varying the initial orientation angle, 6;, on T,
for the two model systems described in Section 5.5.3. Similarly shaped curves result for the
two systems, with the material removal being higher for the lower m; value, as expected from
Figure 5.13-Figure 5.15.

Noting that n/p gives the crater volume per unit particle mass, since the particle density,
p, is fixed in each of the two model systems, direct comparisons of the effect of angularity on
material removal can be made using Figure 5.16-Figure 5.20 (i.e. each set of m curves at a
constant m; effectively describes particles having the same mass, regardless of A). For
example, in Figure 5.16, one can say that a particle of fixed mass and fixed incident velocity
having angularity A = 80° will remove the most material from a prescribed target (i.e. fixed
pa), or equivalently, it can be said that particles having A = 80° make the most efficient use of
particle mass.

The rapid decrease in material removal after the peaks seen in Figure 5.16-Figure 5.20 is
due to the transition between forward rotation (ploughing) and backward rotation (cutting) of
the particle (see Figure 5.9 and Figure 5.10). This implies that material removal is a maximum
at the orientation at which the transition between forward and backward rotation occurs. It is
interesting to note that this transition does not occur for A = 30° and A = 45° at a=85° (Figure
5.20). This is because the energy is all consumed in plastic deformation of the target material
before significant rotation can occur. There is no transition point for A = 10° (an extremely flat
particle) at all angles of attack because the vertical contact force moment arm tending to rotate
the particle (the distance from the centre of mass to the vertical contact force) backwards is too
small.

The values of &, corresponding to total loss of kinetic energy (particle remains embedded
and does not rebound) for the two values of m, plotted in Figure 5.16-Figure 5.20 (12.8 and
21.9) are 0.039 and 0.023, respectively. The curves for A = 80° in Figure 5.16 (for a = 5°)
flatten at the 7, values, indicating that particle embedding occurs even at very shallow angles

of attack for very angular particles. Embedding occurs with sharp (high A) particles over
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greater intervals of initial orientation as the angle of attack increases (i.e. the impact becomes
closer to normal), and particles of lower angularity (i.e. 45°) also begin to embed at o = 65°.
At close to normal incidence (Figure 5.20), particles embed regardless of angularity over some
range of initial orientations. It is interesting to note that at normal incidence, a. = 90°, even
though the model neglects elastic spring back, the higher angularity particles will not embed
over the whole range of incident orientations; this model will still predict both a rebound
rotational and translational velocity. This is because, for high angularity particles at very high
and very low initial orientations, there will be Y-direction (Figure 5.3) movement of the centre
of mass of the particle induced by the Y-component of the contact force.

The curves in Figure 5.16-Figure 5.20 display increasingly large, flattened peaks as the
angle of attack increases, indicating that there is less dependence of material removal on initial
orientation for higher angles of attack (i.e. closer to normal incidence). In a blast cleaning
application, the particles are likely to be of different angularity, and to impinge with random
orientation. This, together with the fact that the material removal is highest for a specific
orientation at higher angles of attack, implies that, one would expect maximum removal at
normal incidence (i.e. a = 90 °) for blast cleaning, neglecting any multiparticle interference
(i.e. collisions between inbound and rebounding particles).

The greatest values of n; in Figure 5.16-Figure 5.20 occur for the A = 80° particles,
implying that on a per unit particle mass basis, the most material can be removed by highly
angular particles, if they impact at the proper orientation angle. Highly angular particles are
not, however, the most efficient at every initial orientation angle, as can be seen from Figure
5.16-Figure 5.20 (at lower 6;). As mentioned above, it is likely that particles in a blast stream
would arrive at the target surface in random orientations, and it would thus be desirable to
make some overall assessment of the effectiveness of a particle of a given angularity over the
full range of initial orientations. As shown in equations (5.28) and (5.29), particles of
complementary angularity (e.g. A= 10° and A = 80°) are actually the same particle, impacting
with either the sharper vertex leading (as in the A = 80° case) or the blunter vertex leading (as
in the A = 10° case) depending on the initial orientation. Thus, particles with complementary
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angularity can be paired, and the average volume removed for a specific particle (ie. A =
80°/10°, A = 30°/60°, A = 45°/45°) calculated in each of the cases in Figure 5.16-Figure 5.20.
To do this, the area under the m; curves for each of these three paired particle sets was
calculated, and the result divided by 180° (which is the full range of orientation angles spanned
by any particle). The results are shown in Table 5.1 for all cases plotted in Figure 5.16-Figure
5.20.

=128 =219
@(de®) Tromo | 30/60 | 4545 | 10780 | 30/60 | 45/45
5 0.0103 | 0.00827 | 0.00848 | 0.00632 | 0.00502 | 0.00504
35 | 00151 | 00161 | 00156 | 0.00933 | 0.00937 | 0.00917
45 | 00212 | 00238 | 00254 | 00131 | 00140 | 00142
65 | 00272 | 00297 | 00341 | 0.0i58 | 00175 | 00188
85 | 00289 | 00335 | 0.0383 | 0.0170 | 00196 | 0.0220

Table 5.1: Average value of x; for all cases in Figure 5.16-Figure 5.20.

If one assumes that particles of a particular angularity set are blasted at a surface, and that
particles are no more likely to arrive in one orientation than any other, the values in Table 5.1
represent the per particle expected value of m;. At very low angles of attack (o = 5°), highly
elongated particles are most effective; at a shallow angle of attack (o = 25°), all particles are
equally effective; and at intermediate and high angles of attack (x = 45° to 85°), square
particles are most effective. The effect of particle shape on material removal is more
pronounced as the angle of attack becomes steeper (e.g. for t;=12.8, the difference between the
maximum and minimum =; in Table 5.1 increases from 6 % at a = 25° to 28 % at a = 85°).
The effect of particle shape on material removal, is, however, relatively insensitive to
variations in m; (e.g. at o = 85° the difference in maximum and minimum 7, in Table 5.1

changes from 25% for x; = 21.9 to 28% for ; = 12.8). It should be emphasized that the resuits

in Table 5.1 are averages over the whole range of incident orientations, and that higher =,
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values can be obtained if the orientation angles are fixed at the values corresponding to the
peaks in Figure 5.16-Figure 5.20 (recall that %,= 0.039 for m; = 12.8, and #,= 0.023 for &, =
21.9).

In Figure 5.16-Figure 5.20, towards the left side of the figures, there are some missing
points inside the range 6; > -A. These points represent cases where point (e) of Section 5.3.4 is
violated, and the model cannot properly predict the total crater area. This only occurs at higher
angles of attack (>45°), and over a very limited range of 6;.
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Figure 5.21: Dimensionless crater volume, «,, as a function of initial orientation, 6;,

for particles impacting a target having friction coefficient, p = 0.1 at an angle of
attack, a = 5° and 1, = 12.8. Angularity, A values: A 80°, @ 6¢° l 45°, ¥ 30°, @
10°,

For very low values of coefficient of friction (such as the 0.001 value used in the analysis
of rigid-plastic collisions of steel spheres on the urethane coating discussed Chapter 4), the
effect of friction on collisions involving the angular particles in the present study was found to
be negligible. However, for collisions between steel spheres and various metal targets,
Sundararajan [31] found that the coefficient of friction can be significantly larger, on the order
of 0.1. To illustrate the effect of friction for angular particles, Figure 5.21, Figure 5.22, and

Figure 5.23 were constructed, assuming collision between steel spheres and a steel target at 200
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m/s (m; = 12.8) with a constant coefficient of friction of p = 0.1 at three different angles of
attack.
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Figure 5.22: Dimensionless crater volume, n;, as a function of initial orientation, 0;,
for particles impacting a target having friction coefficien ‘ 0.1 at an angle of
attack, o = 45° and «, = 12.8. Angularity, A values: & 80°, @60°Hl 45°, ¥ 30°, @
10°.

Comparing Figure 5.16 and Figure 5.21, it is evident that the effect of friction is minimal
at very shallow angles of attack (o = 5°), which is not surprising, given that the contact area,
and thus the area over which the friction is assumed to act, is relatively small. The =, values
are slightly lower in the constant friction case (Figure 5.21) than in the frictionless case (Figure
5.16). This is expected because some of the kinetic energy that is available to deform the target
in the frictionless case will be consumed in the constant friction case. In Figure 5.21, the peak
of the A = 80° curve represents approximately 94% energy loss, whereas in the frictionless
case, Figure 5.16, the peak is at 100% energy loss (i.e. &, ), implying that particle embedding
is less likely to occur for higher friction materials than for lower friction ones at very shallow
angles of attack. The transition from forward to backward rotation occurs at approximately the
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same initial orientation regardless of the presence of friction for collisions at very shallow
angle of attack.

Comparison of Figure 5.18 and Figure 5.22 for collisions at a = 45° reveals a more
pronounced effect of friction than was seen at very shallow angles of attack. The basic trends
are the same in both figures, with the values of =, being lower in the constant friction case, as
expected. It is important to note that for the case of nonzero friction, equation (5.32) no longer
holds, and there thus will not be a well defined cut-off value of #, for particle embedding. The
portions of the curves for A = 80° and A = 60° in Figure 5.22 falling between approximately
30°< 6; < 70° and 35°< 6; < 45°, respectively, were found to represent full energy loss and thus
particle embedding. The range of values over which particle embedding takes place is
approximately equal in Figure 5.18 and Figure 5.22, indicating that the presence of friction has
little effect on whether the particles are likely to embed at intermediate angles of attack. The w,
values over these particle embedding ranges are somewhat sensitive to the initial orientation of
the particle, resulting in the irregular shape of the curves, but the variation of n; is not very
large over this range. The transition from forward to backward rotation of the particle (onset of
sharp decrease in m,) also occurs at approximately the same incident orientation, regardless of
the presence of friction. It is interesting to note that, in the case of constant friction, the overall
maximum in 7, occurs for square (A = 45°) particles, whereas it occurs in the A = 80° case for
frictionless surfaces. This is probably because the square particles will produce friction forces
on the two contact surfaces that are closer to each other in magnitude than the ones produced
by sharper particles. This results in a minimisation of the effects of the frictional force on the
rotation of the particle, in turn resulting in less energy being consumed in rotational energy in
the square particle case.

Comparison of Figure 5.20 and Figure 5.23 for collisions at o = 85° shows the effect of
friction at a high angle of attack. The overall trends of the curves in Figure 5.20 and Figure
5.23 are the same, with the m values being lower in the constant friction case, as expected.
Particle embedding for the constant friction case of Figure 523 was found to occur over the

range —20° < 6; < 20° for A = 80°, -5° <9; < 5° for A = 60° and over the whole range of valid
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0; for A = 45°, 30° and 10°. These ranges are approximately the same as those found in the
frictionless case. A striking difference between Figure 5.20 and Figure 5.23 is that the
maximum in 7; is a function of particle angularity in Figure 5.23, whereas in Figure 5.20 itis a
constant value, &,. This is probably because the more angular particles penetrate the target
deeper than the less angular particles, and thus have larger contact areas, resulting in more of
the incident kinetic energy being consumed by friction. In Figure 5.23, the highest n; values
occur for the least angular particles, as expected, because the friction forces will act more in the
direction of vertical motion for the more angular particies, and thus the retarding force caused
by friction will be maximised in this case.
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Figure 5.23: Dimensionless crater volume, =, as a function of initial orientation, 0;,
for particles impacting a target having friction coefficient, g = 0.1 at an angle of
attack, @ = 85° and &, = 12.8. Angularity, A values: A 80°, ®60° ll 45°, ¥ 300, @
10°,

Similar trends in the effect of friction were found for higher friction coefficients, with the
resulting n, values decreasing as the coefficient of friction increased. For example, for p =0.3,
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o = 45° and A = 80°, particle embedding (peak m;) was found to occur over an interval of
30°< 6; < 70° (the same as the for u = 0.1 and frictionless cases), at a value that oscillated
between approximately 0.017 and 0.022 (as opposed to between 0.028 and 0.033 in the u=0.1
case).

One limitation of the model is the assumption of constant friction. In reality, the friction
coefficient can be a function of the local sliding velocity; for example, Sundararajan [31] found
that for brass and copper targets, the coefficient of friction can vary as much as 100% as the
sliding velocity changes from 20-160 m/s. Including this effect in the model might resuit in
significantly different results for some materials. Nevertheless, there are target materials such
as steel where the coefficient of friction is approximately constant {31}, and the results of the
present constant friction model can be used. A modification of the present model for non-
constant coefficient of friction is a subject for future study.

5.6 Summary

A method to analyse collisions between arbitrarily shaped rigid particles and flat target
materials has been presented under the assumption of fully plastic behaviour of the target
material. The general formulation of the model can be applied to rigid particles of arbitrary
shape, size and density colliding with targets of specified dynamic hardness (under the
assumption of fully plastic behaviour) at arbitrary incident velocity, orientation, and angle of
attack.

The special case of symmetric particles of the type shown in Figure 5.3 was discussed in
detail, and a further subset, the case of square particles, was compared to experimental data
obtained by Hutchings [7]. The excellent agreement obtained with the experimental data and
an earlier model by Hutchings provides an initial confirmation of the validity of the present
model.

The effect of varying input parameters on the amount of target material removed was

then studied with the main conclusions summarised as follows:
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(a) A dimensional analysis resulted in dimensionless parameters that greatly simplify the
problem of impact of a rigid, symmetric particle of arbitrary angularity with a plastically
behaving target having arbitrary friction coefficient at any angle of attack, initial particle
orientation, and initial velocity.

(b) An upper limit to crater volume occurs when the particles embed. The limit is well defined
and independent of particle angularity in the frictionless case, and dependant on initial
particle orientation and angularity in the constant friction case.

(c) Low angularity (blunter) particles are generally more likely to embed at high angles of
attack regardless of orientation for both the constant friction and frictionless case.
Embedding occurs for sharp (high angularity) particles over greater intervals of initial
orientation, as the angle of attack increases.

(d) Changing the dimensionless parameter x; resulted in similar trends with respect to the
variation of w, with initial orientation angle. Overall, however, the =, values decreased
with increasing ;.

(e) The crater volume was maximum at the transition between forward and backward rotation
of the particle.

(f) The crater volume was maximum at normal incidence in the frictionless case.

(g) On a per unit particle mass basis, highly angular particles created the largest craters,
provided that they arrived at the proper incident orientation in the frictionless case. For
constant friction, this was true only at very shallow to intermediate angles of attack.

(h) When averaged over all possible initial particle orientations, elongated particles are most
effective at removing target material at very shallow angles of attack, all particles are
equally effective at shallow angles of attack, and square particles are most effective at
intermediate and high angles of attack.

(i) Very low friction coefficients produce negligible changes in crater volume as compared to
the frictionless case at all angles of attack. Higher friction coefficients result in negligible
changes in crater volume at shallow angles of attack, with the effects increasing as the
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angle of attack becomes steeper. In all cases, the initial orientation for transition from
forward to backward rotation is unaffected by friction.

134



Chapter 6

Discussion of mechanical properties and
blasting parameters affecting coating removal

The two coating systems described in Chapters 3 and 4 have completely different
removal mechanisms associated with them, This chapter considers the differences between
these systems, as well as the implications of these differences for blast cleaning and for coating
manufacturers.

6.1 Coating system and particle properties

The coating removal mechanism of the alkyd coating system discussed in Chapter 3 was
found to be impact-induced buckling delamination, whereas, the urethane system of Chapter 4
was found to erode, rather than delaminate. [t is important to identify the properties of the
coating systems and the blasting parameters that determine the removal mechanism, and the
extent of removal. In other words, how can coating removal be maximised (or conversely, how
can coating systems be designed to maximise removal resistance) for a given type of particle
impact? It is clear that the properties of the coating/substrate system are as important as those
of the coating itself. Moreover, the coating/substrate system can exhibit different behaviour
depending on the characteristics of the particle and its incident conditions.

6.1.1 Hardness

Clearly, the single most important material property of the coating is the dynamic hardness.
For the alkyd coating system, the onset of removal is governed by the volume of coating
displaced by the impacting particle, which is strongly dependant on the coating dynamic
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hardness, and for the urethane system, the amount of coating pushed into lips at the edge of the
crater also depends strongly on the coating dynamic hardness. In both cases, a coating should
be made as hard as possible if it is not to be removed by impacting particles.

It has become clear that the dynamic hardness, pq, of a coating is, to some extent, a function
of the thickness of the coating (see Chapters 3 and 4). The thicker the coating, in general, the
easier it is to indent because pyq is effectively decreased. This is not a material effect but rather
one of constraint of the plastic field below the indentor by the substrate. In fact, py has also
been found to depend on substrate properties, with coatings applied to harder substrates having
higher effective hardness [36]. Thinner coatings will resist indentation more than thick ones,
as the presence of the harder substrate is felt more by the impacting particle. An impacting
particle at a given velocity will thus leave a bigger dimple on a thicker coating than a thin one.
But, at the same time, it takes more incident kinetic energy to delaminate a thicker coating,
assuming that, as in Chapter 3, the particle must penetrate the coating to the bare substrate to
initiate delamination. Because large dimples are not pleasing from an aesthetic point of view,
and coating delamination is obviously not desirable, the paint thickness should be chosen such
that the trade-off between improving appearance after impact (use thin coating) and prevention
of delamination (use thick coating) is optimised.

The hardness of the particle is also important. If the particle is softer than the coating, then
it will lose all of its incident kinetic energy in its own deformation and essentially leave the
coating untouched. For both coating systems studied, the impacting particle must be harder
than the target coating if any damage is to be done to the coating. A test of this hypothesis was
made by launching 0.96 mm cellulose acetate spheres (m = 0.602 mg) at a 40 pum thick
alkyd/steel specimen at 100 m/s. The incident energy corresponding to the incident conditions
is approximately 3 mJ, which, according to Figure 3.8, is comparable with the incident energies
of the glass spheres used in Chapter 3. The original purpose of the experiment was to see if a
polymer particle would remove more material than a glass particle, given that it would surely
deform more (and thus displace more paint) upon penetration to the substrate. The result of the
experiments was that the cellulose acetate spheres did not damage the coating at all, and, upon
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examination of the spheres after impact, it was found that they were permanently flattened.
The reason for the lack of damage to the coating was because the cellulose acetate spheres
were not hard enough to indent the coating, and thus all of the kinetic energy was lost
deforming the particles themselves.

In the case of the alkyd/steel system, it would be desirable, from a maximal coating
removal perspective, for the particle to be softer than the substrate material below the coating.
This would encourage greater flattening of the particle as it hit the substrate, thereby displacing
more coating volume, and thus increasing the amount of coating removed (Figure 3.20). The
optimum particle would be one (launched at a kinetic energy sufficient to penetrate the coating
fully to the substrate) that is hard enough to penetrate the coating, but is compliant enough to
flatten significantly when it reaches the harder substrate. A hollow particle, or one with a foam
core would meet these criteria. It would be hard enough on the outside to penetrate the coating,
but being hollow would allow it to deform (flatten) more when it hits the substrate, thus
minimising damage to the substrate while maximising coating removal.

6.1.2 Young’s Modulus

The Young’s modulus, E, of the coating is also very important. For the alkyd/steel system,
the critical buckling volume did not depend on Young’s modulus (the volume was dependent
on dynamic hardness, as discussed above), but the strain energy release rate was inversely
proportional to E (equation (3.35)). However, competing with this was the fact that bending
moments induced by buckling were directly proportional to E (equation (3.49)), and since the
bending moment is squared in the strain energy release expression, the net effect is that the
strain energy release rate increases with increasing E. Thus, if two coatings had the same
interfacial fracture strength (G), and dynamic hardness, py, then the one with the higher
Young’s modulus, E, would delaminate more upon impact. Coating manufacturers should thus
lower the Young’s modulus of coatings to enhance buckling delamination resistance (assuming
other properties constant).
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For coatings that erode, plastic effects largely dominate the process and thus Young's
modulus is not very important. For the same yield strength however, a low E will promote
more springback (and hence less material pushed into lips at the edge of the impact crater),
because the amount of recoverable elastic deformation will be increased. The conclusion is
again that a lower E coating is more erosion resistant.

The Young’s modulus of the particle is also important in buckle-driven delamination
systems. It was found in Chapter 3 that, for particles penetrating through the coating to the
bare substrate, significant amounts of additional coating volume were displaced by the particle
flattening as it hit the substrate (Figure 3.20). A low particle modulus would encourage this
behaviour, as discussed above.

In the case of eroding coating systems, the more rigid the particle the better from the
perspective of maximising coating removal. The Young’s modulus should be as high as
possible to minimise incident kinetic energy being wasted in elastic deformation of the particle.

6.1.3 Poisson’s ratio

There was also, according to the plastic hole Matthewson analysis, a dependence of the
interfacial shear stress on Poisson’s ratio. Equation (3.50) predicts a 30% decrease in
maximum interfacial shear stress when Poisson’s ratio is increased from 0.1 to 0.5.
Incompressible materials (such as rubber-like coatings) are thus less likely to delaminate.

As in the case of Young’s modulus, Poisson ratio effects for coatings that erode such as
the urethane of Chapter 4 are minimum, because the erosion is dominated by plastic effects
characterised by the dynamic hardness alone.

As the Poisson’s ratio of the particle increases, there should be increasing lateral
deformation (or flattening) a particle that is colliding with a bare substrate. By the arguments
presented in Section 6.1.2, this would mean that more coating would be displaced by the
impacting particle (if it reaches the substrate). Thus, it would be desirable for a particle to be
as close to incompressible as possible, for maximum coating removal, and hence the ‘ideal’
hollow particle discussed in Section 6.1.1 should be made of incompressible material.

138



Discussion of Mechanical Properties Affecting Coating Removal

6.1.4 Yield strength

The coating yield strength was an important parameter in both coating systems examined.
In the case of the urethane coating, which was found to fail by erosion, plastic effects
controlled the entire process. A coating with low yield strength would exhibit much less elastic
springback (see Figure 4.9) in such a system, and thus more material would be pushed into lips
at the edge of the impact crater, available for removal by subsequent impacts.

In the case of coatings that are removed by buckle-driven delamination, the lower the
yield strength (for constant E), the quicker full plasticity will be reached, and the greater will be
the extent of volume displaced by the indenting particle. There will thus be higher biaxial
compressive stresses induced in the delaminated coating adjacent to the contact zone, and thus
a larger extent of buckling.

If the coating is an elastomer (i.e. a material that has a very high elongation to yield), then
most of the incident kinetic energy will be returned to the particle on rebound, with very little
damage to the coating. In this case, a very small amount of the energy is available to either
delaminate or erode the coating, and the coating would prove difficult to remove in either
manner.

In both coating systems, a high particle yield strength would ensure that no incident
energy is wasted in plastic deformation of the particle, and blast cleaning particles should thus

be very high strength.

6.1.5 Interfacial strength

In both coating systems tested, the use of a fully plastic analysis to describe the incident
kinematics proved adequate. This raises the important question of why the two coating
systems exhibit such different removal mechanisms given that the incident kinematics are
essentially the same.

The answer may lie in the last of the important material properties of the coating system:
the interfacial bond strength. It is hypothesised that coatings with very high interfacial strength
will not delaminate, no matter how high the incident kinetic energy. In this case, the material
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displaced by the presence of the indenting particle does not induce high enough interfacial
stress to delaminate the coating. For these types of coatings, one should see a crater where the
particle impacted, as there will be significant local plastic flow, but there will not be any
delamination. The only way to remove such a coating is by erosion, as was the case for the
urethane coating system of Chapter 4.

Recent experiments performed on an automotive urethane topcoat/steel substrate system
have led to the conclusion that removal is governed by a buckle-driven delamination
mechanism similar to that experienced by the alkyd system in Chapter 3 [8]. The Young’s
modulus, Poisson’s ratio and dynamic hardness are of the same order as the eroding urethane
system of Chapter 4, and yet the coating delaminates rather than erodes. In addition, the
coating of Reference [8] delaminated to a much lesser extent than the system of Chapter 3.
This cannot be due to the differences in Young’s modulus, because the arguments of Section
6.1.2 imply that the higher E would cause higher reactions at the crack tip and thus a larger
delamination. The only explanation for this behaviour is differences in interfacial strength: the
alkyd system of Chapter 3 has the lowest interfacial strength, followed by the coating of
Reference [8], and finally, the coating of Chapter 4, whose interfacial strength is so high as to

not allow delamination to occur.

6.2 Effect of incident parameters on coating removal mechanism

The fact that the incident kinematics of both coatings could be described by the same
model implies that it may be possible to force a coating to erode simply by altering the incident
parameters. For example, it might be possible to erode the alkyd system of Chapter 3 by
launching angular particles at low velocity (to maximise cutting erosion behaviour, and
minimise displaced coating volume). This was found to be the case, as explained in Section
3.6, where it was found that angular particles sometimes caused buckling, and sometimes did
not. In the cases where buckling did not occur, examination of the impact sites revealed
behaviour consistent with ploughing or cutting erosion. In addition, Figure 3.1 (a) shows that,

if the incident normal velocity is below that required for penetration to the bare substrate (and
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thus delamination) to occur in the alkyd system of Chapter 3, a crater similar to that observed
in the urethane system of Chapter 4 results. Thus, the alkyd system can be made to exhibit
both erosion and buckle-delamination behaviour depending on incident parameters.

The reverse of the above behaviour (i.e. forcing a coating to buckle-delaminate by
changing the incident parameters) is, however, not thought to be possible. Striking the
urethane system of Chapter 4 with steel spheres at a velocity necessary to cause penetration did
not induce any buckling or delamination. As explained above, because of the high interfacial
strength, it is not possible to raise interfacial stresses high enough to cause delamination.
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Chapter 7

Conclusions and Recommendations

7.1 Conclusions
7.1.1 Experimental setup

A gas gun capable of launching single particles at speeds of up to 120 m/s was designed
and constructed. A CCD camera/frame grabber/high-speed flash setup capable of measuring
incident and rebound angles and velocities of single particles launched using the gas gun was

also designed and constructed.

7.1.2 Alkyd paint/steel substrate model system

The impact behaviour of an alkyd paint/steel substrate model coating system was
examined by performing impact experiments using glass and steel spheres. It was found that:

(1) The stress response of the system could be modelled effectively using quasi-static methods.
Dynamic effects such as wave reflection at the interface and spalling were eliminated as
possible coating removal mechanisms. The coating delaminated along the interface
between the coating and the steel substrate.

(2) Tangential velocity effects were found to be negligible in both the initiation and magnitude
of coating removed, and could be ignored for modelling purposes. Thus, only normal
effects needed to be considered.

(3) The initiation of coating removal correlated well with the normal component of incident
velocity required to just penetrate the coating to the bare steel substrate. This velocity
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could be calculated using a quasi-static fully plastic indentation model. The coating was
not removed unless this critical incident velocity to penetrate the coating to the bare
substrate was achieved.

(4) After penetration to the bare substrate, the collisions proceeded as if the particles were
incident on a bare steel substrate. At higher speeds, the magnitude of coating removal
increased beyond that at penetration to the bare steel substrate due to the subsequent
deformation of the particle, which displaced more of the coating.

(5) A range of incident kinetic energies was found where the coating was removed, but the
substrate was not damaged.

The mechanism of coating removal was found to be impact-induced buckling
delamination, in which the impacting particle kinematics were described by a fully-plastic
analysis, giving the volume of coating displaced by the impacting particle. This displaced
volume caused equi-biaxial compressive elastic stresses in the coating at some distance from
the impact site, which, in turn, caused the coating to buckle and delaminate in approximately
circular blisters (when impacted by single spheres). A method coupling a novel post-buckied
analysis of a compressed disk with an existing strain energy release analysis was developed
and found to predict the size of delaminations accurately.

In addition, an approximate elastic stress analysis in which the local plastically deformed
material was replaced by a hole with a compressive stress (obtained via the Tresca criterion)
applied to it, was used to calculate the elastic interfacial stress to initiate a debond. It was
found that the debond stress obtained in this manner was not suitable for calculating initiation
strain energy release rates, but matched experimentally obtained debond conditions well.

7.1.3 Urethane/epoxy/aluminum model system

The impact behaviour of a urethane/epoxy/aluminum model coating system was
examined by performing impact experiments using steel spheres. It was found that:
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(1) The coating did not delaminate, no matter the incident kinetic energy of the particle.

(2) Tangential effects were important in the removal process.

(3) The coating was removed by ploughing erosion, in which plastically deformed material is
pushed into lips at the edge of the impact crater, where it is available for knock-off by
subsequent impacts.

(4) A fully-plastic analysis adequately predicted the rebound velocity and crater length, but
was unable to predict crater depth and the rebound angle accurately, owing to its neglect of
elastic effects.

The fully-plastic analysis of (4) was modified to account for elastic effects (using an
approximate elastic stress analysis), and it was found that the rebound angle and crater depth
could be predicted accurately.

7.1.4 Analytical investigation of erosion by angular particles

A method to analyse collisions between arbitrarily shaped rigid particles and flat target
materials was presented under the assumption of fully plastic behaviour of the target material.
The general formulation of the model could be applied to rigid particles of arbitrary shape, size
and density colliding with targets of specified dynamic hardness (under the assumption of fully
plastic behaviour) at arbitrary incident velocity, orientation, and angle of attack.

The special case of symmetric particles of the type shown in Figure 5.3 was discussed in
detail, and a further subset, the case of square particles, was compared to experimental data
obtained by Hutchings [7]. The good agreement obtained with the experimental data provided
an initial confirmation of the validity of the present, more general, model.

The effect of varying input parameters on the amount of target material removed was
then studied with the main conclusions summarised as follows:

(1) A dimensionless analysis resulted in dimensionless parameters that greatly simplify the
problem of impact of a rigid, symmetric particle of arbitrary angularity with a plastically
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behaving target having arbitrary friction coefficient at any angle of attack, initial
orientation, and initial velocity.

(2) An upper limit to crater volume existed when the particles embed. The limit was well
defined and constant in the frictionless case, and dependant on initial orientation and
particle angularity in the constant friction case.

(3) Low angularity particles were generally more likely to embed at high angles of attack
regardless of orientation for both the constant friction and frictionless case. Embedding
occurred for sharp (high angularity) particles over greater intervals of initial orientation, as
the angle of attack increased.

(4) Changing the dimensionless parameter =, resulted in similar trends with respect to the
variation of m; with initial orientation angle. Overall, however, the x; values decreased
with increasing ;.

(5) The maximum crater volume occurred at the transition between forward and backward
rotation of the particle.

(6) The maximum crater volume occurred at normal incidence in the frictionless case.

(7) On a per unit particle mass basis, highly angular particles created the largest craters,
provided that they arrived at the proper incident orientation in the frictionless case. For
constant friction, this was true only at very shallow to intermediate angles of attack.

(8) High aspect ratio particles were most effective at removing target material at very shallow
angles of attack, all particles were equally effective at shallow angles of attack, and square
particles were most effective at intermediate and high angles of attack.

(9) Very low friction coefficients produced negligible changes in crater volume as compared to
the frictionless case at all angles of attack. Higher friction coefficients resulted in
negligible changes in crater volume at shallow angles of attack, with the effects increasing
as the angle of attack became steeper. In all cases, the initial orientation for transition from
forward to backward rotation was unaffected by friction.
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7.1.5 Mechanical properties affecting coating system behaviour

The mechanical properties affecting coating system behaviour were discussed in Chapter 6.

The conclusions can be summarised as follows:

(1)

)

@)

4)

©)

The most important material property of the coating is the dynamic hardness. From the
perspective of making erosion resistant coatings, it was found that for both coating
systems examined, a coating should be made as hard as possible.

Because large dimples are not pleasing from an aesthetic point of view, and coating
delamination is obviously undesirable, the paint thickness should be chosen such that the
trade-off between aesthetics and prevention of delamination is optimised.

The hardness of particles was found also to be very important. The optimum particle for
coating removal of systems that buckle-delaminate would be one that is hard enough to
penetrate the coating, but is compliant enough to flatten significantly when it reaches the
harder substrate (launched at a kinetic energy sufficient to penetrate the coating fully to
the substrate).

The Young’s modulus, E, of the coating is an important property in the case of buckle-
delaminating coatings. Coatings with a low E are resistant to buckling delamination. For
coatings that erode, plastic effects largely dominate the process and E is not very
important. For the same yield strength, however, a low E will promote more springback
(and thus less material pushed into lips at the edge of the impact crater), because the
amount of recoverable elastic deformation will be increased. The conclusion is again that
a coating with a low E is more erosion resistant.

The Young’s modulus of the particle is also important in buckle-driven delamination
systems. A low particle modulus encourages flattening upon impact with the bare
substrate, thus increasing the extent of buckling. Particle manufacturers should keep this
in mind when choosing biast cleaning media material. In the case of coating systems that
erode, the more rigid the particle, the better. The Young’s modulus should be as high as
possible to minimise incident kinetic energy being wasted in elastic deformation of the

particle.
146



Conclusions and Recommendations

©

Q)

@®

®

(10)

Incompressible materials are less likely to delaminate, due to the lower interfacial stresses
associated with them, and thus a high Poisson’s ratio of the coating would be desirable in
the case of buckle-delaminating coating systems. As in the case of Young’s modulus,
Poisson ratio effects for coatings that erode such as the one of Chapter 4 are negligible,
because the erosion is dominated by plastic effects characterised by the dynamic hardness
alone.

As the Poisson’s ratio of the particle increases, there will be increasing lateral
deformation (or flattening) during collision with a bare substrate. By the same arguments
as in (3), it would be desirable for a particle to be as close to incompressible as possible,
for maximum coating removal.

The coating yield strength is an important parameter in both coating systems examined.
In the case of the eroding coating system, the entire process is controlled by plastic
effects. A coating with low yield strength will exhibit much less elastic springback in
such a system, and thus more material will be pushed into lips at the edge of the impact
crater, available for removal by subsequent impacts. In the case of coatings that are
removed by buckle-driven delamination, the lower the yield strength (for constant E), the
quicker full plasticity will be reached, and the greater will be the extent of volume
displaced by the indenting particle. There will thus be higher biaxial compressive
stresses induced, and thus a larger extent of buckling.

In both coating systems, a high yield strength would ensure that no incident energy is
wasted in plastic deformation of the particle, and particles should thus be very high
strength.

It was concluded that the interfacial strength was the factor controlling whether a coating
delaminates or erodes. Coatings with very high interfacial strength cannot be made to
delaminate, no matter how high the incident kinetic energy may be. However, coatings
with lower interfacial strength can be made to either delaminate or erode by varying the
properties of the incident particles.
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7.2

Contribution
This thesis represents the first quantitative analysis of the blast cleaning process, and the

mechanisms of coating removal associated with it. Though only single impacts are considered,
it constitutes a significant first step to a complete understanding of the blast cleaning process.
In addition, several contributions to the fields of solid particle erosion and coating analysis
were made, specifically:

M

@

©)

@

©)

7.3

A novel post-buckling/strain energy release rate analysis to predict delamination size for
coatings impacted by spherical particles. The post-buckling analysis is the first to include
the constraint of buckling prevented at a certain radius due to the presence of the
impacting particle [9].

A modification of the existing approximate Matthewson [20] elastic coating stress
analysis for the more accurate representation of a spherical indentor profile.

The experimental verification that the rigid-plastic erosion model of Hutchings [24] can
be successfully applied to coatings.

The modification of the rigid-plastic erosion theory to account for elastic rebound effects
[49].

The generalisation of the rigid-plastic erosion model for square particles of Hutchings [7]
to include arbitrarily-shaped particles [53]. The study of the effect of incident particle
parameters on crater volume for symmetric angular particles is also novel [54].

Recommendations
This thesis, as mentioned previously, constitutes a first step to understanding the blast-

cleaning process. There are several areas that need to be explored further:

(D

The application of the theories and analyses presented in this thesis should be adapted for
multiparticle streams. For example, a statistical model that predicts, as a function of
incident angle, the likelihood of rebounding particles interfering with incident particles
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for a given particle stream size should be possible. This would aid in the application of
the analyses of this thesis to real blast cleaning applications.

This thesis identified two fundamental removal mechanisms: impact-induced buckling
delamination and erosion. It is thought that these are typical mechanisms for a large
variety of coating systems used in industry. Recent work on an automotive urethane
topcoat system [8] has shown that the methods of Chapter 3 can be used to predict
buckle-delamination behaviour for that system as well. More experiments on a wider
variety of coatings would be desirable, in the hopes of identifying exactly what
distinguishes the two classes of coating systems, and perhaps identify new coating
removal mechanisms.

Due to time limitations and the difficulty associated with performing angular particle
experiments, it was only possible to compare the angular particle erosion model with
published data for square plates. It would be interesting if the analytical trends of
Chapter S could be verified experimentally for other conditions. This, together with the
conclusions of Chapter 6 regarding important particle material properties might result in
the design of an optimum particle for blast cleaning. The effects of particle orientation
being very important, it might be possible to combine the analysis of Chapter 5 with an
aerodynamic drag analysis to design a particle that is guaranteed to arrive at the target
surface in the orientation that removes the most amount of material.

The symmetric angular particle analysis of Chapter 5 could be fairly simply modified to
account for the effect of varying moment of inertia, without changing the shape of the
contacting portion of the particle. This would be accomplished by essentially splitting
the particle into a top and bottom part, with the bottom part staying a symmetric wedge of
side length h, and the top part having an arbitrary shape, chosen at will to represent any
moment of inertia. The moment of inertia is an important parameter because it
contributes to the determination of how much incident kinetic energy is converted into
(wasted) rebound rotational kinetic energy.
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The symmetric angular particle analysis of Chapter 5, in its present form, can account for
an incident rotational kinetic energy, though this was not studied due to time constraints.
The coating stress analysis of Chapter 3 is approximate, with the stresses and strains
being represented by an average through the thickness of the coating. It would be
desirable for a more accurate stress analysis to be developed in order that interfacial
stresses for the initiation of delamination be investigated more rigorously. The ultimate
aim would be to determine initiation critical strain energy release rates. A number of
more accurate stress analyses exist in the literature, though they are quite complicated
(see, for example, Reference [47]). FEA techniques might be used as an alternative.

As discussed in Chapters 3 and 4, the dynamic hardness of a coating is a function of its
thickness. This implies that in a real blast cleaning process, as a coating is eroded, the
resistance to indentation will increase. When the coating is eroded to the point of being
very thin, the dynamic hardness might be several orders of magnitude higher, because the
influence of the substrate will be large. Furthermore, as the coating is completely
removed, the bare substrate will be left exposed, and thus prone to damage from
impacting particles. Methods of accounting for this behaviour must be investigated.

The conclusions of Chapter 6 should be tested. For example, the effect of Young’s
modulus of the coating could be tested in the following manner: Because the coatings are
visco-elastic, there is a strain rate/temperature equivalence. It would be interesting to
cool the urethane system of Chapter 4 (thus raising its Young’s modulus and making it
more prone to buckle-driven delamination) and then perform experiments to determine if
it is possible to delaminate the coating. The converse could be attempted as well — the
alkyd coating system of Chapter 3 might be made to erode at higher velocities if it was
heated up (and thus the Young’s modulus decreased). Though other particle properties
might also change with temperature, the results of such experiments would, nevertheless,
be interesting.
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Computer Program for Experimental Setup

The following computer program was written in Turbo C to control the flashes, OPTO 22
/O board, and frame grabber in the experimental setup of Figure 2.1. The resulting images are

stored in a TIFF file named ‘test.tif’.

#include <dos.h>

#include <odx.h> /* Definition of each ODX function */
#include <opr.h> /* Symbol definition for each OPR */

#include <stdio.h>

#include <stdlib.h>

#include <math.h>

#include <conio.h>

#include <cmp.b> /* Compiler Dependent function mapping */

#include <stringh>
#include <dos.h>
#include <process.h>

/* global variable declarations */
int first, expt, stop;
charline[100];
char myname[100];
char answer;
char sav;
unsigned base;

/* function prototypes */

void menu(void);

void grab( void);

void store(void);
void initio (void);

void initio (void)

/* THIS PROCEDURE INITIALIZES THE IO OPTO22 BOARD WITH CHANNEL

O AS AN INPUTY
Al
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{

base=0x220; /*base address for opto 22 is 220 hex*/

outp(base+1,0);

outp(base,0xFE); /* configures all channels as inputs */

outp(base+1, 0x34);

}

void menu (void)

{

char line[100};

expt=0;

if (first ==1) {
printf"\fin\n\n");
pﬁntﬂ"\n\t.”‘ttlt‘i'O"Q.‘.##itl"#t‘tt’i!'t"‘#‘#‘#t#t"t.t’#");
printf{"\nit* ;
printf{"\a\t* ")
printf{"\n\t* *** \"High speed grab\" *** =),
printf{™n\t* "),
printf{"\n\t* Version 1.0 (1995) *,
printf{"\n\t* ),
printf{"\n\t* by *);
printf{"\n\t* »y
printf{™n\t* Marcello Papini *);
printf"\n\t* *%
printf{"\n\t* *%

pﬁntf("\n\t‘ “‘“‘.‘!#!#4!“.ttt““.l.““t"“‘l“l“‘t.“"t‘\n\n")-
]

printf{"t\t Press Return to continue");
fgets(line, sizeof{line), stdin);
}

printf{("fn\ntMENU:\n\n");

printf{"t1. Setup cameras\n");
printf{"™2. Shoot particle/get images\n");
printf("\t3. Exitn");

printf{"\n");

printf{"tSelect (1-3):");

first=0;

/* VGA Modes */
#idefine VGA_640x480_16 0x12
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/* Keying Modes */
fidefine FrameBufferOnly 4

int VgaMode( int Mode)

{
static union _REGS regs;

if{ Mode = -1)

{
regs.h.ah =0xf;  /* Get Current Display Mode */
_int86( 0x10, &regs, &regs);
;eturn( (int)regs.h.al);
else

{
regs.h.ah=0; /* Mode Select */
regs.h.al = Mode; /* Mode Number */
_int86( 0x10, &regs, &regs);
return(0);
}

}

void grab(void)
{

int OldVgaMode;
unsigned mw, mh;
int keying;

/* Bind to the Oculus Driver */
iff odxbind() <1)

{
printf("Cannot Access any ODx Driver\n");
exit(1);

}
setdmajor( 0); /* Bind to first device */
reset(); /* Reset Board */
OldVgaMode = VgaMode(-1);

/* Set the VGA card in Graphic Mode 640x480 16 colors */
keying = opr_ing( KEYING);

VgaMode( VGA_640x480_16);

select( 0); /* Select Frame Buffer Minor Device */
format( 11); /* Set Memory Format to 1024x512 %/
mw = opr_inq{ MW);

mh = opr_inq( MH);

opr_set( FZOOMOUIT, opr_inq( FZOOMQUTSLZ)); /* Maximum Acquisition Zooming */
vidin( 3, 5, I, 0, 0); /* Select Acquisition 640x480 NTSC */
fwin( 0, 0, mw, mh); /* Set fwin to maximum */

vidowt( 5, 1, 1, 0, 0); /*Select Display 640x480 VGA ¥/
dwin( 0, 0, mw, mh);  /* Setdwin to maximum */
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/* Display Frame Buffer Only */
if (expt==0) /* Only setup*/

{
printf{"%i",inp(base));
getch();
opr_set( KEYING, FrameBufferOnly);
fograb( -1);  /* Continuous Acquisition */
_getchQ);
fograb( 0);  /* Stop Acquisition */
}
else /* perform experiment*/
{opr_set( KEYING, FrameBufferOnly);
fograb( -1);
while(inp(base)=0); /*while not triggered */

fograb(0);

getch();

/* Restore Old Keying Mode */
opr_set( KEYING, keying);
/* Return to Old Display Mode */
VgaMode( OldVgaMode);

printf{"\tSave frame? (y,n)\n");
fgets(line, sizeof{line), stdin);
sscanf{line, "%c", &sav);
if (sav="y")

{printf{"%i" execl("tiffsave.exe",0));
printf{"done”);

}

getch();

/* Restore Old Keying Mode */
opr_set( KEYING, keying);

/* Retumn to Old Display Mode */
VgaMode( OldVgaMode);
;etum;

void main(void)
{

first=1I;

initio();

while (1)

{

menu();

fgets(line, sizeof{line), stdin);
sscanf{line, "%c", &answer);
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switch (answer)
{
case'l':  /* wantto see live images */
expt=0;
grab(;
break;
case 2.  /* want to perform experiment */
expt=1;
grab();
break;
case ‘3"
stop=1;
break;
default:
printf"\n");
printf{"*** INVALID SELECTION ***\n");
}
if (stop==1)
break;
}
}
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Approximate Elastic Stress/Strain Model
(Modified Matthewson Analysis)

The derivation proceeds in the same manner as the original Matthewson [20] paper, and
was presented, in part, by the author in Reference [1]. Assuming the displacements in the r and
z directions, up(r,z) and v(r,z), respectively, can be approximated by a power series as,

u,(r,z) = A(r) + B(r)z + C(r)z?

vu(r,z) =D(r) + E(r)z ®.1)
the strains become
g = %— = f;(B(r))z +S(cmr?
g, = gr.i B(rr)z C(rr)z B2)
€, =%i E(r)

where A(r) and D(r) disappear due to the fact that upm(r,0) = vm(r,0) = 0. The coating was
assumed very thin and the stress and strains were assumed to be described adequately by
averaging through the thickness of the coating. The average strains were thus,

B1



Appendix B

_ h

e,=% fe.dz= %i B(r)+~ h’—C()

0

— 1° u, 1,Br 1,,C@)

= dz:—i=— —h2 .3
%o ha“so r 2h r +3 r ®.3)
— 14 vy (r,h)
sz=E!szdz= Mh = E(r)

S,
Figure B.1: Stresses acting on an element of the coating

The equilibrium of the stresses acting on a small element of the coating (Figure B.1), in the
radial direction, gives.

~ 4 =L = 4
dr r h B4
The engineering strain is
Ou,, Ov,, ov(1,2)
=—M M- B(r)+2C(r)z + —M2=2 3
Ya =7 "+ (r) (r) o (B.5)
which results in
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1, =G'y,(z=0)=G"B(r)

B.6)

where G is the shear modulus of the coating. Because the friction between the indentor and

the coating is ignored, t; = 0, which gives the relationship between B(r) and C(r).

By using Hooke’s law, the average stresses can be written as

2vG'
1-2v

2vG'
1-2v
2vG'
1-2v
t,(r) = G'B(r)

o, (r) = +2G"e,

+2G" g,

Go(r) =

o,(r) = +2G'e,

B.7)

where ©,, G,, G, are the average normal stresses in the r, 6, and z directions as shown in

Figure B.1,7, is the interfacial shear stress, €, , €,, and &, are the corresponding strains

averaged through the thickness of the coating layer, h is the coating thickness, v and G’ are the

Poisson’s ratio and shear modulus of the coating, respectively.

By manipulating the above equation, Matthewson [20] was able derive differential

equations in B(r) and f{(r), for both inside and outside the contact radius, ¢,

: 1df] 3 1-2v v df
p'lpmy-Ldfl_3 1-2vpy, v d _, o./c
{(r) 2dr} 20 1=y O ) & =€
. 6(1-v)B(r) _
D' {B(r)} R =0 r>c
d’x ldx «x
where DbO}=g7+ g

3

(B.8)
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which could be solved for any indentor profile. The profile of the indentor, f(r), in
Matthewson’s paper, was approximated by the first term of a parabolic series expansion as,

_ r’-c?
f(r)= R (B.9)

where c is the contact radius, and R is the radius of the indenting sphere. This expression was
used to calculate the average strain in the z direction, and it assumes that the ratio ¢/R < 0.2.
Assuming that the profile given in equation (B.9) is used, expressions for B(r) and C(r) can be
found in Reference [20]. By a simple modification of the model, the author has found that the
restriction of small ¢/R can be relaxed somewhat for deeper indentations by adding a term to
the indentor (particle) profile, equation (B.9), as,

i SR
f = + .10
0= ®.10)

This improved approximation to the actual spherical indentor profile, for c/R=0.5, has a
maximum error of 2 %, whereas equation (B.9) has a maximum error of almost 14%.
Substitution of the improved indentor profile, equation (B.10), into equation (B.8) gave,

N

__=ve’ [4(6v-1)v-1]n’ 2v
B =R [ 3R32v-1) +R(2v—l)]r+

’l-2v r
+Bmll( mg) (Oerc)f (B.ll)

J (r2c¢c)

and
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C(r)———-(B() df(’)) (0<r<c)
B.12)

C(r) =--I'h— B(r) (r=c)

These expressions can be used to find the stresses and strains in the coating, and the shear
stress along the interface with,

a

1 {3cr[4(6v ~1)v- l)h2+l(3c +2R?*J6v - 1)]

=~ T hE+vIKT-KI) 32v- 1R’ 4R*(2v-1)
12¢I' (B.13)
_46v-1)v-1h* (6v- IXZR2 + czk}
9(2v-1)*R? 12(2v-1)R?

and

K', (32 +2R?J6v-1)
4Q2v-1R°r

4p’(7v+6vi+1)

3(2v-1FRT (4+v)

(B.14)

Ba =

where I;(x) and K(x) are the first-order modified Bessel functions with,

’ iI—ZV;c

I_Il( BMHJ (B.15)
1-v)c

K‘K‘[\P 4+v E) ®.16)

B5



Appendix B

=4 1
dc ®.17)

LS (B.18)
de

An expression for the indentation force, F, can be obtained by integrating the average
stress in the z direction over the contact area,

Fc)= ]’o‘,-zm-dr (B.19)
0

resulting in,

_G'zhv(4 +vko, d
F.le)= 6@v-1) dc
G'a(v-1)® |vG'=h(6v-1) G'n(v-1) |,
3hR’(2v—l)+[ 32v-1FR*  2(2v-1)Rh c (B-20)
16G nvh*(6v~1)v-~1) . 2G nvh(6v 1) 2, 4G'nvhB_Ic
9(2v-1y'R? 3(2v-1FR 32v-1)

(cK) -

This can be compared with the indentation force that results from Matthewson’s original
analysis [20]:

1 G'nhv(4 + vka' d 1 ,..(1-v)nct
Flc)= —(cK)--G —~2—_
C= 1 w3 TR ®21)
where
d
_4(1— I'—(cK)
. 40-6v) |, de B22)

* TRE+VXI—2vK | | (KI-KK)
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The pile-up of coating at the edge of the indentation (Figure 3.11), 5h, is the same as the
one derived by Matthewson [20], and is given by,

2
sh = ——V—--(—m-)ll—a'(K'c +K) (B.23)
I-v 12 ¢

For the range of c/R ratios for the glass bead/alkyd paint system of Chapter 3, the

modified analysis based on the indentor profile of equation (B.9), yielded forces that were 20-
25% higher than the original Matthewson analysis [20].
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Asymptotic solution of the buckling problem

The following asymptotic solution to the buckling problem of Section 3.5.1 has been
published by the author in Reference [9].
To obtain the post-buckling solution to equations (3.21) and (3.22), the displacements

and forces can be expanded in a series as follows,

W(r) = sw,(r) + s*W,(r) + s’ w;(r) +...

v(r) =sv,(r) +52v, (1) +s’v,(r) +... (C.1)

P =PC€ +sp® +S—ZI—’2+...
2

V"

where s is a perturbation parameter that defines progress along the equilibrium path
corresponding to buckling, and P® signifies the i’th derivative of P with respect to s. If
equation (C.1) is substituted into the differential equations (3.21) and (3.22), and the boundary
conditions (equations (3.23), (3.25)-(3.27)) and the coefficients of the powers of s are set to
zero, then a set of differential equations and boundary conditions can be constructed. The first
three sets of resulting equations are,

Cl
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Lo 6 12PT(a-vY)

&=t
v r 1'2 Eh’ o
[4
w, Vi vl_ (C‘2)
i
r

v G G 120, vow) 12P°0-V),  12PY0-vh) K
i CA T 3

’ - 12 ’
v'2'+-vr—’-y72-+w;w;'+—-—-(l W _ g

120-v)[ o, . oy PP, ] ks
~ [Pg, PYC, + g] Lt (CH)

V;“‘T"—"‘ctCz +8,G + (1~ V)Q:Cz =0

where

=4 (C.5)

The first equation in each set of equations (C.2){(C.4) describes the out-of-plane
behaviour of the buckled plate, and the second describes the in-plane behaviour. These
equations are the same as those obtained by Thompson and Hunt {43], with the exception of
the extra constants k;, which are to be determined by the boundary conditions given by,
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\

wi(a) =6,(a) =0
w;(b)=0

w‘i’+ﬁ{ =0
LY

for all i, and

v

(C6)

(o))

The sets of equations (C.2)-(C.4) are solved individually using the boundary conditions,
equations (C.6) and (C.7). Considering the first of equation (C.2), the homogeneous part is
Bessel’s equation, and the particular solution can be found as,

Eh’k,

_kD _k

HOE

where y is given by,

C

Lo
D

Y

and the general solution can thus be written as,

C3

12PS(1-v)r Pt 7’

(C.8)

(C.9)
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cl=A.JI<vr)+B,Y.<vr)+}‘%J; (C.10)

where Ji(x) and Y (x) are the first order Bessel functions, and A\, B, and k, are constants to be
determined by the boundary conditions. Integration of equation (C.10) gives,

A B k, In
wl=——Y—’J°('yr)-—;‘-Y°(yr)+ l,{z(r)"'kz (C.11)

where k; is another integration constant. Applying the boundary conditions results in the
following homogeneous system of equations,

k
AIJI(Ya)+B|Y1(Ya)+a—;2'= 0

A,(yJo(yb) +-Jl(t’:ﬁ(v—1)) + B,(yYu(yb) +@(v- l)]+§2kl2-(v— 1)=0
Y \ (C.12)

-éy'-Jo(yb)—PYlYo(yb) +%lnb+k2 =0

-2, tra) -%Yn(ya)+5-;-lna+ k, =0
Y Y

This is an eigenvalue problem and the characteristic equation can be found by setting the
determinant of the matrix of coefficients of equation (C.12) to zero. The resulting
characteristic equation can be rewritten in terms of

¥Y=vyb
b (C.13)

p=—
a
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and the solution for the smallest nonzero value of P satisfying the homogenous equation is
found as,

P 2
P == with C,=('ya)2=(;) (C.14)

The particular value of ¥ depends on p, while the buckling parameter, C, varies with p as
in Figure C.1, shown to facilitate calculations. The buckling parameter for very small holes
(p—0) is 44.2, based on v = 0.406 (which is the Poisson’s ratio for the coating in this study),
which compares well to the value of 42.68 obtained numerically by Evans and Hutchinson for
v = 0.3 (for deflection prevented at a single point, i.e. b—>0) [40].

100 - & ‘ T , '

90 ‘

80

— e .._’.l’_AA .

70 - : —

Buckling Parameter

u. .* [ | :
AN L R
: T

01
| |
0 — | ! . :

0 0.1 0.2 0.3 0.4 0.5 0.6
p=b/a

Figure C.1: Buckling parameters C,- @, and C;- ll as a function of p = b/a.
CS
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Because this is an eigenvalue problem, the complete solution cannot be found without a
normalising condition. Following Thompson and Hunt [43], the perturbation parameter s is
defined as the displacement at the midpoint of the deflected coating. All calculated quantities
will then be in terms of the midpoint deflection:

w(-a;—b) =s, and thus,

b b (C.15)
w,(a—;—)ﬂ, wi(%—)=0 fori>1

This normalising condition, together with equation (C.12) and the boundary conditions, gives
the constants A,, By, ki, and k3, as,

2

. (v-13, (‘ra)-—(v 1y, (Yb)-—YJ (vb)
1 = Y9 e
|-y, (va)~—(v 1y, (vb)-b Tiib)|

ra)- 1 252 ) arlnl 22 (w)

1ad,()in2 + 2[5, )~ S ()]

1ay, (Ta)lng + 2 [, (vb)- Y, (ra)]
1,0b)-Joa) _ p Yoltb)- Yolra)
;) uf;)
In bl, (ya) - InaJ, (yb) InbY,(ya)- Ina¥, (yb)
b (C.16)
£H

s

r[. Yo('r“bJ+Yo(Ya)-aYY;(Ya)ln(%)]‘

\

B, =-A,

k, =—vA,

k,=A, +B,

Cé6
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which gives the full first mode buckling solution. The second of equations (C.2), together with
the first of equations (C.7) gives that v;=0.
Proceeding to the second set of equations, the first of equations (C.3) is rewritten in the

following manner,

' ' Clt _ 2 M1 -2
(L] J2l-v) Lk 12P0(-v) ©17)

and multiplying equation (C.17) by rw;’ then integrating the result from b to a (using
integration by parts), the unknown left-hand side will disappear due to the boundary conditions.
This procedure is originally due to Croll [56], and was used by Thompson and Hunt [43] in
their analysis of a clamped buckled plate. Thus, P‘’=0, and equation (C.17) is the same as the
first out-of-plane equation (C.2), and using the last of equation (C.15), wo= 0. The second of
equations (C.3) can be rewritten as,

’

(v;)'+(%) +(%2-) +(12;rv)w{2 =0 (C.18)

and integrating twice, equation (C.18) can be put in the following form,

1-v 1 w2 ¢cr c
v, + ( - )Irw{’dr+z(l-v)rJ‘T'dr+?+T’=0 (C.19)

The first of the integrals in equation (C.19) is,

Cc7
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, r? r’ k2, k'
j'rwfdr=1(r)=—i-z,’-7zoz,- Y',° Y' Inr

where  Z; = A,J;(yr)+B,Y,(rr)

and the second of the integrals in equation (C.19) can be written as,

2
Moar =) =3 420 i 25N
where
NG~ 28 )= - 200 A, [ 20 ), [ X))

[2B )~ 3 EET o

&%k + 12k

a2 it ML R

L2l3 ()™ (- )""il

k
& & J@if =

e

v

(C.20)

L (C21)

where g is Euler’s constant (=0.577). The series expansions are necessary because these
integrals do not have exact solutions. They were derived based on series expressions found in

the literature (see [57], for example).

Substituting equations (C.20) and (C.21) in equation (C.19) gives va(r). The only
unknowns are the constants c¢; and ¢, which can be found by applying the second-order

boundary condition, given by the second of equation (C.15), yielding,

(1+v)b?ia) - a’l(b)] 1+ v)a?b?[L(a)-L(b)]

27 4lb* -a*) 4\’ -a’)
(1 V) Ita)- (- V) La)+ 2021(?:))

C8

(C22)
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The third out of plane equation, equation (C.4), can be written as

3 —vi) p2

noting that P = v =0. By performing the manipulation of Croll [56] (multiplying by rw,’ and
integrating from b to a), the unknown left-hand-side vanishes due to the boundary conditions,
and, after simplification,

% _24a fl(r)( (1= ")1( )-2(1"') )dr

P® = b 2
I(a) - I(b)
or
PP = h22 C, > (C.24)
where

Jl(r)( (1-v )I() 2(1r v) z}dr

C,= C

I(a)-1I(b)

This was integrated numerically, because an exact solution is extremely tedious. The force can
then be rewritten as,

P C, s
TNy (€25)
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where C;, depends on p as in Figure C.1, and the dependence of C»/2C, is shown in Figure C.2,
to facilitate calculations. One could proceed to the third in-plane equation, and then the fourth
order equations, etc., however, the leading terms obtained in equation (C.25) are sufficient to
obtain the initial slope of the post-buckling path necessary for strain energy release
calculations.

0.4 :

0.35

025 —v— %o t -

Buckling parameters
o
N
'3
...
.
»

0 0.1 0.2 0.3 0.4 0.5 0.6
p=b/a

Figure C.2: Buckling parameters C,/2C;- @®,and ap- B a5 a function of p =b/a.
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Excel and MathCad spreadsheets used to

analyse data

D.1 Sample Microsoft Excel experimental data spreadsheet

BRACH 'S ANALYSIS

nputs: Qutputs: g
ncident
Deiay incident (us) tang. vel (m/s) [impuise Ration Particie x- centroid y- centroid angle
129 -1.08023E-14 1.58947E-16 1 43.4296 44.79194 90
Delay rebound (us) nc. norm vel (m/s) 2 4334704 5237423
3 -58.78092609
ncident a (deg) . tang. vel. mage Pro
27 9.15041E-18 Rebound
Rebound a (deg) b.norm. vel. (m/s) [Normalized Energy Loss Particle angiea
90 14.93764152 1 43.0443 3197131
Diamater (mm) 2 4243882 36.41151 90
[Tang. Impuise

Mass (kg)
1 .
ncident Velocity (mvs) '
58.780926

14.93764152
A for sphere lass steel L1 3
25 paint thickness
40 microns

D1
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D.2 Sample of implementation of analysis of Appendix B in a MathCad sheet

Modified Matthewson Analysis
Marcello Papini 1997

. o . -7
Input parameters here: h = 40-10° m := 3.64286-10
E := 2470-10°

v = 406
E
2(1 +v)
a := (.0000822) Contact Radius

G:=

b =0.487
a

R:=.32:107 Radius of Particle

K(r) =K1 J;J.l_::
i ®
K(a)=0.171

i(r) :=n[ ’3- -2v -ij
2(l-v) h

I{a) = 0.901

di(a) = 3-(1(a))
da
di(a) = 1.604+10*

dK(a) = - (K(a))
da

d d
e (a) - K(a)-&-
daK(a) I(a) - K(a) dal(il)

A(a):= le--h-(4+ v)

d
a—[(a
ia (a)

D2
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b4 (6v-1)(v-1))
al3

h? *_:_,, 342 +2R% (6v-1) Ka)
[(-l +2-v)2'iR3-!-l(aﬂ F’-[(-l +2~v)-9_!(a)H
da . da

C(a);:i-(s-v-l)- "'l; 0’
? I(-l+2-v) -R3|

2 2
-1 2R +a
D B (B = |)-
(a) [2( v-1)

N (
(-1+2-v)R
- -(B(a) - C(a) + D(a))
a(a): A(a) a(a) = 0.625
d

2 —K(a) 2 2

B(a):=-3 :i ~Tv+6v +1 -hz-iu(a)-(4+v) da _i[ 3a"+2-R” (6v~- l)]
9 2 o3d 4 d 413 d
(-1+2-v)"- R —[(a) —I(a) RO (-1 +2-v)—I(a)

da da | da

B(a) =~-1.137

delta(a) = --l--v-a.(a)~h-(4 +v) (K(a) + (dK(a))-a)
12 (1-v)a)

del := delta(a)-h

delta(a) = 0.019 del = 7.758010""

Bl(r) :=[ !

r + i-(G-v- 1) (v- ll h2-2. ! r] ..
I(-uz-v)-gﬂ 3 I(-l+2'V)'-R3I (Re(-1+2v))
+[B(a)-ll[ /3- L-2v ..’.J

2(1-v) h]]
! -v 3 [-4 (v-1) 2 v
Cl(r):= r+|—(6v-1) -h* - 2. v
2h [ (~l+2»v)-R3_ 3 I(-[ +2-v)2-83| (R-(—l+2-v))J J
1-2v r 13 1
+|B(a) IiU3 XTI H]+[ - r e = r”

D3
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for r<a

Stresses and strains
Inside contact area

(v-1) (6v-1) 132 (6v-1) ]h

-4 3
€ py(r) i=—(6v =~ 1) b’ +|=B(a)- -.[( )-..______.._.,. . .
& 9 l(-l+2-v)2-R3| [ 6 (R(-1+2v)) 4 Igs.(_“.z.v)l

-4 ((6-v-l)-(v-l)).h3+ -1 (6v-1) L (6v-1) r
? [(~l+2-v)2-R3I 6 (R(-1+2v)) T2 (-l+2v)R

Ih
€ g1(r)= E'F'ﬂ(ﬂ)'l(l’) +

2. a? At
£ 51(r) = + delta(a) +
2Rh 8R>h

v(r,h) =¢ zl(r)'h

ti(r) = G-Bl(r)

2-v-G
6 (r):= l Y Er(r) +egu(r)+e z1(1) +2:Ge y(r)

2.v-G
d’e](l‘) -—l-!-é-— l(!’)*tel(r)i-t l(l’) +2G£el(l‘)

2v-G
g 5i(r) = -l—_vTv- € rl(") +E 91(') +E 4 (1) +2.Ge 21(r)

Coatact Force

K(a) +29-K(a)

P(a) :=l-(4 +v)-G-x-v-a(a)-ba 2 -.‘.-G-n- v a°
6 (-1+2v) 3 [(-l+2‘v)~ R*h ]
+ l.y.G.:.h. (6v-1 __ lex -1 ..
3 |(..1 +2-v)2-R3| 2 ((-1+2-v)-(R-h))
16 3 ((6v~- l)(v-l)) 2 (6:v-1) 2

+

-—v-G-2-h _. v-G-x-h- .2
9 [c1e2v?®] 3 [1+2v)2R]
G

4
-y hg- I(a)-
+[3 v a2 z-B(a)-I(a) 3]

P(a) =-10.868
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l—lz-vv-ll-(c% +v)
delta’(a) = Lln[a(.) d—(t K(a))”

v-1 a da

delea’(a) = 571.348

Stresses and strains
QOutside contact area

for r>a

2- l- r
2 :=-_- K1 —
) 4:h o(a)y [ (4+v) h}

B2(r) :=a(a)-l(l[ 6 -y -r-]
(4+v) h

£ pp(r) == h—BZ( eg b —C2( )

€ g2(r): -l— -B2(r) +—l-h—C2( r)

£ o(r):= (liv)~ srz(r)feez(r)

t2(r) := G-B2(r)

2v-G
8 (a2(r) -# 2(0) +€ 2(F) 8 15(1) +2:Gee (1)

€ (1) +€ go(r) +& 55(r) +2:Geg gy(r)

1-2v
2v-G ‘
1-2v
r= 11000 a=822.10

6 ,o(r) == € p2(r) +ega(r) +€ ,o(r) +2:Ge (1)

DS
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Results for stresses and strains at r. If r<a, where 2 is contact radious, then
solution on left, otherwise,

solution on right.
Forr<a For r>a
£ 1 (r) =0.049 §pp(r) =
€ g1 (r) = 0.049 ¢ ga(r) = 4.085:10°
€ 71(r) =-0.249 ¢ () =
()= 4.631-10-8 2(r) = 2,443-1024
- [ 2 8
[ 4 rl(r) ==4.821 loa ¢ rz(r) =
ogi(r) = -4.8210109 ¢ go(n) =
) zl(f) ==1.006-10 q zz(r) =
Contact force
P(a) =-10.868
Penetration depth
v(0,h) =9.956:10°
Pileup
del = 7.758+10 7
a
W(a)= P(a)- h-delta’(a) - = - < d
(a) (3)- n-x 22 |t Work done on coating
0
a "2 3
Wi(a) = J P(a)(b-deita’(a)) da W2(a)=-| S+ 2 Pla)da
0 R Rpiay

Wi(a) =-3.157+10°
W2(a) = 3.787+10

W(a) = Wi(a) + W2(a) 1
2
W(a) = V2(a) = z-wi:"
Incident velocity required for given contact radius
s V2(a) = 14419
V(a):= :z-?;
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D.3 Sample of implementation of plastic hole Matthewson analysis in 2 MathCad sheet

Plastic Hole Shear Matthewson Analysis
Marcello Papini 1997

Input parameters here: b= 50-10°8

E = 2470-10°
vz 4

m = 3.64286-10°7

G:=

2(1 +v)
2:=(.000173)
R 0289

a
R:=.32.103

Assuming that the "crushed” area found in the impact sites is equal to the contact area, a, at full
penetration (and this should be experimentally verified), then we can (Matthewson '89) assume that a
cylinder of plastically deformed material of dimensions 'a’ by 'h' exists. Assuming that a constant dynamic
hardness or flow stress, H, acts (see dynamic hardness folder) over the cylinder’s top surface, then Tresca
says (see Matthewson '89) that a radial compressive pressure of 2/3 H exits at rea.

The problem thea becomes to remove the "cylinder” and replace it by the radial stress described above.
The 2/3 H radial stress is used as the BC to 2 Matthewson type analysis:

The solution to this problem is in my binder and is called "plastic hole”

H := 190-10°

Jorr®

K(a) =0.034

[(e) = n[ ’3- 1-2v »-5]
2(1-v) h

I(a) = 2.398

K(r) := KI‘J;-

di(a) = S-(1a))
da

dI(a) = 3.081-10%

dK(a) = 3(K(a))
da
D7



2 l-v
al(a) s -=-H'6
3 Gh(aev) (dx(.) ,y- K“’)

C2(r) = -i—jl:-'ul(l)l((r)

B2(r) := al(a)-K(r)
B2(s) =0.122

1-v .5
a(a) = [6- ]
h:(4+v)

Stresses and strains
€pr) = %-h'-:-;BZ(r) . -‘--h’-ﬂ;cz(r) ree

{ b
‘02(’) ---BZ(r) ——CZ(r)

€ zz(r) = -.(Tt_v-;-{s l,2(1') +e 62("))

G .

¢ o(r) = 2 v2 8 pa(r) +& go(r) +€ (). +2:Ge p9(r)
v-G

¢ go(r) = _T g (1) regy(r) +e z2(') +2:G-t go(r)

g (r) -——ZG- rz(r)«-eez(r)nﬂ(r) +2:Ge (1)

1(r) := G-B2(r)

o () =-1267010° ¢ () = 0,048
¢ ga(r) = -1.864¢107 ¢ g2(r) =0.013
0 o) =-1.451010 € ,o(r) = 0.024

Interfacial shear stressatr=a

+(r) = 1.079+10%

2 ' 1 ,
note that t(a)=-=-190-10% '.
( ( )=' 3 f o) - " )

'-.a(a)z-l((a) uz(n)z ’

D8
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D.4 Sample of implementation of buckling/strain energy reiease rate calculation in a
MathCad sheet

Buckling analysis and strain energy calculations

Marcello Papini 1997

INPULS Particle Radius

E := 2470-10° ParRad := .000365

t:=.000040  Coating thickness

= Steel substrate
v = 406 L
properties
vg=3 Eg=210-10°
b := .000052 Radius at which buckling prevented Ho 10
due to presence of particle '

a:=.000416 Contact radius

1
Vo:= ;'l'tz'(}Plled -1) Vo= l.768°lo.lz
b= 5.2'10-5
Vo:=234-1012
_b
p= ; p= 0.125

Calculation of first buckling mode:

F(¥):= [ln(p)---m(\v)-vl-; +Jl:;~Y0('i') + In(p)- -Jl(‘l’)~Yl:-:- +n:§ Y1(¥) --("; ”J .

10L .yoew) - ocw)voi Y
p P
+]- -
P ¥
+-| - Jo(¥)-Yi Y vyl a2l
P P P P P P ¢?

[ C'F ,
iIl(‘i‘)-YOl§} = 10(¥)-YI(¥)v- JOI-:ii-Yl(‘l’)p +JO(¥)-Y1(Y) ..

+ 1012 1(9)v + JI(P)v-YO(¥) - JLOP)-YO(¥) - TL(¥)v-YO! .:ii ',
P )
' P

vz

D9
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¥=.1,.11.2

Find first root of F(¥)

4 T

F(¥)

-2

Guess a value for root finding
¥=7

¥ := root(F(¥),¥)

¥ = 0.774 p=0.25
n:.—.z ya =6.195
p
.n
yE= 4 - o S o
3 y=1489:10" Kl :=(ya)

K1:38379466  First buckling parameter

Constants needed for post-buckied analysis
(Expression for A too large to appear in printout)

Y

A=
(v-1)Ji(ys)- %(v - 1)51(rb) -~

[[ YO[—-1 (b+ a)] +YO0(y a)] e ln[z -(-———)- ‘Yi(y-a) 7} =
;-(v -1)Yl(yb)+ (1 -v)Yl(ya)+-

A = 1.182+10*

(n.\;-)‘vln(b) m 1’ ln(-)-p-mi{-“-'}wlow))

B:=-A ‘
( ( )‘l’ln(b) vi! )?m(.) pYO(p)fp'YO('l’))

D10
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B = ~1.45310

A -.BA W..V +32¢v A.w.oﬁmv. * ﬁxsv

k=- A=y ‘B
"Ry v m@) T ) T by
k =~4.119¢107
{ 'y 'y
(-JO('¥)-In(a) + [n(b)-JO| = -{ YO(¥)-ln(a) - Es.éT
WN = \ ,ﬂ .> * f‘ .w
[ (r(in(b) - In(a))) (v(In(b) - In(a)))
k2 =-1.043
First out of plane equation:
wi(r) = .D.SQ._.V - .m.<oQ.c * E + k2
Y Y P
wl(a)=0

Check to see if deflection zero at r=a and r=b, and 1 at
wi(b)=0 r=(a+b)/2 as it should be

‘a+b\
llm——i =]
wli >
S1(r) = AJ1(yr) » B-Yi(yr) +h
? N Slope

Note that x=y*r
Z(n,x) := A-Jan(n,x) + B-Yn(n,x)
P 2 k K2
Kr) = ..N..NA Lyr) - ..N-.NS.«._.V.NS.:.V - N..m.NA 0,yr) » —in(r)
Y Y

Bessel function and integral of Bessel function calculations:

[ [ k
2k, kel I
(-1 -
2 ;

2 ! j=1
M ” J
S 2 ]
um(x) . :
2k _ ~ (2-i)?

L L i |
DI
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Euler = 5772156649 Euler's constant

k 2%

80
(-1)x
J(x) = + In(x)
k§-:1 2*kir(ke1)2k

o k2K
Y(x) ;=§- m[\%}-r( )= ("’("” Z Chyx + Sum(x) + 2.2

J(x)
ooy 25ker (ke 1)(2k) x

M(x) = +.5-(A-J(x) + B-Y(x))

-Z(1,x)
2x
2
k * -2—-k- -M(x)

L(x):=-.5.2(0,x)% + Z(1,x)? -
2l Y

2

2
I(r) := 52.2(1 vY'r)z - 32(0,7[)2(2,7” . k K

3 2'—]-2( 0,70+ —‘vln( r)

Y 4
c2:= -L \bz I(a) - l I(b)/ﬂ»(lfv) !

4! bz-l \b -..21

a2b%(L(ra) - L(rb))

€2 =-0.093

ol = .'..._. q(a) - (1 - v) 2| 2€2(1 - v)
2.8 2 az-(l .v)
c1 = 4.679-10°
Second in-plane response:

"Vl(-'i-l(l-v)rx,(yr) al 82
4 r 2 r

v2(r) =

v2(a) = -3.207+10°
Integrais must be evaluated numerically:

2
2 \
X = -24-0% I(r)- -(—— l(r)¥ -2 -l—-— c2idr
y 20 r ' r
b
X = 64.664
Y = I(a) - I{(b) Y =1.086

DI12



X
K2:s v
K1=38379 p=0125
K2= 20952 ¥=0114
Buckling parameters ra=6.195
2% =0.27296

Slope of initial post-buckled path:
1

siope :=
we [ 2aV2(a)12(1+v)
K2
slope = 0.3176
Critical Buckling volume:
K¢
Ve ey Ve=9.14710"

Analysis of Suo and Hutchingson for mode ratios and G calcs

Ky133-4v Kg=3-dv, p=0.125
E p=0.125
2 / \ 3 \
R Eq Brikg=li-wyix=~1)
2(1+v) o= 2 . ! /
2-([ fvs) " l-(xz* l/l fpz-(“ 1 + l) Dlllldlllt';“
[ arame
a_zur(‘zfl)-uz'(‘l*l) B =-0.153 P
u]-(Kzf l)f}lz'l\‘K 1 1-1;;
e =-0975

o = 52.5-deg (This value was found using the chart of Zuo+Hutchinson (1990))

If Vo>V, then the buckled solution is valid, otherwise, the unbuckled solution is
valid

Unbuckled Y. 2.558
Ve
2
G us E'——I-—vi—‘—
42 (l-v)at
G, =481.448
D13
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e

s =5.386010

Reactions at crack tip:

. 2
M(r) = Ed 42 wi(r)-s

12: l-vz) dr2

3 X 2»0
P:= KIEC * SEC K2 M(a) = 0.076

\
121 -v3 a2 12{1-13) Bal2

! 2
P:=i»E 2K1-P +s KZ)

—-1
2 [Crev?)ad] P = 5.229-10°

! \
b \ H
G=6i1-v2 E LM’ ?-%22.)

M(a) - tPsin(a) |
" m‘_ﬁ_—z_M(a) cos(0) - t-P-sin(o) !

L4

-E-M(a]'sin(o) - t~P’cos(m)~"
Results are here:
G = 297911 v = 1025 «deg

Di4
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D.S Sample of implementation of rigid-plastic analysis for spherical particles in a
MathCad sheet

Spherical particle Hutchings analysis:

Inputs
r:= .000445'm o
pg= 1120 105-Pa Vs 54.79'; mass := 000002918 kg
= 001 a:=-61.69-deg mass=2918.10° kg
yO=rp
x0:=0
Y iy0 = V-sin(a) v iyo =-48.237-m-sec.l
Vi EVes@) 25, 984wmesec™]
Full contact solution:
r
m
sec
Y| = Y lyO'f;
0 These two matrices are needed by the Runge Kutta
sec function to calculate solution
ey
y ll
2
. rz iy lo !
P d mass
D 1 t.y 1=
y I
g_y%z
-u.:.p d. m

time g = 1.319-10°°

Z | =rkfixediy ;,0,.time ¢,;,100,.D | RungeKutta implementation

DI1S



Appendix D

-17.1967432 3.08322458.10° 25.95267221
-16.60017761 3.11745577+10" 25.95207564
-16.00082236 3.15168616+10" 25.95147629
-15.39877963 3.18591576+10° 25.95087424
-14.79415186 3.22014456010™ 25.95026961
-14.18704179 3.25437257-10" 25.9496625 Solution is all in Z1
-13.57755243 3.2885997710° 25.94908302
-12.96578704 332282617410 25.94844125
-12.35184911 33570517610 25.94782731
-11.73584239 3.39127654+10° 25.94721131
-11.11787084 3425500510 25.94659333

velxl =2 l<‘>'—;"’

2> m
. <> veiyl:=21< > ve
xl.'zl n sec @ | = atan ——lyl -rad
VG'XI
. <l>
YI3ZI eri3 velxlzfvelylz JRN
pen:=r-y

162301074 Here, you need to find where ‘astar’

» starts to decrease, because that is
1.625.10 point of separation. Once found,
then adjust the higher time limit, so
that the hundredth entry is where the
sphere detaches.

D16
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Sphere not fully in contact:
Enter disattached data here:
WeZy,™ ¥0 = 3.989+10
Wmay X0 = 1.97310™
m - -1
vy0:=z lloo.z.; vyo= 11.118 \mesec / ‘
. - ) [Vyo0
Yx0*© Z 1'00.4 sec V0= 25.947°mesec 1 atam“'_x()/‘)
x'my
y=vy
———
pen:=r-y |
y_o' 1
m
v _sec
y: X0
seC
VxO';-

==23.195 «deg

D matrix needed for runge kutta calculation is too large for printout

a_p

[’Jr YO,,Jr"yoJIY3 *ryl"l-”'Y:; I*YQ.J Y3, ]

2

D(t,y) =

l
[»jl-' ’r (y” r- )'0 r+Yo ¥y - Y()Y3]

P z\‘
[i\y” + Yy ]

[-r-y3 *Yo' j(y3\2 - (yl".z -p- ‘r- Yo' ‘r+y0- ‘!'y3‘a2 + !yl 2 +p-r-yll |

D17
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42 L3 Yoy, -1, BYE Youf - Yogs - Ny aik4¥) l

1
3 T
[(92)?+ (y,)’](‘ [J; J'J 1+ () = e vorfervom - vy

Here, you need to find where Z
. = 2210.10° goes imaginary (that is where
te pan = 2239:10 the sphere loses contact and
rebounds). Adjust the upper
Z := ridixed(y,0, time prp, 100,D) limit of time so that the
hundredth element of Z is where
the sphere loses contact

0.0003988871 -11.117870836
0.0003986496 -10.1034696149

4.478.10°  0.0003984345 -9.1140584787
6.717.10°  0.0003982412 -8.1544085353
0.0003980691 -7.2280229716

Z=1.1195.10"7 0.0003979173 633740528

13434107 0.000397785 54842339381
15673107 0.0003976714 -4.6694957832
179124107 00003975756 -3.8935973567
2.0151+10°7 00003974968 -3.1564621364

2.239410°7 0000397434 -2.4576170106

velx = Z«>-l
sec

|

somammm)

}

vely::z<2>»-1 ay= m{(ﬂs’}

sec 1\ve /
—————————)
vys velxzfvelyz

Q:= mck(a 1:¢ 2)

D18



-3
Rebound velocity and angle B =110

time := Hme ) + H€ pyry time = 3.558+10
@ reb “* %200
\' bound > ¥ -1
re 2,00 V rebound = 23-262+'mesec & rep = 22291 odeg
Now make an array of the x and y coordinates of the center of the sphere

in the original
(unattached) coordinate system

-y

3> ;
Xo=Z>m-/a, -Z ~
2” B 0" “ oo, s ™)

: X1 X9
x::smk(—[-.—-z-i-m
\m m,

y2=2Zm

Y192,
v 3 stack ! ==, —|-m

/a8y 89.
a:=mck\—1,—%i-m
m'm;
—
pen:zr-y

maxpen = max(pen)
maxpen = 4.767¢10 > m

D19



Below is for animating the impact

Plots a circle of specified radius at a specified origin.
Enter radius: r=r

Default scale for plot: s
current := 0,10.. FRAME

= 0004 h := 00032

an:=0,0.1.2x+.1

X o = rcos(an) + X i
circle ' \ ‘current,

Y o = rsin(an) +y,
circle ) current

Quick X-Y Plot of a Function

sil Produces a nicely formatted X-Y plot
from a function definition you supply.

Enter a function f(x) you want to plot:

Default scales for plots:ri = -s R:=s
Enter number of points to plot on x range:

f{r):=0

m=-rl,-rl +£-‘-.. rl
n n:= 100

\ / Animation appears here

D20
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Crater Volume calcs

i=0.100

[ ¥2
Ay 5-?-(2-.@;; (
L ‘ {roos azi)} |roos(&

S

dA li oo
(zn- 1,0~ Zi o) %

Translational component of Volume

i=0.99

v t = [A Lt S-dA li'[/zi«r 1.0~ Zi, m]][" 2t S-dv 2,-'[(21 +1,0° Zi.o}’m]]'[ Zp1,078 0 Sec

- (G 2i+ 1 -e 2i}
da% = ——————
2, 1,0"Z sec

\
\

Y2, i¥a)- vely, [\Ziy 1.0~ Zi0)5¢]

— , ’
cos(a 3 cos[a 2 +da zi-[ Zioro- Z.,o,“‘“]]

2 1
dv = 3.4! dazi-[ (Zip10-2;, o)).m] !,[(r)z -5

———l)
V=2dV,

V,=250332:10" vmm’

Rotational component of Volume

—
v,:=zdv,-dv,°

V,=2.86905410° emm’

This is volume after disattachment

Vol=V +V, D2i
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Vol =3.119¢10™ omm’
Crater Length calcs
i=1.100

L o100, 281,

L 00100, * 3945010 %

et ———————

L!332+xzflllm

L 10010200 2327 X278 1 00 "% 1,0

/L o100 L 10002001

*m

V rebound = 23.262-1::-:«:“l

L := stack!
L om m
i=1.100
i=1.200

L ave, © '5"'._Li rLi_ |)

L final = L2t

L nal = 418.192.um

um = ‘.ﬂ\,

1000/

elasticpen := 23-um

@ rop = 22291 «deg

maxpen := max(pen)

maxpen = 47.673 sum

Vol =3.119+10° 4’

maxpen - elasticpen = 24.673 um

D22



2.379.10°°

5.741.10°°

D23

180-deg - @ (op, = 157.709 «deg



Appendix D

D.6 Sample of implementation of rigid-plastic analysis for symmetric angular particles

in 8 MathCad sheet

Impact of a 3D 6 sided symmetric particle with a
surface of constant dynamic hardness

By Marcello Papini, University of Toronto, Dept. Mechanical and Industrial
Engineering, 1998

This sheet will calculate the path take by a 6-sided angular particle baving
equal length sides in the cross section (length h) and depth w into the page,
colliding with a surface having a dynamic hardess equal to pd. The particle
is assumed to impact with one edge parallel to the target surface to
eliminate some 3 d effects. The particle can be a ""diamond" of any internal
angle that meets the above criteria, and can impact with any rake angle
measure counterclockwise positive from the normal to the surface to the
axis of symmetry of the particle. A particle with equal angles would be 2
square and would look like s diamond in the configuration corresponding
to zero rake angle. It can impact at any angle of attack and incident
velocity and can be made of any "rigid" (i.e. nondeforming) material. Note
that to run this decently requires at least a Pentium 166, and 32 Megs of
RAM. For accurate results and small timesteps, a Pentium II with 64
Megs of SDRAM would be adequate. Please be patient when running the
model, as it can take a bit of time to complete on lower end systems. This
formulation includes the particle width, but can be easily converted to a
per-unit width basis (2s was done in the alternate program found in the file
named "Final".

Material properties and shape definition

ea000.10°.
Pd* 10"Fa h := 0136789-m
A=Y > w:= 0015-m
180
p:=7813.8 v =0

o’ Volume = w-h2.2-cos( A)-sin( A)

mass ;=p-Volume A= oeg

Initial angle of attack, ai, rake angle, 6i, and velocity. Vi

clﬂ%r’

V. =200 2
9 i S—Ii'l e
180

D24



y0, 20 are the coordinates of the ¢ of mass of the particle

0 :'h"“”ﬂ(. ") Ix ::i-u--hz
¥0 ; :=-hesin( A)-5in(0 ;) ¢
voz:2V i-m(c i)

"Oy”vi"“(“ i)

This is the initial condition vector needed for the rikfixed
function. The eatries are modified in the program each time
step. Initially, alot of these are zero due to the trick explained
below. The entries at each timestep are the instantaneous (top
to bottom):
y0 - y coordinate of center of mass
vly- y velocity of center of mass
20 - z coordinate of center of mass
v0z - z velocity of center of mass
0 - rake angle
o' - angular velocity
y6 -y coordinate of first point on first left side force interval
y7-y coordinate of second point on first left side force interval
y8 - y coordinate of first point on second left side force interval
Y9 -y coordinate of second point on second left side force
interval
y10 - y coordinate of first point on first right side force interval
yl1l-y coordinate of second point on first right side force
interval
y12 - y coordinate of first point on second right side force
interval
y13 -y coordinate of second point on second right side force
interval
yl4-y21 paesitive or negative values of coefficient of friction
depending on whether left or right side of particle, and
towards or away from vertex
y22-y29 z coordinates matching y6-y13
Here I was forced to use a trick to get conditions and values (constants
in each timestep such as force intervals and coefficients of fricition)
into the D matrix. MathCad will not accept changing values inside the
D matrix, because it is a matrix of functions, so you need to perform a
trick. You have to pass these to the D matrix by making them part of
the system of differential equations. ie, for example, the value of y6
~ contains the a y coordinate of a force application segment, so the value
is a constant for each time step. Then, inside the D matrix, have to add
an element that represents the derivative of this condition (which is a
constant), and thus you pass zero. Same thing goes for y7-y29. This
a limitation of MathCad, and hopefully will be fixed sometime.
D25
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Sf .5
= & g|m s
iy *1* oy 13

-

oooooocoooocoaoooooaoooooi'

[—

Here is the D matrix needed to solve the diff eq's. It is a vector valued function
containing the derivatives of everything in the y matrix above. It is too big to be

shown on one page. Dstart is
the one for the first time step of the collision, and D is for ail subsequent time

r

steps.
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2(f]. y
kgm” |I1-Pdw[ 1 2_ .2 { 214
., ||| ™ m[yzz‘yzzs Y29, i['.”zs,f = (Y25 ]] '*_m,,%-m,’

T l‘[y 2_,
Paml2l 27 2.
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Appendix D

This fanction determines whether a given node defined by the node coordinates is
inside or outside of the

particle side, and is used to define the current crater profile. The yp's and zp's
define the particle side, and (nodey,nodez) define the node in question. The variable
'left' is 1 if the left side of the particle is in question, and 0 if the right side is in
question. The function returns a 1 (in the variable 'cond’) if the node is inside the
particle, and 0 if it is outside.

inorout( ypl , 2pi , yp2, 2p2, nodey, nodez, left) := | conde=0
Zp2 - pl
yp2-ypl
bpare-2p2 ~ mparyp2
mpare— 1100 if (mparm0)-(letm1)

apare=1.10"50 if (mparm0).(lefm0)
y2o 200E2 = bpa
mpar
22+~ mpar-nodey + bpar
if leftm1
conde-1 if (y2~ nodey)$0
conde-2 if (y2 - nodey)>0
if lefm0
conde—1 if (y2~ nodey)20
conde-2 1f y2 - nodey<0
cond

This function takes the coordinates of the left, middle, and right vertices of the
particle, along with the previous crater profile, and determines the carrent
crater profile, and the intervals over which the forces must be applied in the
following timestep. Calls to 'intersection’ and 'inorout' functions are made
when needed, of course. The variable 'mcratass’ contains the transition segment
from checking the left and right sides of the particle for intersections.

cratdet( crat, meratass, ly, i2, 1y, 12, my, mz) = | counte=0
countle-0
countre-0
lastpte—- |

for i¢l.rowsent)-1
if 1Smcratass
yple-ly
pleiz
Yp2e-my
pe-mz
lefte-1

if i> meratass
yple—my
ple-mz
YP2e-ry
-1z
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Appendix D

|iefte-0
im-mmqypl,nl,ypz.zpz.cmi'o.aui' l'“i- l.0'“i- 11
inttye— int
if (.W[ypl.ml.ypz.zpl,ﬂlti_l'o.aﬂi- l.,,m,.-z if (MmO

if lastptA(i- 1)

mmo

NEWCT®t ount, 1™ 1,1
counte—count 4 |

WM Oh“i,o

ntwcntm

counte—count 4 |

lastpte=i

if mtziz

if l’W‘”I.Q‘nm-ﬂb“i_ l.O‘“i- I. l'm\\-z
if lastpt#(i- 1)

mmo-uui_ 1,0

count, |

counte—count 4 |
lastptemi~ |
"“"‘"‘m.a""“o

NEWCTRE ount, 1~ ™

counte~count 4 1

if lefoml
fimleR e, 0™ o
ﬁim!zﬁm 1"'""1

countle-countl 4 |

if leftm0

flimright . ner, 0™ "0

Rimnght e 1 108

countre—countr 4 |

if :m.ypl,zpl.m.zpz.ml_i oS l_!eﬂ =i

pewerit . unt 0% Bty
DOWCTM ount, 17|

if lefml
BimleR nd, 00
Bimie® o n, 110

-=Crat.
1 i1

o-crl(i_l'l

countie-countl4- |

if leftm0
Bimright ounr, 0%
Bimright puntr, 1+ 0%
COUntre— COUntr 4 1
counte-count 4 |
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WM

wml"“i,l
counte=count 4 |

lastpte=i

if immeratass

mm‘.“i-l,o'“i-l.l'“i.o'“"i.l'm'm"‘ if crat; jeent,

o’-“i'o

&m-m'cru‘_ |.°'“i- 1 l'“i,O'“i. l'myouuol if Cl'lli‘ l’“i-

m-m(aui'o.ni".au‘ﬂ'g.au,ﬂ_l,my.uz.l, xfcmi*u«:

i ““"(“ino'“i-"m‘i-bl.o’“li-i,l'm'mo‘ if“i-bl,l,c
if ((thism2)4 (neoxem2))21

wm.l"m
counte— Countr - |
meratassnewe—count if (thism2) 4 (nexs2)< |
Nt MCTAtASINEW
Coo-m
if Rimieff20
Bimleftfine- flimieft if mod(row( flimieft) - 1,2)#0
fimjeftfine— submatnx( flimleft, 0, rows( limieft) - 2,0, 1) if (mod( rows( flimleft) - 1,
flimieftfine- flimie®t if flimieftn0
flimiefte-0 if rows( fimieft)m]
if flimnght®0
flimnightfine- flimnght if mod(rows( flimnght) - |,2)#0
flimrightfine— submatrix( flimnght, 1, rows( flimnght} - 1,0,1) 1f (mod( rows( irmnight
flimnightfine— Gimnght if flimrightm0
Clo-ﬂimleaﬁn
Czo-ﬂimishtﬁn
Cln-mr.tmnw
C4c—ly
Csa-my

Cgo-mz
C.,c- ry
C'o— ingty
C
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In cases for which the angularity and orientation sum to 90 deg. or 0 deg.,
there can be problems with the tangent going to infinity or dividing by zero.
These cases must be handled separately. This function determines which case
is in question.

singularity(9, A, toler) := [ pe=(84-A)
me-(A-0)

t0l90mine( | - nolc)u;.

t0l90piuse—( | +m).;.
tolOmine=- oler
tolOpluse- toler
if ((p>toiOmin)-(p<tiOplus))
conde-4
retun cond
beeak
if ({(p>twi90min)-(p<toi90pius)) + ((m> tol0min)-( m< tollplus) ) +{ (> wi0min )-(m< tl90plus) ) ) 2!
conde-3 if ((m> tol0min)-(m<tolOplus))
if ((p>t0l90min)-(p<t0i30pius))
conde= |
conde=$ if ((m> toi0min)-(m<toiOplus))
conde-2 if ((m>tw0l90min ) m<t0idOpius))
conde~0 if (((p>toi90min)-( p<t0i90plus)) + ((m> tol0min)-( m< oi0pius)) + ((m> tol90min )-{ m< toi0plus)
reeum cond

THE TIME STEP IS ENTERED HERE

siep = 2108

Here is the actual "main program'' which calls all of the functions. Every time step,
the Runge Kutta function is called, the current crater profile is calculated, the
direction of friction is determined, and the force intervals are determined. The
program loops until the z coordinate of the middle vertex of the particle goes above
the Z=0 axis indicating that the collision is over. The main program returns: the y
and z velocities and positions of the center of mass and the particle orientation angle
at all times during the impact, along with the final crater profile carved by the
particle. This data is then used to calculate the trajectory of the particle and the
rebound parameters.
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Solution(y, siep) =  counte-0
Zm-My.O,n.l,Dm)
202 g
W2, |
2e(2), 4
8=(2)y 5
[W‘l(of A) * :‘ cos(0)-an(8 - A’E?:-MA)’GKO)) +)°]
mv-yown(mm(o)«%

m2a 20+ (my - y0)-ta( - A )~ s(A)
m cox8){ 1 + WA ) =)

m—[ 2 .2 2(A) HO]
an(d+A) m cos()mn(dA)(l=~tan(A)un(6))
yohzml'l

N2y 5
Yo~ 2 sany 4
Y32 sam; .4
yq—2 sant) ¢
Ys—=Zsan) ¢
cnty go=- 10
ety 10
oy gl

cﬂt"lo-o

e X i
Ly
b N lat)
e Whatd

ctll‘.oo- 10
crlt‘. 10-0
timele~ Step
umere= 2 -step

O S un(A)
6 mny,-A  mcosiy, iy -A L+anA)aniy, ..

fYO
Y7o Yo+ UK A)-siniy, LY
Yo (Y=
o= | Yo 4 SIN( A )-S102: L |
Y10~ Yo Yorg)
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-yz

h sin{A)

TN
Yi-b
Yi5=0

¥ 6t
N0
Y|g-p
Yigr0
Yagrb
21-0
Cr30-2
oldletty - ys
oldlet; -y,
oldnghty—yyo
oldright, -y |
odlyenly

oldmye= my
for ie 0.1

Oldnmio-[ﬂ +

while (mz<0)
mcnm—Cr3

cratolde-Cr

w.-.zm‘,l's

Gh.lw,l's

-20

oldlethi.-[zm- oldleft - Y0 .-an(8~ A) -

- +
m enqy“-m(y‘q-:\wl-un(A)-umy‘.‘ Yo

sin(A)
m cox8)(1 +an(A)an(8))

oldnght, - y0 -tan(8 + A) = L. sSn(A)
M cox(@)( 1~ an(A)-wn(8))

Z pomperifixed(y, timel, timer, | D)

singe-singulanty(§, A, 0.01 )
b IA2)

Vyey0 +3--m(
m

and-A) M2 8- A)
xvy-w-%-mmmo)

V2~ 20+ (vy - Y0)-tan(@ ~ A) = L. SXA2)
m-2 cos(8 - A)
A) (cox(8))
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V2o 204 vy = YO ) tan(B ¢ A) = 1 SMA2)
m-2 co(@+ A)

uy-yo-n-n‘nm-sim%
02020 4+ (my = YO ) BB = A) = e SHA2)
m-2 coa(f - A)
B, b smAD) o
(0 +A) m2 sin(d4-A)

if singsl
mn-lnzq-l
m

% mz)

Cre=cratdet! crat, mcratass, ly, 0, ry, 0, my + 1107
if singm2
wu-lﬂq-(rvy-yﬂ)-m(e-‘-l\)-_"_-w
m-2 cox(8+A)

Ivzo-m+.‘l

m
Cro-cratdet: crat, meraass, ly, 0, 1y, 0, my = 110”0
if sing®3
lyelvy

Im—zﬁq.(lvy_ ¥0)-an(8 ~ A)-L.M
m-2 cox(8~ A)

Cro-cratdet( crat, meratass, ly, 0, ry, 0, my, mz)
break if singwd

me)

if singm$

lye—y0 = D

2-m
m-:n-...h_
2m
Ivze-20= S
m
Nb—ﬂ-.-_h_

-m

Cre-cratdet! crat, meratass, ly, 0, ry, 0, my l-lo’so.mz-

Cro—cratdet( crat, meratass, ly, 0, ry, 0. my. m2) of (Ivz20)(rvz20)-( ingm0)

if (lvz<0)(rvz20)-(smgm0)
Cre—cratdet( crat, mcratass, Ivy, Ivz, ry, 0, my, mz)
lyeelvy

if (vz20)-(rvz¢Q)(singm0)
Cre~ cratdey( crat, mcratsss, ly, 0, rvy, rvz, my, mz)
y=rvy

“PCI’O

newlefe— (Cr, <O Cr, %0

) <0> .
mﬂno-,Cx:. if Crzﬂo
newiefte-0 qurlto

newrighte=0 if Ce,m0
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newleftze- Cry !> if Cr, %0

oewrightze (Crz)d’ if Cry%0
newieftze-0 if newicfinQ
newrighze-0 if newrighws0
for ie0.29
yio-o
for se¢ 6..!0\'6[&”—!1»6 if c:lao
if mws(Cr”M
retumn error( "too mucgh® }
break
=)y g0
Y5167 ) g
te—s
te-$ if&luo
for se 10 rawmc:z;-l-rlo if Crz"o

if rowseCrz}u

reum error( “too mcuh” )
break

.Cr
%= 100

Cr,.
y”f 16.- 2 S lO.l

to—3

if rows( oldleft)m(Q
Disﬂoldoo-o
D'utloldl.-o

if rows( newleft =0
Disdnewoo-o
D'mlnewxo-o
if rows( newieft )m2

if newleft mly
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Distinew— J(m, -~ newletly 7 newietiz, - newletz, 2
Dmlo-o
if newiefy Sty

Dmoo-o

2

Distnew; - newlett, - newleft| + newiefz, - newietizg)

mu,—J(ouml-oumo,zﬂm]-ommo)’
if rows(newicft)m4
Disdn:woo-J{'mkﬁl-newhnm2+un¢wleaxl-mkmo)2
mel—'ﬁmbn,-mleﬁz,zhmwhhj-mle&z)z
if rows(oldleft)m4

Dudouoo-J§ot¢leﬂ]-»oldleﬁo‘.2+ oldefiz, - oldiefz) 2

Dtsdoldlujuboldktt}-oléhﬂz 21- oidlelhj-oldleﬂzz‘z
if rows(newnghtjmQ
meot-o

) . 2 ) 2
Dmn:woo-‘[gnemml~newnﬁxu, +-uwn¢hnl—m-wnvno,
D\'ﬂmwl-O
if newnght, #my

moo-o

Disllmlc-.];'ne\mdul -nnmgmofz-g-‘ newnﬂnz‘ - nevmwnmz
if raws{ oldright)m2

Iif oldrightomoldmy
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')
Disrold, - J(oldﬁﬂul -aﬁ%)zg.(‘ml-wwo‘,z
Dm|¢-0
if odrighty Moldmy
D'ﬂoldoo-o
Dmu!.-j(m,-om%)zﬂ‘ouﬁm‘-mm’
if rows(newright)m4
Dime, o"J("*“"*u' - cewrgiy) + ewrigh - g
D“"""l"c[(""‘"”z - ““"""z)z* (newrightz, - """‘""2)2
if rows(oldright)m4
Di ”".[(”"  oldrid )2‘_(“_I | - okdrig .}z
mmu,_j(ouﬁ.m.,-mamz,zmm-m;z
ifDMmo>Disdoldo

Na#

YigrH

if Dilﬂ!ﬂwo<DisdoH°

Y48

Yig—#

if Distluwl:oDisdoldl

Y=

Yig=-#

if Disdrmvl<Dia£old‘

4 ante

DT\

if Diwmo>Diwnldo

Yig™—*

Yaq*#

if Diwm°<Dwold°

Yig—H

Yo

if l.)isunewl>Disu't'ut'll

Yiy—p

Y2t"ﬂ

if DB!'WI<DMDU]
|Y17"“
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|¥2"-|l

yoo-zwl.l
yln-z wmp ,
¥2=Zremp) 3
y:ulm“‘
y‘o-zml's
ys-zml's
oldlefle— newicft
oldrighte- newrigit
oldleftze- newicftz
oldlye-ty

oldmye-my
counte~count 4 |

Endoo-Z
El'ld| o cratold
End

The call to the main program is here

Answ :=Solution(y, step)
Ans:=Answ°

rowAns :=rows( Ans)

rowAns = 357

Here are the coordinates and velocities of the center of mass of the
particle, along with orientation, and angular velacity of the particle at any
time during the impact.

Yo:=Ans‘b-m vy:=Am‘z’~ zo:=m‘h~m vy i=Ans’ — 0=Am ¢ = Ans®> ™
sec

What follows below is just to plot the solution in terms of a graph of the position of
the particle through the impact

rowX :=rows(Ans) - |

Plots a square

Default scale for plot:

only plot every 20th pt

current :=0, 20.. rowX



let] =y g = (h-coa( A))-con(0)

right] 7=-sin(9)-h-sin( A) +y o

lef3 2~ 5n(0)-hsin(A) + ¥ o

e ———
right3 =y g + h-con(6)-con(A)

lef2 =y~ (h-con(A))-con(8)

T —————
right = si(0)-h 5n(A) +7

S —————
ot =5in(0)-h-sin(A) +¥ o

—————————e—l)
righeé =y o +- h-cos(6)-con( A)

re defines how many points to plot defining each side of the particle

re:2 100

rangel = for i¢ 0. rowX

range2 = for i€ 0. owX

temprange,, o~ left], temprange - lef2,
for jeO.re for je O.re
l'riﬂltli-leﬂli'] m'dmi—leui)
temprange; |~ temprange; + | ! temprange; |- temprange, + | —,
m&i'r Wj ”i'j"mj
range range
range3 := for ie 0. rowX ranged ;= for i¢ 0. rowX
tﬂnprln;eoo-lcﬁ.‘!i mmgeoo—lmi
for jeO.re for je O.re
rght3, - lef3, . :nglmi-wi‘.
temprange; . l—wjf::———rv temprange, o temprange; + \
rnge; o~ tempange; range; o temprange,;
range range
j=0.re
sin(A) .

current - N h
zl jzzzo +{lrwl Lj Yo }ml__waAw

©03{8cyreny) f | = AN(A)-BR Beyyrreny |

sin(A)
2 =lz + (ange2 - -anif -A)]-h
current, j [°m M current, j ™ ¥ Ocypeng) " current CO818 ey i 1 4 (A )-8 cyrreny,
3 =2 + range3 =Y mnig -Aj+h Sn(A) i
currert,j ~ “Oeurrene” ' current, j = ¥ Ocyrrens) current pow

{Ocurreny)( ! + WO(A)- @A Bcyrreny)
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—
4

an(A)
C08(dcyrrene){ | — W A)-t80{ 8 grem ) |

2 savent ™[ *0cuarene* (0 mj-yow)-m(lwq-A)]-h

d:2.03m
s:=d
Defauit scales for plots: 11 =5 2 =3
n:=100

rr:=~rl.-rl+'—l.. {1
. n

These Frame variables are for doing animations. Just activate
them by right clicking on them, and you can animate
the impact.

FRAME :=FRAME:10°
current :20.. FRAME?

The solution is plotted here. Note that to maintain the correct
aspect ratio, you should make the plotting area square!

0.03 T T T T {
002~ .
o0t~ 7
E o
-0t - N
002 7
A YT T 5 o om  om
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CALCULATION OF REBOUND PARAMETERS AND ENERGY LOSSES:

Energy loss

2
Eloss ::[o.s.m.v 63 - o,s.nlll{ (M'mx. 2 -::) + (

Eloss = 24.613ekgom2 o3 2

Ein:20.5mass.v 2

Elox 038100 = 56.121
Ein

Ansm

X

2]

CraterFinal contains the final crater profile

CratesFinal := (Aml )

0

1812610 -84510°°

21744107 -1.014e10%

2535010 -1.183410°

28970107 13520107

3257010 .1.521.10%

36170107 .1.69010%

3977107 -1 8594107

4336010° -2.028.1074

CraterFinair := submstnx( CraterFinal, |, rows( Craterfinal) - 2,0, 1)
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Plot of crater profile:
0

~0.001
£ -0om
~

-0.003 |~ -

) - 1 . 1
00 0001 0002 0003 0004 0.00s
Y (m)

Calculation of crater volume (or area if per/unit depth)

CratCalc := submatrix( CraterFinal, I, rows( CraterFinal) - 2.0, 1)

This function takes the crater profile, and finds the ares above it; i.c. the crater area o
volume depending on whether per/unit or not

CratVol = | Vole0
for ie L. rows(CratCalc)~ 1
mp.-cmxei'r(cmi_o-cm:i_ l'o}-o,s-{cmki‘o-cmi_ l'o)-(cmi_l-cmmi- 1,

Vole Vol + temp

Volm-l an-mz-w;
Volume

Crater Volume returned here

CratVol = 6.207056283813115 un”

Crater Volume/unit width:

o Cratvol
w

CratAres

CratAres = 4.138010C om?



nl is bere:

_Q_'._Al.____ = 0.022
12.2-con(A)-5in( A)
and =2 is here:

)
29

2
LR

Estimate of energy loss using dynamic hardness and cratervolume. Compare
this with the actual energy loss and see that they are about the same, meaning
that dynamic hardness X crater volume gives energy loss.

P ¢ CratAres:w = 24.828vkgom® o3 2

Actusl energy loss

Eloss = 24.613ekgom> o5 2

Final Rebound parameters:

\2

Vieb =2 (vl, (v \_"2-'-'/\!1“ VoY
\ Y} ) \ (Vz}-l;

Vib® 108.931011:-;l

\
vlm(vz\ -1
wa IZgtan -v—a——-’—-——
\ M(VY) - ‘f
& pep * 13215 %eg

2
. \
RebRoten .=.5-Ix~(9u= (&)= 1)

RebRoten = 6.222vkgom? o1 2
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