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To my love Jayo 



Rectanguiar plates are found in niost structures of modem mdustry- Their two-dimemional 

structurai action resuhs in iighter stnictrires and therefore o&rs numerous economic advantages. 

Recently interest in rectangularplates increased due to npid growth in electronic technoIogy where 

electronic circuit boards in the fonn of thin rectanguiar plates are employed 

It is weii known that wtiile a clolIped boundPry condition dong the edge of thin rectangulnr 

plates is easy to formulate niathematically, it is i s cu i t  to achieve, even under laboratory conditions. 

This is due m part to the fâct that some rotational elasticity is LiLeiy to be fomd in such supports, 

whether t ïs introduced intentionaiiy or inadvertentiy. In In study, the effects of such elasticity on 

the fke v i i t i o n  and buckhg ofpiates subjected to umfomiin-plane loadiug are examineci. Luading 

is applied m a direction perpendicdar to a pair of opposite edges whae laterai displacemmt is 

forbidden and edge rotation is opposed by a moment proportionai to the degree of edge rotation. The 

edges rumhg parallel to the in-plane loading are fine. Highiy accurate soiutions are obtained by the 

method of superposition. Two plates are ana&&; one with rotational elastic support at one edge, 

the other edge king siriiply supported and, a second plate with rotatioaai elastic support at the pair 

of opposite edges. Free vi'bration eigenvaiues and buckling loads are computed for various plate 

geowtnes, dimensionless rotational stiffiiesses with various &plane bads. It is observeci that in 

limiting cases, eigenvahies and buckling loads agree weii in cornparison with those of classical cases 

such as pinned and clanrped b o u ~  conditions. It is aiso found that the edges cm be given any 

desired vaiue of the rotational stifhess. 
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Nomenclature 

Plate m o n  along x - direction 

Piate dimension dong y - direction, in-plane loaded edge 

= E Y / {12(1- )), Plate flexurai ri- 

Young's &dus of elasticïty of plate material 

Plate thickness 

Poisson's ratio of  plate inetenal 

Basic rotational elastic sti5ess 

Dimensioniess rotational elastic e e s s  dong edge 5 = 1 

Dmiensionless rotational elastic sti5ess along edge E, = O 

Number of Fourier terms m a series soiution 

Bending moment 



Dimemionlessi bendmg moment 

Dimensiodess bending mment dong edge 5 = 1 

Dmiensionless bendmg mmœnt along edge 5 = O 

Slope along edges paralIei to 5 - axis 

Slope aiong edges paraiiel to q - axis 

Sbear force aiong edges p d e l  to 5 - axis 

Shear force along edges parallel to q - axis 

Plate edge loadiag per unit length 

= Px / b, distniuted In-plane load 

Total in-plane load 

=-Px b / D  

Piate lateral displacement 

Piate laterai dispiacemmt divideci by "ayy 

Plate spatial co-ordinates 

Spatial CO-orcihates divided by a, and b, respectiveiy 

xvm 



Plate aspect ratio, b / a  

= o a 2 J @ / ~ )  

Cucular fiequency of vi'btation 

Mass of plate per unit area 



Chapter 1 

Introduction 

1.1 ProbIem Definition 

Rectangufar plates are one ofthe mst conn~mused structures in the industriai world They 

are used to cany laterai loads, &plane loads, and sornetinies both, 

In recent years, for example, an interest has arisen in the dynamic behaviour of thin 

rectangular plates used as electronic circuit boards. Typicaily these plates support attached electronic 

components and may rest on point supports. Since these electronic circuit boards are ofien installeci 

in moving vehicles, such as nircraft, it is essential to obtam a foreknowledge of their naturai 

fiequemies so that conditions of resonance can be avoided during their service He. 

The dynamic behaviour of thin rectanguiar piates depends on plate geotnetry, plate material, 

and edge support conditions. It is known tbat piate naturd fkequencies are dependent on plate 

stif6ness. The apparent plate stifikess, and hence its free vitration fkeqyencies can be altered by the 

presence of static in-plane loads. 

Compressive m-phe loads cause a reduction in natural fkequencies whiie tende loads have 

the opposite efféct, Le., they lead to an mcrease in these fkquencies. Vi'bration mis ofplates with 

in-plane loading did not get much attention untü the late 1960's. 

The present thesis is maidy an extension of the work conducted by MichehissiM. He 

concentrated mainly on piates with in-plane Ioads and with classicai, sim(>iy supported, clamped, or 

fiee edge conditions. 

It is known that in the r d  world a true condition of clanq>ing is aimost never achieved. This 

is me,  even though such edge conditions are easy to fonaulnte methematicaiiy. In fa*, there wiU 

aiways be som rotational eiastïcity almg a n0mkdï.y clemped edge. 

In this thesis the effects of edge rotational elasticity on the free w'bration and buckling of 



rectangular plates subjected to in-plam loading are investigated anaiytically. The loaduig runs in a 

direction perpendicular to a pair of opposite edges where lateral displacement is forbidden and edge 

rotation is opposed by a manient proportionai to the degree of edge rotation. Edges running pardiel 

to the in-plane Ioading are fke. 

Free viiration eigenvalues and buckting Ioads are computed for vananous plate geometries, with 

various levels of in-plane loadmg and various diniensioniess edge stifbesses. 

1.2 Literature Review 

Plate vibration problemî are solved by various methods; however these mahods fkiï into two 

categones. They are, 

1. Numericai Methods, 

2. Anaiytical Methods. 

Examples of numerical mthods are the finite elenrent method, finite difference methods, and 

the boundary elemnt &od. 

Examples of -cal (contmuummechanics) mthods are the Rayleigh-Ritz(7 J method and 

the superposition method. 

1.2.1 Rayleigh - Ritz Method 

The Rayleigh-Ritz method is an energy method based on the principle of mhimization of the 

total potential energy of the system An inherent advantage of th% energy method is that you do not 

need to solve the govemhg differential equation. A disadvantage, when compared with the 

superposition methoci, lies in the fact that suitable series of hctions mut be chosen in advance to 

represent displacement of the structure of interest. No such hctioris need to be selected when 

utiiizi~g the superposition mthod. 

A basic requirement ofthe functioas u t i W  in the Rayleigh-Ritz niethod is that each fûnction 

rnust satisfy exadiy the p r e m i  geo&c boundary conditions of the problan 'Forceci" or 



'hamai" boundary conditions may be ignored. It is characteristic of the Rayleigh-Ria method that 

computed eigenvalues obtained for structures undergohg fiee v i i o n  wiU ahivays be greater than 

the a d  eigenvalues, though, in mst probluns this deviation f?om actuai eigenvaiues can be made 

arbkrady sniall by taking SuffiCient terms in the series. In fact, the eigenvahies computed by this 

method are essential upper limits for the actual eigenvhes. 

1.2.2 Advantages of Superpodtion Method over Rayleiih-Ritz Method 

in emptoying theRay1eigh-Ritz[q method it is customrtry to express plste iateraf disphcement 

as a series of fùnctions composed of crossed beam f i e  vi'bration eigenfiinctions. Unfortunateiy, these 

beam functions m u t  satis@ certain boundary conditions. In the case of the coirpletely fiee plate, for 

example, the crossed fiee-fize b a n  eigenftnctions do not iùiiy satisfy the piate free edge boundary 

conditions. This is because ofthe existence of mixed derivatives appearing m the formulation ofplate 

fiee edge conditions. 

In utilisation of the superposition method no such function setection is requited. Furthemore, 

Unwre the Rayleigh-Ritz[fl d o d ,  solutions obtained by the superposition method sa&@ exactly 

the governing differentiai equation throughout the entire domain of the plate. Boundary conditions 

are satisfied to any desued degree by utilising more terms m the soiution. 

1.3 Method of Solution 

In the present work solutions for buckling loads and k viition eigenvahies have been 

obtained by the superposition method. A through description of the mzthod and its utilisation for 

solvkg plate viition problems has been provided by Gonnan[2]. 

This thesis studies the effect of rotational elastic edge support on the buckling and fiee 

vibration eigenvahies of rectanguiar isoaopic plates with one-directional in-plane loadbg. The 

analysis is based on classical thin piate theory or Kickoff plate theory. A value of 0.333 is used 

throughout for the Poisson ratio. 



Figure 1.1 A thia rectanguiar plate with torsional edge 

subjected to uniform in-plane loads. 

A thin rectanguîar plate with torsional edge support dong one bouodary is sbown in Figure 

1 .1. Uniform in-plane force N, is applied in 'x' direction as indicated in the figure. 



Chapter 2. 

The Underlying Theory and Analysis 

It is necessary to conduct an accurate &ee vi'bration &sis of rectanguiar plates, if the 

designer is concerned with possible resonance between the plate and support system In vibration 

problems considemi here, we do not allow for energy dissipation; in other words, we meLe no 

ailowance for the existence of -mg forces. Smaii damping forces have very Linle efiéct on the 

naturai fiequemies of the system 

2.1 Governing Dinerential Equation 
rl 

Figure 2.1 A thin rectangular plate in dimensionless coordinates. 

The foilowing assumptions are made regarding the plate of interest, in keeping with Kirkhoff 

plate theory. 

1. The plate thickness is small in cotnparison to its lateral dimensions and the distance between 

nodal ünes. (Lines dong which, no vibntory displacement occus). 

2. The maximum lateral displacemnt of the plate is stuali in comparison to its thickness. 

3. The effècts of transverse shear and rotary mertia are neglected. 

These assu~~lptions apply in mrny practicai situations. ïhe unifonn in-plane load is constant and 

eveniy distributed dong edges 5 = O and 5 = 1, as shown m Figure 2.1. A dkmnsioniess coordinate 



system is utiüsed in the soiutions. The advantage of doiag this becomes evident in the generation of 

data, where raaiiiies of plates are aaalysed M e a d  of a single plate, permining an efficient 

presentation of the resuiîs. The dimeasionless fke vibraton e~uation[4] is 

where symbols are as defined in the nomenclature. The diniensionles in-plane load pvamter P5 is 

positive in compression and negative in tension. Hence P stiown in Figure 2.1 is negative. An 5 
anaiytical soiution is des- for W(&q) which wïii exact& satisfL both equation(2.1) and the speciûed 

boundaxy conditions for each plate. 

2.2 Boundary Conditions 

Boundary conditions are defineci by combinations of prescriid edge displacement, slope, 

bending momnt, and shear force. Expressions for these have been derived by Timoshenko[l] and 

translated into nUnensionless coordinates byGom[2] ,  and are reviewed here for convenience. Note 

that dl quantities are expressecl in temis of the pkte displacement W(&q). The mathematid 

fofrrmlation for the siope is 

for lines parailel to the 5 - axis, and, 



for lines paraliel to the q - axis. î h e  distributed bending mm>ment is 

about edges perpendicular to the 5 - a c i ~ ,  and, 

about edges perpendicuiar to the q - axk. The distniuteâ shear force is 
r - 

for edges perpendicuiar to the 5 - axis, and, 

for edges perpendicular to the q - axis. When useci, these equations are usually equated to zero, and 

constants outside of the large parentheses crn k omined. 

2.2.1 Pinned Edge 

A pin forbds displacements p permits rotation. These characteristics indicate that a state 

7 



of zero displacemnt and zero benhg momut must exht along a simpiy supported or pinneci edge. 

Knowing this, contriiutioas fkom equations (2.4) and (2.5) for bending moment may be simpüfied. 

The pinned edge is defmed by 

for edges perpendiculat to the 5 - axis, and, 

for edges perpendicuiar to the q - axis. 

2.23 CLmped Edge 

A ciamp or fÏxed support restrains the plate from both displacmg and rotating. These 

characteristics indicate that a state of zero displacement and zero dope must exist along the edge. 

Conmbutons for dope are given by equations (2.2) and (2.3). The claniped edge is de- by 

for edges perpendicular to the 5 - axis, and, 

for edges perpendicuiar to the q - axis. 

2.2.3 Free Edge 

As the name indicetes, a free edge is not restrained and may both displace and rotate. Tbese 

8 



characteristics indicate that a state of zero bending mment and zero shear force must exist dong the 

edge. Contributions for bendingmoment and shear force are given by equations (2.4), (2.5), (2.6) and 

(2.7). The free edge is de- by 

for edges perpendicular to the 5 - axis, and, 

for edges perpendicuiar to the q - axk. 

2.2.4 Slip Shear Edge 

A fourth condition of mterea, slip shear, though rareiy encomtered dong acnial plate edges, 

provides a usehi mathematid entity. Slip shear is identified by zero slope and zero shear force. 

Contxibuti011~ for siope and shear force are given by equations (2.2) and (2.7) respectively. Slip shear 

edge conditions become, 

for edges perpendicular to the 5 - axis, and, 

for edges perpendicuiar to the q - 



Of the four classicai bouodary conditions described above, oniy the pidned and sfip shear 

edges properiy accomumdate the üïgonometric fÛnctiom in a Levy-type solution. The Levy-type 

solution is a series soiution mvohring Fouri-ier sine or cosine series ninnuig in one coordinate direction, 

where the associated coeffic=ients are ninctioas of the 0 t h  coordinate. The trigonomehic series is 

appropriateiy chosen so that the p r e s c r i i  boundary conditions at two opposing extremitïes of the 

plate are autompticaily satisfied. It is very important that, upon substitution into the goveming 

equation, derivatives of the trigon~rnet~c tenis form linear multiples of themseives, pmdting the 

separation of variables to occur. A plate wiIi be given a specific formof solution baseci upon the type 

of edge conditions preseut; 

for simpiy supponed condition along both 5 = O and 5 = 1 edges, 

for slip shear conditions along both 5 = O and 5 = ledges, 

for simply supported conditions dong 5 = O and slip shear condition along 6 = 1 edges, 
m 

for slip shear conditions dong 5 = O and simply supporteci conditions dong 5 = 1 edges, 

for simply supporteci conditions dong botb q = O and q = 1 edges, 



for sùp shear conditions along both q = O and q = 1 edges, 

for sirnpiy support& conditions along q = O and slip shear conditions dong q = 1 edges, and 

for slip shear conditions dong q = O and shpiy supported conditions dong q = 1 edges. 

It is over two decades since Gorman[2] began a fair& systematic exploitation of the 

superposition method for obtaining of sohitions to rectangular plate fkee viition problems. 

This method was subsequentiy successhiliy applied to thick Mindiin plates, lamimted 

rectangular plates, plates with pomt supports and with local attached niasses. In the present thesis this 

method is successfûiiy uîiiised for plates with elastic edge supports and d o m  in-plane loading. 

2.4.1 Details of the Method 

A simple Levy-type solution cannot be derived for plates not meeting the rriinimiim 

requirement of two opposite edges having pinned or slip shear condaiom. Instead, two or mm 

appropnate plate problems (or butlding blocks), whose Levy-type solutions cm be obtained, are 

superiniposed. Each building block posseses a harm~nicaily varying boundary condition, either slope 

or bending momnt. By properly adjusting these in the superimposesi soiution, the prescrii  

boudary conditions of the original plate are satisfied to any desired degree of accuracy. 

ï h e  terminology used to descriil the boundary conditions of the plates considered in this 

thesis is now introduced. It foiiows a systemadopted by Leissa[3] where the boundary conditions of 



each side are listed in a standard order, namly 5 = O, q = 0 ,c  = 1 and q = 1. 'Inis is equivalent to 

labelling the left side of the plate fÏrst and proceeding in a couter-clockwise manner conformÏng to 

the axk orientation used in this paper. Each side is assigneci a single letter which, according to Table 

2.1, identifies the type of eâge present. 

Zero shear force 

La bel 

C 

F 

R 

S 

I V = O, and dope eqressed in 

Fourier series 
1 

I Zero displacement 

Edge T y ~ e  

c-ed 

Free 

Slip Shear 

Simply Supported 

W = O, and Moment expressed 

Fourier series 

Boundvy Conditions 

Displacement (W) = O and 

Slope (S) = O 

Moment (M) = O and 

Shearing Force (V) = O 

Slope (S) = O and 

Shearing Force (V)= O 

Displacenient (W) = O and 

Momnt (M) = O 

Table 2.1 Bouudary Conditions and Symbois S m .  

Pinned and slip shear edge conditions permit an inmdiate Levy-type solution, as explaineci 

in section 2.3. Hence, the method of superposition is usually empioyed in the presence of either a 

clatiiped or fiee edge. 



Chapter 3 

Derived Analytical Solutions 

Chapter 2 discussed fulldammal equations and theory used in the anaiysis of plate vibraton. 

The concepts developed are exploited in this chapter to derive a d y t x  solutions using the 

superposition method MaÏnîy, two plates are aWysed, S F E  and TFTF. As mentioned earlier, 

boundaxy conditions are m e n  m standard order, pamely 5 = O, q = 0, 5 = 1 and q = 1. Here 

boundary condition 'T' represents elastic rotationai edge support. 

Anaiytical sohitions for SFïF and T F E  plates are obtained by modifliag coefficient matrices 

of SFCF and CFCF plates respective&. The building blocks used for analyshg the SFCF(in fgct 

SFTF) plates are SRSV, SVSR and SRWR, whiIe the WRSR building block is added to the above 

building blocks for the anaiysis of CFCF (in fhct T'FIT) plates. 

First of dl, anaiyticd solutions for SRSV, SVSR SRWR and WRSR building blocks are 

derived. These building blocks are then exploited in getting solutions for SFm and CFCF plates. The 

derivations of ail  the building blocks and their utilisation in obtaining the total solution of SFCF and 

CFCF plates, which are taken fkomwork of D. J. Michehrssi[4], are presented here for completeness 

and convenience. Once coefficient matrices are obtained for SFCF and CFCF plates, they cm be 

modined to incorporate rotational stiflness dong edges 5 = 0, 5 = 1, wherever appiicable, to get 

analytical solutions for S F E  and TFTF plates. 

Ciamped edges are modelled by first enforcing zero verticai edge displacanent in di buüdmg 

blocks and then adjusting a hanrw,nic bending moment about that edge to property achîeve the zero 

dope coaditioa This is accompiished by superimposing a zero displacement e d g e o  on a number 

of pinned edges(S). 

Sirnüariy, a free edge is modeiied by srst enforcing zero verticai edge reaction in ali building 

blocks and then adjusting a hiumonic slope about the edge to properiy achieve the zero bending 

moment condition. This is afcompiished by superimposing a zero shear force edge (V) on one of slip 



shear (R). 

The building blocks superimposeci for soiutions are depicted in Figure 3.1 

Figure 3.1 Building blocks for SFCF and CFCF platesW. 

3.1 The SRSV Bdding Block 

Figure 3.2 SRSV building block under uniiaterai m-plane load. 

Levy-type soiution (2.16) automaticaiiy satisfies the pinneci edge bounchy conditions at 

and 5 = 1 of the SRSV building block shown in Figure 3.2. The explicit solution is derived by 

substituting the Lmy-type solution, equation (2.16), mto the goveming equation of motion (2. l), 

m g ,  



Equation (3.1) is a product of two independent fiinctiom which equals zero. Since sb(mng) cannot 

equal zero for ail vaiues of 5 ,  the fbction of q within tbe square brackets mist quai zero for any 

vahie of rn The 5 and q variables in equation (2.1) are separated to produce the following equation, 

a fourth order ordinary homogeneous Merential equation m q. 

ym(lr) - 2 @ 2 & ~ - ( r ) )  + $b4~.~4tl) = 0 (3 -2) 

and 

The four characteristic roots of equation (3.2) are defined as, 

Real, irnaginary and complex roots ain be obtaineci fkom equation (3.3) depending upon the vaiues 

of 6, and & parameters. Consequentiy, three different harmonie general soiutions exist for Ym(q) 

which satisIj. the govemiag equation of motion. 

The four arbiaary constants within a generai solution for Ym(tl) are determined by enforcing 

four boundary conditions. The slip shear condition at q = O and the zero shear force boundary 

condition at edge q = 1 provide the expressions needed for determinmg the four arbitrary constants. 

Since there are tbree g e a d  so1utions to be eYsimined, expressing the b o u n w  relations in terms of 

Y,(?) wouid be convenient. This is accomplished by separating the variables in the boudary 

condition equations. ï h e  Levy-type solution, equation(2.16), is fbt substituted into equations (2.15) 

and evaluated at q = 0, giving, 



and 

Since sin(mrrQ cannot be equal to zero for aii vahres of 5 in the above equatiom, the evahuued 

fiinctions of Ym(q) ll~l~t equd zero for& vaiue of m The above equations bec-, 

y;= O (3.4) 

and 

y;= O 

which are used to enforce the slip shear edge condition at q = O. ïhe zero shear fmce edge at q = 1 

is exaorined next. Levy-type sohition (2.16) is substinned into the zero shear force equation 

and is substituted into hannonic dope function, 

Note that the harmonie dope fiiaction is a Fourier sine series; same type of series as the Levy-type 

solution. The resulting eqytions evaluated at q = 1 and reamnged givïng, 

and 

The preceding two equations are m e  if and if only if the coefficients in the Fourier sine series are 

equivalent. This allows us to siniplify the equatiom to 



and 

~ i ( 1 )  = E,(2 - 0) ( m m 2  (3.7) 

Equations (3.2) to (3.7) are eqloited m the foîîowing to specifically obtain solutions 

for Ym(q) of SRSV buûlding block The reader should take note tbat the onginai partial differential 

equation problem has been sigmficantly reducwl to an ordinary différentia1 equation problem 

3.1.1 Case 1 Soiution 

Four distinct complex roots resdt when Sm2 < & in equation (3.3). The rom are defïned 

by,*B, qJ, giving general sohition of the fom 

where, 

and 

The B s t  and last tenns are even, while the two middle terms are odd 

Constants &, B, C, and Dm are detamined by enforcing equations (3.4) to (3.7). 

Substituthg solution (3.8) into equations (3.4) and (3.5) yields 

B . g + C l ) r = o  

and 



Thus, constants B, and Cm, which are associated with the odd terms m equation (3.8), are zero. One 

may intuitively conciude that on3, even temis wiii sa&@ the constraints set by eqyations (3.4) and 

(3 -5). In the remainmg case sohaions, the odd ter= wiif simply be removed to enforce the slip shear 

edge at q = O. Next, the simplified soiution is substituted ino equations (3.6) and (3.7). The resuiting 

dgebraic eqyations evahiated at q = 1 are, 

and 

Expressed in matrix form. and soived for %, and Dm in terms of K, the above equations lead to; 

and 



slope parameter E, controis the buiidiug biock's amplitude. 

3.1.2 Case 2 Soiution 

Two imaginary and two reai roots resuit when 6m2 > 4 and 4, < O in equation (3.3), The 

roots are definecl by,+3, and iy& givhg general sohnion of the form 

Y&) = + -*(Sv) + ~ ~ ( Y I v )  + bcoç(y .7)  (3.1 1) 

where 

Sm = d E T x  

The first and third terms of the solution are odd, wbile the second and fourth terrns are even. 

The procedure used to determine the constants &, B,, Cm and Dm in section 3.1.1 is repeated 

here. As we aiready discussed in the previous section, to satisfy the slip shear boundary condition, 

the odd terms % and Cm are set to zero. The remahhg even terms are substituted înto equatiom 

(3.6) and (3.7) resulting two algebraic equations, which are evahnted at q = 1 are, 

and 



S o h g  for B, and Dm gives, 

and 

3.1.3 Case 3 Solution 

Four distinct real roots resuit when Sm2 > 4 and 4 > O in equation(3.3). The mots are 

defined by,i$, and qrn giving soiution of the form 

where 

and 

The fïrst and third terms of the solution are odd, while the second and fourth terms are even. 

Constants A, and C, nust equal zero in order to satise the slip shear boundary conditions 

at q = O. The even tnnis m equation (3.14) are then substituted into equations (3.6) and (3.7) to 

enforce the zero shear force edge condition. ïhe  resulting equations, evafuated at q = 1 , are 



Solhg for constants B, and D, @es 

and 

3.2 SVSR Building Block 

Figure 3.3 SVSR building block under UILiform in-plane load 

Consider the SVSR building block shown in Figure 3.3. A qui& inspection of the SRSV plate 



of Figure 3.2 reveals that solution for the SVSR plate is simüar, except for the bomdary conditions 

dong the edges q = O and q = 1, which are reversed. Soiutions for this pkte can be derived nom 

those presented in section 3.1 by simply replacing coordinate q by 1 - q. The Levy-type soiution m 

tbis situation becomes, 

This is equation (2.16) with the q coordinate replaced by 1- q. 1 will presem here a brief 

summary of the individuai case soIutiom for SVSR building blodr 

3.2.1 Case 1 Solution 

The nrst case sohition of the SVSR occurs when 8: c 4. It is defined by equation (3.8) of 

section 3.1.1 where coordinate q replaced by 1 - q . Constants B, and Cp are zero, while % and Dp 

are defined by equations (3.9) and (3.10) respective&, as shown in 3.1.1, where mdex m is replaced 

b~ P. 

3.2.2 Case 2 Soiution 

The second case sohition is considerd when 6; r 4 and 4 < O. It is deked by equation 

(3.1 1) of section 3-12, where coordinate q replaced by 1 - q. Constants % and C, are zero, while 

Bp and D, are defined by equations (3.12) and (3.13) respective&, as shown in sefawon 3.1.2, where 

index m is replaced by p. 

3.2.3 Case 3 sohrtion 

The third case sohition aises when aP2 > 4 and b, > O and 6, > 0. It is defined by the 

equation (3.14). where coordinate q repiaced by 1 - q. Constants 4 and C, are zero, while Bp and 

Dp are defined by equations (3.15) and (3.1 6) respectively, as shown in section 3.1.3, where index 

m is replaced by p. 



3.3 SRWR Buiîding Block 

tl 

Figure 3.4 SRWR building block under d o m  in-plane Ioading, 

The SRWR building block is shown in Figure 3 -4. Levy-type solution (2.2 1) satisfies the slip 

shear boundary condition at q = O and q = 1. Substitutmg equation (2.2 1) into governing differential 

equation of motion, equation (2. l), @es, 

It is obvious that equaîion (3.17) is a product of two independent fùnctions which equal zero, 

and cos(nq) cannot equal zero for aii values of q. Therefore the fimction of 5 within the square 

brackets nnist equal zero for any value of e Separating the variables in equation (2.1) and dividing 

through by a* produces, 

where 



Equation (3.1 8) is an ordinary homgeneous différentiai equation. General soiutions for Y,@ 

are easiiy obtamed by the method of undetermineci coefficients. Each general sohnion wiii contain 

four tenas of the form 

cé' 

where C is an undeteRnmed coefficient and r is a characteristic rom. The four characteristic roots are 

desned by 

Reai, imaginary and complex roots can be obtained fkomequation (3.19). depending upon the 

vahies of 6, and 4. Consequentiy four d-ent hami~nic general soiutions exkt for Yn(Q which 

satisfy the governing equation of motion. 

The arbitrary coefficients w i t h  a generai soiution for Y,@ are detennined by enforcing four 

boundary conditions at 5 = O, and 5 = 1. The boundary conditions, initdiy fùnctions of W(&q), are 

expressed in ternis of Y,(@. î h i s  is accompiished by separation of variables and ailows the direct 

application of boundary conditions to the general sohttions. 

The L~w-fype sohmo~ equltion (221), is first substituted into equation (2.8) and evaiuated 

Cos(nq) cannot be zero for ali vaiues of q in the above equations. Therefore the above equations 

becorne, 

YJO) = 0 (3.20) 



And are the reduced bomdary conditions of the simpiy supported edge at 5 = 0. 

Next we will proceed to the boundary condition at 5 = 1. The zero displacement and moment 

driven edge conditions at 5 = 1 are defmed by, 

The trigonometric ternis used for the harmonic moment fiinction are identical to those used 

in the Levy-type sotution. The left hand side of the moment condition is given by equation (2.4) and 

is siniplified in two stages. First, the constant, -Dfa is absarbed h o  the Fourier coefficient K. Then, 

the zero displacement condition is used to elirninate the term8W((gq)/i3q2. ~ o t e  that a f ~ ( l , ~ ) / h ~  

and a W(l ,q)/aq will equal zero if W(1 ,q) quais zero. This is equivdent to stating that the dope and 

concavity of a horizontal line are zero. Separating the variables begins by substmiting Levy-type 

solution (2.2 1) into the reduced equations. Evahiating the resuiting equations at 5 = 1 and rearranging 

@es, 
a 

The preceding two equations are fiirther siiiiplified (for a particular vahie of n) to, 



Equation~ (320) . (321), (3.22). and (3.23) are utilised in the foiiowiilg sections to 

specificaily obtain soiutions for Y,@. 

33.1 Case I Solution 

The similsirities bnween eqyati0n.s (3.19) and (3.3) mdicate that the fht three case sohitions 

of the current plate will correspond to those derived in section 3.1. Four distinct complex roots are 

obtahed when 6: < 4 m equation (3.19). These roots are defÏned by +B, y& which gRre a g e n d  

soiution of the form, 

where 

The fÏrst and last terms of the solution are men, while the two middle terms are odd. 

Constants A,,, Bu, C, and Dn are determineci by enforcing equatiom (3.20) to (3.23). 

Substituting soiution (3.24) hto conditions (3 -20) and (3.2 1) yields, 
D . = O  

and 

n(@- ~ A , & ~ = O  

Thus, constants 4 and Dn, whicb are associated with the even ternis in equation (3.24), are =o. 

Next, the simplified solution is substituted bto equation (3.22) and (3.23). The resuiting 



homogeneous aigebraic equations are, 

aSinh(fi)cos(~) + Ccosh@)sin(~() = O 

and 

Solving for B, and Cm gives, 

Note that bending m>ment paraneters E. control the building block's amplitude in al1 case solutions. 

3.3.2 Case 2 Soiution 

Two imagkary and two real roots are obtained when 6; > A,, and 4, < O in equation (3.19). 

These roots are defineci by *p., and %ï, which give a general solution 

where 



The fÏrst and third terms of the solution are odd, wMe the second and fouxth terms are evea 

The procedure used to determine constants A,-,, B,, Cn and Dn in section 3.3.1 is repeated here. 

Setting B, and Dn e q u i  to zero eluninates the wen temrs and satisfies the pmaed edge boudiuy 

condition at 5 = O. The rrniaioing odd t m  in equation (3.27) are substituted into ecpations (3.22) 

and (3.23) to enforce zero displacernent dong the edge at 5 = 1. The resuiting algebraic equations 

This leads to, 

and 

3.3.3 Case 3 Solution 

Four distinct reaI mots resuit when 62 > 4 and 4 > O and 6, r O in equaîion (3.19). These 

roots are dehed by gn, and iy,, which give a generai soiution 

YdS) = A.sinh(pS) + B.cosh(aSr) + 

Csinh(pS) + Ddosh(&) 



and 

The fItst and third terms of the solution are odd while the second and fourth terms are even. 

Constants Ba and Dn inust quai  zero m order to satisfjr the pinneci edge boundary conditions 

at 5 = O. The remahhg odd tems in ecpation (3.30) are substituted into equations (322) and (3.23) 

to enforce the zero displacement edge condition at 6 = 1. The resulting algebraic equations are, 

and 

Solving these equations for 4 aiid Ca Ieads to, 

and 

3.3.4 Case 4 Solution 

As expected, the nrst thtee g e d  soiutions of this plate are comparable to those SRSV plate 

(equations (3.8), (3.1 l), (3.14)). The folowing diffaences exkt between the two sets of general 

solutions. Coordinate q is replaceci by 5. index mis replaced by LI, and plate aspect ratio 4 is replaced 

by 1/4. In the new fourth case, four distinct imaginary roots are obtained when 62 > 4 and h, > O 



and 6, c O in equation (3.19). These roots are defined by +ni, and %ï., giving a g e n d  solution of 

the fonn 

where 

and 

The fïrst and third terms of the solution are odd while the second and fourth tenns are even. 

Constants B, and D,, nust e c p l  zero m order to satisfy the pinned edge boundary conditions 

at 5 = O. The remainirtg odd terms in equation (3.33) are substituted mto equatioas (3.22) and (3.23) 

to enforce the zero displacement edge condition at 6 = I . ïhe resulting algebraic equations are, 

and 

-A.Esm(p) - ~ < s i n ( ~ )  = E 

Expressing this system of equations in matrix form and using C m ' s  d e  to soive for constants 4 
and C, gives, 

(3 -34) 
Y.-P. @) 

and 



3.4 WRSR Building Block 

'l 

II- 

O --€ R 

Figure 3.5 WRsR building block uada d o n n  m-plane load. 

The WRSR building block is shown in Figure 3.5. A close look at the SRWR plate, shown 

in Figure 3.4, reveals that solutions for WRSR plate can be derived fiom those presented in section 

3.3 siniply by replachg coordinate 5 by 1 - 6. The Levy-type solution would be 

This is equivalent to equation (2.2 1) with the coordiiiate 5 repiaced with 1 - 5. The individual case 

solutions are as foiiows with constants 5, and 4 as defineci in section 3.3. 

3.4.1 Case 1 Solution 

When 6: < 4, the solution is given by equation (3.24) of section 3.3.1, with coordinate 6 
replaced by 1- 5. Constants 4 and D, are zero, whiie Bq and C, are defined by equations (3.25) and 

(3.26), respective@ 



3.4.2 Case 2 Solution 

The second case soiution is considered when 6: > 4 and 4 c O. It is given by equation 

(3.27) of section 3.3.2. with coordinate 6 replaced by 1- 5. Constants Bq and D, are zero, whüe 4 
and C, are defined by equations (3 -28) and (3 .B), respectiveiy. 

3.4.3 Case 3 Solution 

The third case soiution arises when 6,2 > d, and 4 > O and Sq > O. It is expressecl by equation 

(3.30) of section 33.3, with coordinate 5 replaced by 1 - 5. Constants Bq and Dq are zero, while A, 
and C, are defhed by equations (3.3 1) and (3.32). respectiveiy- 

3.4.4 Case 4 Soiution 

The fourth case solution is encountered when 6: > 4 and IS, > O and 6, < 0. It is defmed by 

equation (3.33) of section 3.3.4, with coordinate 5 replaced by 1 - 5. Constants Bq and D, are zero, 

while 4 and Cq are definecl by equations (3.34) and (3.39, respeaiveiy. 

3.5 The SFTF Plate 

Figure 3.6 The S m  piate under uniiateral in-plane lod. 



1 PLATE 1 G = O  1 q = O  q = 1 
1 i 

Table 3.1 Boundaiy conditions suninrary of SFCT plate and its buiiding blocics~.  

By the name itself, the superposition method indicates that it is a procedure of positioning 

somethhg over something else. Here, in this section we wili present the soiution of SFCF plate by 

utilising this method An anaîytical-type soiution for the SFCF plate is obtained by superimposing the 

SRSV(section 3.1 ), SVSR( section 3.2), and SRWR (section 3 -3) building blocks, as showp in Figure 

3.1. This is a very economicai approach as the required analyticai soiutions for the building blocks 

are already available. Hence, the SFCF sohition becornes the sum of its bdding block solutions as 

follows, 

Expressions for Y,(ri) (of SRSV plate), Y#-q) (of SVSR plate) and Y&) (of SRWR plate) are 

sunnnarised in Table 3.2. AU coefficients m the buiiding block solutions are Lmeariy proportional to 



their respective plate amplitude (E) factors. Oniy three of the eight boundary conditions required for 

the SFCF plate have yet to be Yuûfied in the supainposed soiution given by equation (3.36). Each 

building block's factor is properly adjusted to d o r a  one of the three remainiog conditions. In 

reviewing Table 3.1, the foiiowing conciusions can be made : 

E, (of the SRSV plate) must neutrdk the bending m>mm at q = 1, 

E, (of the SVSR plate) must neuaalise the bencihg moment at q = 0, and 

E,, (of the SRWR plate) must neutraljse the slope at 5 = 1. 

The zero bendmg m n t  conditions are enforced by substitutkg equatioa (3.36) into 

equation (ZS), and e l i @ h g ,  to obtah, 

and 

It is important to properly express equations (3.37) and (3.38) so that the infhience ofbuilding block 

amplitude fâctors in the superirnposed soiution can be determinecl. This is accomplished by 

eliminating the 6 variable. By observing the above equation we note that m and p indices wnsist of 

the same sequence of numbers. Hence, they can be associated with a &gie summation sign. The 

Y,(& and YnS*(Q terms under the second m t i o n  are expanded into sine series. With some 

siniplification, equations (3.3 7) and (3.3 8) becom 



and 

respectively. Sin(*) cannot be zero for aii  vahies of 5. Hence, parenthesized quantities must equal 

zero for each vahie of m or p. These quantities are eqressed in terms of E fhctors(or building block 

amplitudes). Equation (3.39) becones, 

while equation (3.40) becornes 

Wiîh the bending moment conditions fidfilied, attention is focussed on satisfying the zero 

slope condition at 5 = 1. This is done by substituthg the superimposeci soiution (3.36) in the dope 

equation (2.2). The resuttmg expression is equated to zero, siapiified, and e v h t e d  at 5 = 1, giving 



SRSV 

Section 3.1 

Y&) 

SVSR 

Section 3.2 

Y*U -q) 

Table 3.2 Suannaiy of building block soiutions of SFCF plate[4]. 

SRWR 

Section 3.3 

Yn(Q 

Replace coordinate q with 1 - q. 

The dependence of the above eqyation on coordinate q is handled by expmding Y&) and Yp(q) m 

cosine series. Foiiowing this procedure yields, 

1 

2 

3 

4 

(3 -24) 
(3 -27) 

(3.30) 

(3.33) 

% *n 
Bk 9 
Bk Da 
B, D, 

B, (3.25), C, (3.26) 

An (3.28), C, (3.29) 

4 (3.3 l), C, (3.32) 

& (3.34), Cm (3.35) 



for n = O and 

for n # O. The coefficients of this Fourier series nnin be zero for each vahie of n. Equation (3.44) is 

expressed as, 

where, 

(3.41) 

(3.42) 

(3 -45) 

SRSV SVSR SRWR 
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Figure 3.7 Three tam expansion of algebnic equations of the SFCF plate14J. 
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Equations (3.41), (3.42), and (3.45) are expanded by k terms, producing 3k linear 

homogeneous equations with 3k unknown E factors. Figure 3.7 pomays the system of equations, in 

matrk form, which is expanded in three tenirs. Coefficients preceding E factors are buùdmg block 

contnhtions and are denned in Appendix B. 

Until now we have developed equatiom for the SFCF plate wbich bas been taken fiom the 

work done by D. J. Mïchehissi[4]. To incorporate rotationai elastic stiflaess dong edge 5 = 1, to 

convert the ciamped edge to a rotational elastic edge, the above coefficient matrix (Figure 3.7) is 

modined To achieve this end, we have to concentrate on the equations which represent the bomdary 

conditions dong the edge 5 = 1. Consider the thÏrd set o f  equations in the above nia- i.e., the 

equations represented by equation (3 -49, and consider the case in which a torsional spring is placed 

dong the edge 5 = 1. We know that the mment is proportional to the slope. So we cm h e ,  

This equation is dimensionai, convaiing it imo dimensionless form we get, 

where W = (displacement)/a ; 5 = x/a. 

Following the same method we can convm moment 'M' into dimensionless fonn as 

where is the dimensionless moment. Taenfore we can wnte equation (3.46) as, 

Representing KalD as &. nien the above equation can be written as, 



ObseMng the above ma* it is obvious that we aircgdy have dW/dc m the third set of 

equations (equation (3.45)). Therefore mrltiplying these equations with K, we get K,.dW/d& ïhe 

f5st two segments of the third set of equations ( terms with em and g, ) represem only dope of 

"nipiy supponed edges dong 5 = 1. Therefore moment e&s only in the third block ofthis eqgation 

set. Subtracting the mmm amphde M' = 1 fiom the diagonal elemems of this block, we wiii 

exact& fulfill the requirements of equation (3.49). 

Thus after aii changes have been made to incorporate rotational eiasticity, the above 

coefficient matrk becomes, 

(3.41) 

(3.42) 

(3-45) 
(modified) 

Figure 3.8 Coefficient m&x equation resuhing from three term expansion of 

algebraic equations of the S m  plate. 



Eigenvalues are found by requiring that the detenninant of this coefficient matrix be zero. 

Appropriate eigenvalues are quired by examining eigewaiue vernis determinant value graphs, 

which are plotted ftomgenerated data. Exact eigenvahes are caicuiated by refinmg these appropriate 

rocts using a nmmical bisection method. Once an eigewalue is determined, the associated 

eigenvector, whose elements are the amplitudes of the superariposed building blocks, is caiculated. 

The mode shape is created by back-substituthg these amplinides mto the onginai building block 

solutions. The above procedure is the same for aii superiniposed soiutions. 

3.6 The TFTF Plate 

Figure 3-9 The TFïF thin rectanguk plate unda unilateral in-plane load. 

Consider the plate presented in Figure 3.9, where none of the edges are given simple or slip 

shear supports. Obviousiy, the mthod of superposition nnist k utilûed. A superinposed solution 

consisting of SRSV, SVSR, SR= and WRSR building blocks, is shown iri Figure 3.1. The building 

block solutions are derived ia sections 3.1 through 3.4 respective&. The CFrr plate solutionbeco~s 



1 PLATE q = O  1 5 = 1  q = 1 
> 

Table 3.3 Boundary conditions sumnary of CFCF plate and its building blocksM 

Table 3.4 Summacises the building block sohnions. Each building block possesses a distinct boundary 

condition which reguiates ïts amplitude. The nnal solution is achieved once the hanmnic rotations 

and moments are adequately adjusted to enforce the four remaining boundary conditions. Accordbg 

to Table 3.2, these include zero bendmg monmt for the fiee edges at q = 1 and q = 0, and zero dope 

for the ctamped edges at 5 = 1 and 5 = 0. 

Bending moments defined by equation (2.5) dong the f k e  edges are equated to zero. 

Equation (3.46) for W(&q) is substituted iato the expression. Evaluation at q = 1 and q = O g i v e ~  



1 Building Bkek Case Equation Equai-to-Zero A Non-zero 

SRSV 1 (3.8) B m  9 c m  4 n  0.9) .  Dm (3.10) 

Section 3.1 2 (3.1 1) k, cm B, (3.12), Dm (3.13) 

Y&) 3 (3.14) 4 Cm B, (3.15). D, (3.16) 

SVSR 1 (3 3)' Bk c~ h(3.91, 4 (3.10) 
Section 3.2 2 (3.1 1)- % c~ Bp (3.12). Dp (3.13) 
y,( 1 -?) 3 (3.14)' %. c~ Bp(3.15), Dp (3.16) 

SRWR 1 (3.24) 4. Dn B, (3.25). Cu (3 2 6 )  

Section 3.3 2 (3 -27) % Da An (3.28), C, (3 -29) 

3 (3.30) Ba Du A,, (3.3 I), Cu (3 -32) 

4 (3.33) B, Du 4 (3.34), c, (3.35) 

WRSR 1 (3 .24)" % D~ Bq (3 .25), C, (3.26) 

Section 3.4 2 (3 -27)" Bq, Dq Aq(328), c, (3 2 9 )  

Yq(1-U 3 (3.30)" Bq* D~ 4 (3.3 1), Cq (3.32) 

Table 3.4 Summary of building block solution of the CF- platef4J. 

* Replace coordinate q with 1 - q, ** Replace coordinate 5 with 1- 5 

i [Y, (O) - u @ m 2  YXO)] sin@ng) + 
~ 4 2 . 3  



and 

respectively- Indices m and p are assigned to a smgle ~ummation sign since they comist of the same 

sequence of numbers. The sam is done wah indices n and q. The Y&), Ynb*(Q, Yq(I -0 and Yq.(15) 
terms in equations (3.47) and (3.48) are expandeci into Fourier sine series, giving 

and 



respectively. Note that the sin(nmQ fimctïon m o t  be equal to Zao for aii vahies of 5. Equatiom 

(3.49) and (3.50) are restated in tenas of E factors as 

and 

respectively. The coefficient pr&g each E fâctor which is plate amplitude is defined in appendix 

A and caa be d e m i  as a building block conmbuton in the superinposed solution. 

Slope dong the clsmped edges is defined by equation (2.2) and is set equai to zero. Once 

again, the superimposeci sohition, given by quation (3.46). is use. for W(Cq) in the expression. 

Evaluation results in 



for & = 1 and 

for 5 = O. The first and third ternis m both of the above eqyations are expandeci hto Fourier cosine 

series. Equations (3.53) becoms 

for n = 0 and 

for n + O. Whiie the equation (3.54) becoms 

for n = O and 



for n + O. The finai fomrî of equations (3.96) and (3.97) are 

respectiveiy. Once again, the buiiding block cona%utions are listeci in appendix k 

Figure 3.10 is a mtrix representation of the linear equations resulting nom a three term 

expansion of equations (3.51). (3.52), (3.57) and (3.58). 
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Figure 3.10A three term expansion of the algebraic equations for the CFCF piate[4]. 
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Until now we were workiag on equations for the CFCF plate which was the work done by 

D. J. Michehissi[4]. To mcorporate rotationai elasticity dong edges 5 = O and 5 = 1, we wiii foUow 

exactiy the sam procedure which we foiiowed for SFCF plate (for edge condition dong 5 = 1) at the 

end of section 3 -5. 

Figure 3.11 Coefficient ma& equation resulting three term expansion of algebraic 

equatiom of the plate. 

Consequentiy, we need to modifjr two sets of equations of the above matrk These are 

equation sets fiom equatiom (3 37) and (3 S8), which m e s e n t  slopes dong edges 5 = 1 and 5 = O 
respectiveiy. The modified equtions followhg the procedure in section 3.5, can be written as, 



The above equations can k rewrïtten as, 

and 

and 

as d e s m i  in section 3.5, the modified coefficient mtrix becones, 

Eigenvahes and mode sbapes are obtained by foiiowing the procedure descriid at the end 

of section (3 5). 



Chapter 4 

Presentation of Results 

Free vibration aiintysis r d s  are presented for thin rectangular plates subjected to evenfy 

distniuted uniformin-plane loads having torsional rotationai edge supports. Plate stability is analysed 

prior to fke w'bration. The magnitude of each Hi-phe load used is a specifc percemage of criticai 

buckling load for the plate king analysde Cnticai buckhiig Ioads are computed for both SFïF and 

TFTF plates, where 'T' stands for rotationaï elastic edge support as mentioned in the tbird cbapter. 

Buckling loads for the above plates are calcuiatd for 10 dinerent rotational stifhesses : 0.5, 1 .O, 2.0, 

3.0'4.0, 5.0, 7.5, 10.0, 20.0, 30.0, and for 9 different aspect ratios: 113.0, 112.5, 112.0, 1A.5, 1/1, 

1.511,2.01~, 2.5/1,3.011. 

The reason for selecting these particular stifhess vahres is due to the fâct that, for zero 

rotational m e s s ,  the edge acts as a pinned edge while for infinite rotational stiûhess it acts as a 

claniped edge. Criticai buckling Io& and eigenvahies are already available for pinnecl and claniped 

edge boundary conditions and t was found that by graduaEy increasing the rotational stifihess of an 

edge, the claniped edge conditions are ahost acbieved for dimensioaless m e s s  vahies 30 and 

above. This behaviour can be observe& fiom the graphs shown in Figures 4.1,4.2,4.5 and 4.6 which 

depict that the b u c k g  load curve becomw almost horizontal for the nirriensionless stithess values 

around 30 and the reason for selecting these many mess vaiues is to obtain srnoth plots. 

Coming to the aspect ratios, the mst cornmon plate used in the iadustry is the square plate. 

ûther plates that can be found in the industries are phtes with aspect ratios 1/15, 1 -51 1,2.0/1. The 

reason for selecting these niany aspect ratios is to study the trend and behaviour of a plate at ciiffirent 

aspect ratios. 

Eigenvaiues and associated eigenvectors are then presented for the first four modes of 

vibration. Free v i i o n  anaiysis is also perfonned for aii the above mentioned, rotationai stifhesses 

and aspect ratios. 



Equal stifhesses are considered for ïFTF dong the torsional edge supports. AU resuhs 

computed are accurate to 4 digits and are presented in ~ n s i ~ n i e s s  form 

As mentioned, first we anniyse the stability of each plate. EQuation (2.1) can be modified to 

analyse pkte bucklsig due to in-plane foads. Setting the parameter A2 quai to zero, eiiminates the 

dyoaniic characterîsîics of fk vi i t ion from the govemhg equation The resuhing equation is, 

and is used to determine buckii~g loads. The iïmt value of Pt to satis& equation (4.1) is the critical 

Table 4.1 Cntical buclüng loads of SITF rectangular phte 



buckling load for a given plate. The fkee v i i t ion  sohition presented in chapter 3 can be used to 

obtain buckling loads. ïhus for plate bucklhtg, X2 is set equ i  to zero and the effect of Pg on the 

determinant is exanMd instead, 

Dimensionless criticai bucicihg Loads are presented m the foilowing Tables 4.1 and 4.2 for 

plates SFîF and TFïF respectiveîy, for above spedied aspect ratios and rotational m e s s  vaiues. 

Obtained resuits are aiso anaipd graphicaiiy. 

Table 4.2 Criticai buckiing loads of TF'îF rectanguk phte 

Figures 4.1, 4.2, 4.5 and 4.6 show changes in criticai buckiing load with the change in 

rotational eiastic stifhess whüe Figures 43,4.4,4.7 and 4.8 show changes in cnticai buckhg load 

with respect to aspect ratio of the plate for both SFïF and TFïF plates respective@. Sirnilar trends 

are observed in the behaviour of both SFTF and TFïF plates. 





Figure 4.3 Buckkg loid Vs. Aspect ratio, SFïF  phte, 
K2, = 0.5,1.0,2.0,3.@, 4-0 (hen K = K& 

Buckling load Vs. Aspect Ratio 
SFTF plate 

Figure 4.4 Buckiing &ad Vn Aspect ratio, S m  phte, 
K2. = 5.0,7.5, 10.O,20.O,3Oe0 (hem K - K& 

Buckling load Vs. Aspect Ratio 
SFTF plate 

J f  1 a I 8 I I I I I 4 

113.0 1/25 112.0 1/15 01/01 1.5/1 2.0/1 2.5/1 3.0/1 
Aspect ratio 



Figure 4.5 Buckling brd Vs. Dhnsioiikss rotational e e s s ,  TFïF plate, 
@ = Y3.0,1/2.5, 1/2.0,1/1.5 

Buckling load Vs. Rotational Stifmess 
TFTF plate 

Figve 4.6 Buckling bad Vs. Dimcnsioniess rotationaï stiniiess, TFïT plate, 
= l/l, l.S/l, 2.011, 2.5/1, 3.0/1 

Buckling load Vs. Rotational Stiff ness 
TFTF plate 



Figure 4.7 Buciclhg bad Va Aspect mtio, TFïF plate, 
%,=O.S, 1.0,2.0,3.0,4.0 (hem K = K, = 

Buckling load Vs. Aspect Ratio 
TFTF plate 

Y Aspect ratio 

Fi- 4.8 Buckling load Vs. Aspect ratio, ïlTli phte, 
K,, - 5.0,7.5,10.0,20.0,30.0 (here K = Ka = L(0 

Buckling load Vs. Aspst Ratio 
mF plate 

A-----+ 1 I L .... 

113.0 1/25 IRO 11i.5 O I ~ I  1.5/1 êwi 2 . h  3.611 
I 

Aspect ratio 



4.2 Free Vibration Anilysis Resdts 

in the fiee v i i t i o n  analysis, naturai fiequencies are determin& by exaininmg the effèct of 

At on the determinant of a coefficient matrix compriseà ofbuilding block contnbutons. 'Iae I2 value 

which d e s  the det ernriaant of matrices zero, of Figures 3.8 and 3.1 1, is a dimemioniess naturai 

fkequency. Resuits were oôtained for the fÏrst four modes of w'bration with the hetp of a Fortran 

program Quite often it is SuffiCient to know the vahe of only a lnnited nurnber of Iowest fieqgencies 

rather than di the fiequemies. The higher fiequemies cannot be taken too s&oush/, even ifan exact 

sohition of the eigenvahie problem is obtained, because the nature of the assumptions employed in 

denning the models in moa elenientary theories resa'cts the validity of the solutions only to the 

lower modes. 

Eigenvalues are caiculated for SFTF and T'FIT plates for nine dinereat aspect ratios(lB.0, 

1/2.5, V2.0, 1/1.5,1/1,1 .YI ,  2.0/1,2.5/1,3.0/1) and for ten düErent rotationai StifBess vahies(û.5, 

1 .O, 2.0,3.0,4.0,5.0,7.5, 10.0,20.0,30.0) and for various in-plaw loads as  a percentage of criticai 

buckling load for each combination of  aspect ratio and rotationai stif][iiess values. The percentages 

of critical buckling loads considered for computations are (-100%. -50%, O%, 20%, 40%, 60%, 80%, 

go%, 99%) 

Eigenvaiues, eigenvahie curves and mode shapes are presented for plates, both S m  and 

TFTF, having aspect ratios 1/1, 1 3 1  in Figures 4.9 through 4.26 and Tables 4.3 through 4.42 and 

the values for plates with remiining aspect ratios are presented in Appendix A Eigenvalue curves are 

presented and mode shapes are iliusmted for specific plate combinations. AU m d e  shapes shown are 

for zero in-plane load , unless specined. 



Tables 4.3 - 4.7 Eigenvaiues, SFI'F Plate, 4 = 1 / 1 



Tables 4.8 - 4.12 Eigenvahes, SlTF Plate, 9 = 1 / 1 

. Mode -100% - 5 W  0% 20% 40% 60% 8W 90% 99% 

1 Mode -100% -50% 0% 20% 40% 60% 80% 90% 99% 

. Mode -100% -50% 0% 20% 40% 60% 80% 90% 99% 

1 _ 19.57 17.01 13.94 12.49 - 10.84 8.874 6.291 4.453 1.404 
! 

Mode -100% -50% 0% 20% 40% 60% 80% 90% 99% 

1 20.03 17.41 14.28 12.80 11.11 9.092 6.446 4.564 1.436 



Figure 4.9 Eigenvalue curves, SFTF plate, KsO.5 ,  4 = 1/1, 

In-plane load vs Eigenvalue 
dimensionless stiffness = 0.5 - 

Mode 1 
--C- 

Mode 2 
-+C- 

Mode 3 

-1 -0.8 -0.6 -0.4 -0.2 O 0.2 0.4 0.6 0.8 1 
Dimertsionless In-plane load 

Figure 4.10 Eigenvalue curves, SFTF plate, K2p1.0, 4 = 1/1, 

ln-plane load vs Eigenvalue 
dimensionless stiffness = 1 .O 

1 

Mode 1 - 
Mode 2 - 
Mode 3 - 
Mode 4 

-1 -0.8 -0.6 -0.4 -0.2 O 0 2  0.4 0.6 0.8 1 
Oimensionless In-plane bad 



Figure 4.11, SFïF Pkte, KZr = 0.5, @ = 111 

In-piane bad = -1009G of b u c ~ g  load 

Mode 1 Mode 2 

Mode 3 Mode 4 



Figure 4.12, S m  Plate, K,, =O.S, = 1/1 

In-phne bad = 99'56 of buclfing load 

Mode 2 Mode 1 

Mode 3 Mode 4 



Figure 4.13, SFTF Pkte, K,, = 30.0, = 1/1 

Io-plane bad = 99% of buckong bad 

Mode 1 Mode 2 

Mode 3 Mode 4 



Tables 4.13 - 4.1 7 Eigenvahes, SFïF Plate, 4 = 1 -5 / 1 

-- 

, Mode -100% -50% OO/o 20% 40% 60% 80% 90% 99% 
1 14.86 . 12.87 10.51 9.403 8.143 6.649 . 4.701 3.324 1.046 

2 17.10 15.41 13.50 12.65 11.75 10.77 9.687 9.098 8.535 
3 25-41 24.30 23.14 22.65 22.16 21.66 21.14 20.88 20.64 

, Mode -100% -50% 0% 20% 40% 60% 80% 90% 99% 
1 16.41 14.22 11.62 10.40 9.007 7.358 5.206 3.682 1.167 

2 18.48 16.57 14.40 13.44 12.40 11.26 9.993 9.294 8.617 

3 26.38 25.08 23.72 23.15 22.56 21.96 21.34 21.03 20.74 

, Mode -100% -50% 0% 20% . 40% 60% 80% 90% 99% 

1 16.93 14.68 12.00 10.73 9.305 7.603 5.381 3.808 1.212 

2 18.95 16.97 14.72 13.72 12.64 11.45 10.12 9.380 8.662 

3 26.73 25.37 23.94 23.34 22.72 22.09 21.44 21.102 20.80 



Tables 4.1 8 - 4.22 Eigenvaiues, SFïF Plate, 4 = 1.5 / 1 

Mode -100% -50% 0% 20% 40% 60% 80% 90% 99% 
1 17.35 15.04 12.30 11.01 9.546 7.802 5.523 3.909 1.243 

2 19.33 17.30 14.99 13.95 12.83 11.60 10.22 9.455 8.706 
3 27.02 25.61 24.13 23.50 22.86 22.20 21.52 21.17 20.86 

Mode -100% -SPA 0056 20% 40% 60% 80% 90% 99?? 

I 18.11 15.72 12.86 11.52 9.988 8.166 5.784 4.094 1.300 

2 20.04 17.91 15.48 14.39 13.21 11.91 . 10.43 9.611 8.802 

3 27.57 26.08 24.49 23.83 23.15 22.44 21.71 21.33 20.99 
I t I 

- 

Mode -100% -50% 0% 20% 40% 60% 80% 90% 99% 

1 18.63 16.17 13.24 11.86 10.29 8.415 5.962 4.222 1.344 

2 20.52 18.33 15.83 14.70 13.48 12.12 10.59 9.729 8.881 

3 27.96 26.41 24.77 24.07 23.36 22.62 21.86 21.46 21.10 

, Mode -100% J O %  0% 20% 40% 60% 80% 90% 99% 

1 19.67 17.09 14.02 12.56 10.90 8.922 6.326 4.481 1.427 

2 21.52 19.21 16.55 15.35 14.04 12.59 10.93 9.997 9.069 

3 28.80 27.14 25.37 24.62 23.85 23.05 22.22 21.79 21.4 

, Mode -100% -50% 0% 20% 40% 60% 80% 90% 99% 

1 20.13 17.50 14.35 12.87 11.17 9.142 6.484 4.594 1.464 

2 21.96 19.60 16.87 15.64 14.30 12.80 11.09 10.12 9.162 

3 29.19 27.49 25.66 24.89 24.09 23.26 22.40 21.96 21.55 



Figure 4.14 Eigenvalue curves, SFI'F plate, K,=0.5,+ = 1.5/1, 

In-plane load vs Eigenvalue 
dimensionless stiffness = 0.5 

-1 4.8 -0.6 -0.4 -0.2 O 0.2 0.4 0.6 0.8 1 
Dimensionless In-plane load 

Figure 4.15 

+ 
Mode 1 
+ 
Mode 2 - 
Mode 3 - 
Mode 4 

Eigenvalue cwes ,  SFTF plate, K,=1 .O, @ = 1 .YI,  

In-plane load vs Eigenvalue 
dimensionless stiffness = 1 .O - 

Mode 1 
+ 
Mode 2 - 
Mode 3 - 
Mode 4 

-1 4.8 -0.6 -0.4 -0.2 O 0.2 0.4 0.6 0.8 1 
Dimensionîess In-plane load 



Figure 4.16, S m  Plate, 

Mode 1 Mode 2 

Mode 3 Mode 4 



Figure 4-17, 

Mode 1 Mode 2 

Mode 3 Mode 4 



Table 4.23 - 4.27 Eigenvaiues, T F E  Plate, $ = 1 / 1 

, Mode -100% -50% 0% 20% 40% 60% 80% 90% 99% 
1 14.86 12.87 10.51 9.37 8.137 6.644 4.696 3.319 1.037 
2 19.53 18.06 16.46 15.78 15.07 14.31 13.52 13.11 12.72 
3 38.15 37.42 36.68 36.37 36.07 35.77 35.05 34.49 33.83 

, Mode 1 -100% -50% OYO 20% . 40% 60% 80% 90% 99% 
1 15.97 13.83 11.28 10.10 8.749 7.145 5.054 3.577 1.148 

2 20.39 18.76 16.98 16.22 15.41 14.50 13.66 13.18 12.74 

3 38.61 37.77 . 36.92 36.57 36.22 35.87 35.29 34.56 33.89 

, Mode -100% -50% 0% 20% 40% 60% 80% 90% 99% 

1 19.13 16.57 13.53 12.1 1 10.49 8.568 6.060 4.287 1.360 

2 22.97 20.90 18.59 17.58 16.51 15.37 14.13 13.47 12.84 

3 40.07-38.92 37.72 37.25 36.76 36.26 35.76 35.28 34.34 . 

Mode -100% -50% 0% 20% 40% 60% 80% 90% 99% 

1 20.22 17.53 14.32 12.82 11.10 9.072 6.419 4.543 1.451 

2 23.91 21.69 19.19 18.11 16.94 15.69 14.33 13.59 12.90 

3 40.63 - .  39.37 38.06 37.53 36.99 36.44 35.88 -35.60 34.65 



Table 4.28 - 4.32 Eigenvahaes, TFïF Plate, + = 1 / 1 

, Mode -100% -50% 0% 20% 40% 60% 80% 90% 99% 
1 21.13 18.32 14.97 13.40 11-61 9.487 6.712 4.748 1.500 
2 24.64 22.35 19.71 18.59 17.31 15-97 14.51 13.72 12.97 
3 41.13 - 39.77 38.36 37.79 37.20 36.60 36.00 35.69 - 34.96 

- - 

Mode -100% -50% 0% 20% 40% 60% 80% 90% 99% 
1 22.82 19.80 16.20 14.50 12.57 10.27 7.274 5.146 1.625 

2 26.19 23.62 20.72 19.43 18.05 16.55 14.89 13.99 13.13 

3 42.10 40.57 38.97 38.32 37.65 36.96 36.27 35.91 35.59 
1 

II I 1 I 1 I 

Mode -100% -50% 0% 20% . 40% 60% 80% 90% 99% 

1 24.00 20.83 17.06 15.28 13.25 10.83 7.616 5.435 1.732 

2 27.26 24.54 21.45 20.08 18.60 15.99 15.21 14.22 13.28 

II 
3 42.86 41.18 39.45 38.74 38.01 37.27 36.51 36.12 35.77 

-r- -- 

, Mode -100% -50% 0% 20% 40% 60% 80% 90% 99% 

1 26.51 23.05 18.91 16.95 14.71 12.04 8.540 6.047 1.912 

2 29.59 26.56 23.11 21.56 19.88 18.03 15.96 14.81 13.68 

3 44.54 42.64 40.63 39.80 38.94 38.07 37.18 36.72 36.30 

Mode -100% -50% 0% 20% 40% 60% 80% 90% 99% 

1 27.66 24.07 19.76 17.72 15.39 12.60 8.942 6.334 2.004 
I 

2 . 30.69 27.53 23.91 22.28 20.51 18.56 16.35 15.12 13.91 

3 43.41 43.38 41.26 40.37 39.46 38.53 37.56 - 37.07 36.62 



Figure 4.1 8 Eigenvalue curves, TFTF plate, K,=&,=0.5, + = 1/1, 

In-plane load vs Eigenvalue 
dimensionless stiffness = 0.5 

-IC 

Mode 1 - 
Mode 2 - 
Mode 3 - 
Mode 4 

-1 -0.8 -0.6 -0-4 -0.2 O 0.2 0.4 0.6 0.8 1 
Dimensionîess In-piane bad 

Figure 4.1 9 Eigenvalue curves, TFTF plate, Km=&,= 1 .O, 4 = 1/1, 

In-plane load vs Eigenvalue 
dimensionless stiffness = 1 .O - 

Mode 1 

- 
Mode 3 

-1 -0.8 -0.6 -0.4 -0.2 O 0.2 0.4 0.6 0.8 1 
Dimerisioriless In-giane load 



Mode 1 Mode 2 

Mode 3 Mode 4 



F o i  4.21, TFïF Phte, KZr, 4r = OS, = 111 

In-plane Load = 99?4 of BucLling bad 

Mode 1 Mode 4 

Mode 3 Mode 4 



Figure 4.22, TFïT Pkte, KZt, ,r = 30.0, @ = 111 

In-piane Load = 99Y. of Budding bad 

Mode 1 Mode 2 

Mode 3 Mode 4 



Table 4.33 - 4.37 Eigenvalues, T'FIT Plate, 4 = 1 -5 1 1 

, Mode -100% -50% 0% 20% 40% 60% 80% 90% . 99% , 

1 14.96 12.96 10.58 9.465 8.197 6.693 4.733 3.348 1.064 

2 17.19 15.47 13.55 12.69 11.78 10.79 9.694 9.098 8.526 . 
3 25.46 

, Mode 1 -100% JOOA 0% 20% W !  W h  8W 90% 99?? 
1 16.07 13.92 11.36 10.16 8.803 7.188 5.082 3.593 1.134 
2 18.16 16.29 14.17 13.23 12.21 11.10 9.873 9.196 8.541 
3 26.13 24.87 23.53 22.98 22.41 21.83 21.23 20.92 20.64 

- 1  
- -b 

, Mode .. -100% -50% 0% 20% 40% 60% 80% 90% 99% , 

1 19.21 16.65 13.60. 1227 10.53 8.606 6.087 4.305 1.360, 

2 21.01 18.69 16.04 14.84 13.54 12.10 10.47 9.542 8.626 

3 28.21 26.53 24.74 23.99 23.21 22.40 21.57 - - 21.14 20.74 

, Mode 
1 

2 

3 

-- 

, Mode -100% -50% O% 20% 40% 60% 80% 90% 99% 

1 20.31 17.60 14.38 12.87 11.15 9.109 6.444 4.559 1.447 

2 22.02 19.55 16.72 15.44 14.04 12.49 10.70 9.690 8.675. 

3 28.99 27.17 25.22 24.39 23.54 , 22.65 21.72 -21.25 20.81 

39-08 36-94 35.81 . 14.77 _ 

-100% 

17.84 

19.75 

27.27 

-50% 

15.45 

17.63 

25.78 

0% 

12.62 

15.21 

24.19 

20% 

11.29 

14.12 

23.52 

40% 

9.778 

12.94 

22.84 

60% 

7.984 

11.65 

22.13 

80% 

5.646 

10.19 

21.40 

90% 

3.991 

9.378 

21.03 

W h  , 
1.255 , 

8.579 , 

20.68 



Table 4.38 - 4.42 Eigenvahies, 'lTn Plate, 4 = 1.5 / 1 

Mode -100% -50% 0% 20% 40% 60% 80% 90% 99% 

1 22.90 19.87 16.26 14.55 12.62 10.31 7.300 5.165 1.632, 

2 24.45 21.65 18-40 16.92 15.29 13.46 11.34 10.10 8.842 

3 30.94 28.79 26.46 25.46 24.42 23.34 22.19 21.60 21.05 

, Mode -100% -50% 0% 20% 40% 60% 80% 90% 99% 

1 27.76 24.15 19.82 17.78 15.44 12.64 8.971 6.354 2.008 , 

2 29.13 25.73 21.76 19.92 17.89 15.56 12.80 11.14 9.398 , 

3 34.99 32.27 29.26 27.95 26.57 25.1 1 23.55 22.73 21.95 
1 - --- - - 



ln-plane load vs Eigenvalue 
dirnensionless stiffness = 1 .O - 

Mode 1 - 
Mode 2 - 
Mode3 - 
Mode 4 

-1 -0.8 -0.6 -0.4 4.2 O 0.2 0.4 0.6 0.8 1 
Dimensionless ln-plane load 

Figure 4.24 Eigenvalue cuves, TFTF plate, K&&,=7.5,4 = 1.5/1, 

ln-plane load vs Eigenvalue 
dimensionless stiffness = 7.5 - 

Mode 1 
-C- 

Mode 2 
* 
Mode 3 - 
Mode 4 

-1 4.8 4.6 4.4 -0.2 O 0.2 0.4 0.6 0.8 1 
Dimensionless In-plane load 



Figure 4.25, 

Mode 1 Mode 2 

Mode 3 Mode 4 



Figure 4.26, 

Mode 1 Mode 2 

Mode 3 Mode 4 



Chapter 5 

Discussion of Results and Conclusion 

Chapter 4 presents the resuits ofbuckliag and free vibraton mis of S F E  and TFTF plates 

with the heip of various graphs and mode sbapes. 

The method of superposition is successfblly utilized to obtain highiy accurate and convergent 

resuits. AU results are obtained using a single FORTRAN program (iisted in Appendor D) for each 

plate examuied. As mentioned eariier, equal stinnesses are conside& at opposite ends of all ïFïF 

anatysed. 

5.1 Bucklïng Anabsis Results 

It is known that smipiy supported edges have zero rotationai *es, hence zero moment 

at the edge, whiie ideal clamped edge supports have infinite stinness, hence, zero slope at the edge. 

Based on this, as stiftbess of the rotationai eiastic edge O is non-zero and finite, buckling loads of 

the SFTF plate should be greater than the buckling loads of the SFSF plate and Iess than those of 

SFCF plate, whiie iimits of the TFïF plate buckling loads are those of SFSF and CFCF plates. 

From the Table 5.1, of McheW[4], and Tables 5.2 and 5.3, it can be stated that, the 

buckling analysis resuits are in good agreamnt. 

Buckling load m e s  indicate that a plate's critical load increases witb aspect ratio, which can 

be eqlained fkom the fict that, as the plnte aspect ratio increases, the length of its free edge 

decreases, making the plate more M. It is also observed that as the plate aspect ratio approaches 

zero, plate behaviour approaches the behaviour of a beam with simiiar boundary conditions. ïh is  

phenornenon has been weii explawd and presented by Gomian[2]. 



Table 5.1 Criticai Buckling loads of SFSF, SFCF and CFCF plates[4]. 

Plate\4 

SFSF 

SFCF 

CFCF 

Table 5.2 Criticai Buckling loads of SFïF plate for @ = 1/1, 1 S/l and 3.O/l. 

Table 5.3 Critical Buckling loads of TFTF plate for 8 = 1/1, 1 .U1 and 3.O/l. 

1B.0 

0.998 

2.073 

4.145 

5.2 Free Vibration Andysis R e  

Oace again, with the sam ressoning, given h section 5.1, eigenvahes of SFïF and TFIT 

80 

1/23 

1.429 

3.004 

6.005 

1R.O 

2.249 

4.732 

9.447 

1A.5 

4.046 

8.502 

16.928 

1/1 

9.276 

19.397 

34.451 

1.5/1 

21.235 

44.142 

87.158 

2.0/1 

38.122 

78.963 

155.56 

2.51 

'59.932 

123.85 

243.67 

3.011 

86.665 

178.82 

351.48 



plates can be compared m the iimit with eigenvalues of SFSF, SFCF and CFCF plates. 

Mode -100% -50% 0% 20% 40% 60% 

~ 1 13.53 11.72 9.57 8.56 7.41 6.05 

SFSF 2 18.54 17.26 15.88 15.30 14.68 14.05 

3 37.66 37.04 36.42 36.17 35.91 35.66 

4 43.26 41.09 38.79 37.84 36.86 35.85 

1 21.20 18.44 15.13 13.56 11.78 9.64 

SFCF 2 25.11 2.86 20.84 19.24 18.06 16-79 

3 42.00 40.73 39.42 38.89 38.34 37.79 

4 57.11 53.35 49.30 47.58 45.79 43.94 

1 30.88 26.89 22.1 1 19.83 17.23 14.12 

CFCF 2 33.82 30.27 26.19 24.34 22.32 20.07 

3 48.12 45.78 43.29 42.24 41.16 40.05 

4 74.05 67.87 61.02 58.04 54.88 51.52 

Table 5.4 Eigenv- of square SFSF, SFCF, and CFCF plates[4]. 

From the Table 5.4, ofMichehissi[4] and Table 5.5, it can be stated that, the buckhg mis r d s  

are quite comparable to those of MichetussiM. Note that the resuhs presented in the Tables 5.4 and 

5.5, are for a square plate. 

As mentioned eariier, al1 r d s  obtained are accurate to 4 digits. From the characteristic 

nature of Fourier series, it is known that the accuracy of results depends upon the number of terms 

used in the F o e  expansions. More accuracy is obtained with more tems. Eleven t m  are used 

in the FORTUN program, to obtain results throughout the anaiysis with a 4 digit accuracy. The 

accuracy can be connmied îtom the resuhs obtained by the previous researcbers, particuiariy fkom 

Michehissi[4 J, who worked on piates with classicai boundary conditions. 



SFTF 1 

Kp30 2 

3 

4 

Table 5.5 Eigenvahies of square SFTF and TFïF plates for stifniess values 0.5 and 30. 

Eigenvahie curves presented in &on 4.2. Figures 4.9,4.10, 4.1 8, 4-19. of square plate, 

demonstrate the fàct that coqressive in-piane loads decrease the n a d  fiequency of a piate whiie 

tende in-piane loads have the opposite efféct. It is also obsaved that the trends in both SFTF and 

TFTF plates are equivalent. SFIT piate eigenvahies ranged nom SFSF plate to SFCF plate, while 

îFE plate eigenvahies ranged from SFSF plate to CFCF plate. 

The associated nrst four mode shapes have been depicted using t h r e e ~ n s i o n a l  surfàce and 



contour plots. The mode shapes are presented for ody particular piate configurations. Ail modes 

shapes are produced usiag graphical components of MATtAB. in the process of obtaining mode 

shapes, displacement data was obtaïned fiomthe FORTRAN program which was stored in a data file. 

A aanslator bas k e n  wrinen in MATLAB to convert the displacenmt data into matrix form. The 

maaix thus obtained û utiiised in plotting mode shapes. 

It is known that a sine hct ion  is odd while, a cbsine fùnction is even, both are orthogonal 

to each other and Fourier series are composed of both of these sine and cosine functions. Mode 

shapes will be either -cal or ami-symmtrical about a point midway between the edges which 

meaos that onty one set ofhnctions is contriibuting to the series sohLtions even though di tems are 

considered. The rest of the te= in the series wilt be zero. Gomian[2] avoids this inefficiency m 

solutions by separating syrnmetncai and anti-synnnietrical modes ofv i t i on  for each plate examined. 

Ahhough fewer terms are required, this procedure is not used here, as more building blocks are 

needed. This inefficiency cau be overcom by high speed coquters available nowadays. 

5.3 Conclusion and Future Work 

The superposition method has ken utiiized successfiilty to study the effects of rotational 

elastic edge support on buckling and fke vi i t ion of thin rectangular plates subjected to d o m  in- 

plane loading. Accurate anaiytical solutions for nafurai fiequencies and mode shapes of various plates 

have been obtained. Various building blocks are developed and these building blocks are exploitai 

in obtaining solutions for plates considered. Anaiytical soiutions thus developed are also used to 

obtain critical buckling loads. Bffects of in-plane loads are observed in fiee vii t ion anaiysis. 

Free vibration eigenvahe- and buckling foads are coquted for various plate geometries, 

various dimensionless rotationai sti5esses with various in-plane compressive and teasile Io&. 

Lateral displacement is forbidden dong the in-piane loaded edges and these edges may be &en any 

desired level of rotational stiflhess. 

The results of the nriPlystd phtes are in good agreement, in the Lioiit, with those of SFSF, 

SFCF and CFCF plates and are accurate to 4 digits. 



Finaliy, the superposition methocl has evohred as a nr?aris for obtaining acnaate anaiyticaî 

solutions for rectangular plate fiee viiration problems. AU soiutions sa- exactly the e q u i i i i  

equations based on continuum ~~lechanics. The method has been deady applied successfuiiy to 

numerous plate problems by Gorman[2]. This aaalytical procedure can be extended to plates with 

combinations of elastic edge support combineci with unidirection or bi-directional in-plane loading. 
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Appendix A 

Free Vibration Analysis Results 



Tables A. 1 - AS Eigenvalues, SITF Plate, 4 = 1 1 3.0 

Mode ' -100% -50% O?? 20% 40% 60% ' 80% W? ' 99% 
1 14.49 12.55 10.25 9.165 7.936 6.477 4.573 3.223 1.M 

2 40.49 39.84 38.87 37.78 36.65 35.49 34.28 33.67 33.10 

3 43.93 41.48 39.17 38.90 38.63 38.36 38.09 37.95 37.82 , . 

- 

Mode -100% -50% 0% 20% 40% . 60% 80% 1 90% 99% 

1 15.38 13.32 10.88 9.736 - 8.433 6.886 4.868 3.439 1.106 

Mode -100% -50% 0% 20% 40% 60% 80% 90% 99% 

1 16.57 14.36 11.74 10.51 9.102 7.434 5.252 3.703 1.179 , 

2 41.38 40.56 39.73 39.39 38.24 36.81 35.32 34.55 33.84 

3 47.08 - - -  44.12 40.96 - 39.62 39.04 38.70 38.35 -38.17 38.01 



Tables A6 - A. 10 Eigenvahtes, SFïF Plate, 4 = 1 / 3.0 

Mode -100% -50% 0% 20% 40% 60% 80% 90% 99% , 

1 19.24 16-72 13.72 12.30 10.68 8.752 6.226 4.438 1.393 

2 43.07 42.07 41.03 40.61 4.18 39.75 38.41 37.50 36.66 

48.75 45.05 43.49 41.86 40.18 39.09 38.89 

Mode 

1 

2 

3 

-100% 

17.74 

42.02 

49.12 

- 5 W  

15.39 

41.11 

45.93 

0% 

12.60 

40.18 

42.51 

20% 

11.28 

39.80 

41.05 

40.4 

9.775 

39.42 

39.55 

Wh 

7.986 

37.99 

39.03 

BO?! 
5.641 

36.36 

38.64 

W ?  
3.971 

35.52 

38.44 

r 

99% 

1.286 

34.74 , 

38.26 



Figure Al Eigenvalue curves, SFTF plate, K,=0.5, $ = 1l3.0, 

In-plane load vs Eigenvalue 
dimensionless stiffness = 0.5 - 

Mode 1 - 
Mode 2 
--W- 

Mode 3 - 
Mode 4 

-1 -0.8 -0.6 -0.4 -0.2 O 0.2 0.4 0.6 0.8 1 
Oimensionless In-plane load 

Figure A2 Eigenvalue curves, SFTF plate, Kp30.0, + = 1/3.0, 

In-plane load vs Eigenvalue 
dimensionless stiffness = 30.0 - 

Mode 1 
-.c- 

Mode 2 - 
Mode 3 - 
Mode 4 

-1 -0.8 -0.6 -0.4 -0.2 O 0.2 0.4 0.6 0.8 1 
Oimensionless In-plane load 



SFîF Piate, 

Mode 1 Mode 2 

Mode 3 Mode 4 



Tables A l 1 - A. 15 Eigenvahies, SFTF Plate, 4 = 1 / 2.5 

Mode -100% -50% 0% 20% W?! 60Y0 80% . 90% 99% 

1 16.60 14.39 11.76 10.53 9.124 7.457 5.279 3.737 1.171 
I 

2 35.73 34.78 33.79 33.39 32.98 32.57 32.15 31.94 31.75 

3 47.22 44.27 41.11 39.78 38.40 36.96 35.48 34.71 34.00 
7 74 IZQ 74- 1 3 73 -40 



Tables A. 16 - A20 Eigenvahies, SFI'F Plate, (D = 1 1 2.5 



Figure A 4  Eigenvalue ciwes,  SFïF plate, K4.5, + = U2.5, 

In-plane load vs Eigenvalue 
dimensionless stiffness = 0.5 - 

Mode 1 
+ 
Mode 2 - 
Mode 3 - 
Mode 4 

-1 -0.8 -0.6 -0.4 -0.2 O 0.2 0.4 0.6 0.8 1 
Dimerisionles In-plane load 

Figure A5 Eigenvalue ciwes, S m  plate, K,=30.0, 4 = 112.5, 

In-plane load vs Eigenvalue 
dimensionless stiffness = 30.0 

+ 
Mode 1 
+ 
Mode 2 
* 
Mode 3 
+ 
Mode 4 

Dimensionless In-piane load 



Figure Ad,  SFTF Piate, 

Mode 1 Mode 2 

Mode 3 Mode 4 



Table A2 1 - A25 Eigenvahes, SFTF Plate, 4 = 1 / 2.0 

Mode -100% -50% 0% 20% 40% 60% 80% 90% 99% 

Mode -100% -50% 0% 20% 40% 60% 80% 90% 99% , 

1 16.65 14.43 11.80 10.56 9.147 7.472 5.284 3.732 1.183 

2 30.34 29.20 28.01 27.51 27.01 26.50 . 25.98 25.72 25.48 , 

3 47.42 - 44.47 41.30 39.96 38.58 37.14 35.65 34.88 34.17 





Figure k 7 Eigenvalue curves, S m  plate, Ka=0.5, 4 = 1R.0, 

In-plane load 
dimensionless 

vs Eigenvalue 
stiffness = 0.5 - 

Mode 1 - 
Mode 2 - 
Mode 3 - 
Mode 4 

-1 -0.8 -0.6 -0.4 -0.2 0 0.2 0.4 0.6 0.8 1 
Dirnensionless In-plane load 

Figure A8 Eigenvalue curves, SFïF plate, K2@0.0, 6 = 112.0, 

In-plane load vs Eigenvalue 
dimensionless stiffness = 30.0 - 

Mode 1 
* 
Mode 2 
* 
Mode 3 - 
Mode 4 

-1 -0.8 -0.6 -0.4 -0.2 O 0.2 0.4 0.6 0.8 1 
Dirnensionless In-pfane load 



Figure A9,  

Mode 1 Mode 2 

Mode 3 Mode 4 



Tables k3 1 - A35 Eigemalues, SFTF Plate, t# = 1 / 1.5 

Mode -100% -50% 0% 20% 40% 60% 80% 90% 99% 
, 

1 14-06 12.18 9.953 8.905 7.715 6.303 4.467 3.172 0.982 
2 23.62 22.55 21.42 20.96 20.48 19.99 19.49 19.24 19.00 
3 , 43.78 41.46 39.01 37.98 36.92 35.84 34.72 34.14 33.62 

, Mode 

1 

2 

3 
I 

-100% 

16.19 

24.99 

46.83 

-50% 

14.03 

23.66 

43.98 

0% 

11.47 

22.24 

40.94 

20% 

10.26 

21.65 

39.65 

40% 

8.892 

21.04 

38.33 

60% 

7.265 

20.41 

36.96 

80% 

5.145 

19.77 

35.53 

90% 

3.645 

19.44 

34.80 

99% 

1.147 

19.14 

34.12 



Tables 4.36 - 4.40 Eigenvdues, S F E  Plate, 4 = 1 1 1.5 

( Mode -100% 0% 20% ( 40% 60% 1 80% 90% 1 99% . 

, Mode -100% -50% O??% 20% . 40% 1 60.h 80% 9w. 99?? 

1 17.90 15.53 12.71 11.38 9.873 8.075 5.725 , 4.059 1.283 

2 ) 26.25 24.72 23.09 22.40 21.69 20.95 20.19 . 19.80 19.44 

3 ( 49.72 46.51 43.07 41.61 40.10 38.53 36.9 36.05 35.28 
1 I 

Mode -100% -50% 0% 20% 40% . 60% 80% . 90% 99% 

1 19.44 16.90 . 13.86 12.42 10.78 8.825 6.262 4.442 . 1.398 

2 27.54 25.85 24.03 23.26 22.47 21.64 20.78 20.33 19.92 

3 52.83 49.36 45.62 44.04 42-40 40.69 38.91 37.99 37.14 

Mode -100% -50% 0% 20% 40% 60% 80% 90% 99% 

1 19.90 17.30 14.19 12.72 11.04 9.039 6.413 4.545 1.441, 



Mode 1 Mode 2 

Mode 3 Mode 4 



Tables A41 - A45 Eigenvahes, Plate, I$ = 2.0 / 1 

Mode -100% -50% OYO 20% 40% 60% 80% 90% 99% 
1 14.37 12.45 10.16 9.091 7.873 6.429 4.546 3.215 1.019 
2 15.71 13.97 11-98 11.08 10.10 9.025 7.797 7.103 6.416 
3 20.50 19.20 17.81 17.21 16.60 15.97 15.31 14.97 14.66 

, Mode -100% -Sm O O !  1 20?! 40% 60% 80% 90% 99% 

1 14.93 12.93 10.56 9.442 8.177 6.677 4.721 3.338 1,051 

2 16.21 14.41 12.31 11.37 10.35 9.248 7.905 7.165 6.427 

3 20.89 19.52 18.04 17.41 16.75 16.08 15.37 15-01 14.67 

Mode -100% -50% 0% 20% 40% 60% 80% 90% 99% 

1 16.47 14.27 11.66 10.43 9,039 7.384 5.224 3.694 1.169 

2 17.65 15.62 13.29 12.23 11.06 9.759 8.250 7.380 6.498 

3 22.05 20.47 18.75 18.02 17.25 - 16.45 15.61 15.17 14.76 , 

Mode 

1 

2 

, Mode -100% -50% 0% 20% 40% 60% 80% 90% 99% 

1 16.99 14.73 12.04 10.77 9.336 7.627 5.398 3.819 1.210 

2 18.14 16.05 13.63 12.53 11.32 9.960 8.383 7.468 6.534 , 

3 22.46 20.81 19.01 18.24 17.44 16.60 15.71 15.25 14.82 

-100% 

15.80 

17.03 

-50% 

13.69 

15.09 

0% 

11.18 

12.86 

20% 

10.00 

11.85 

40% 

8.665 

10.75 

60% 

7.077 

9.513 . 

80% 

5.005 

8.094 

90% . 

3.540 

7.280 

99% 

1.120 

6.461 



Tables A46 - A50 Eigeavaiues, SFïF Plate, 4 = 2.0 / 1 

- - -- - - - 

Mode -100% -50% 0% 20% 40% 60% 80% 90% ' 
99% 

1 17.41 15.09 12.344 11.04 9.577 7.827 5.540 3.920 1.243 

2 18.54 16.39 13.91 12.78 11.53 10.13 8.495 7.544 6.570 

3 22.79 21.09 19.23 18.44 17.61 16.73 15.80 15.32 14.87 

, Mode -100% -5Wh 0% 200? 40% 60% 80% W h  99% 

1 18.17 15.77 12.90 11.55 10.02 8.191 5.801 4.105 1.298 

2 19.27 17.03 14.43 13.24 11-93 10.45 8.712 76.96 6.646 

3 23-42 21.62 19.66 18.81 17.93 16.99 16.00 15.48 14.99 
-- 
y-- 

-- 

1 Mode -100% -50% 0% 20% 40% 60% 80% 90% 99% 

Mode -100% -50% 0% 20% 40% 60% 1 80% 90% 99% 

1 19.73 17.15. 14.06 12.60 10.93 8.948 6.344 4.493 1.427 

2 20.78 18.35 . 15.52 14.22 12.78 11.15 - 9.207 8.058 6.855 

Mode -100% -50% 0% 20% 40% 60% 80% 90% 99% 

1 20.19 17.55 14.39 12.90 11.20 9.170 6.505 4.609 1.476 



Figure A. 13 Eigenvalue curves, SFTF plate, K4.5, + = 2.011, 

In-plane load vs Eigenvalue 
dimensionless stiffness = 0.5 

-1 -0.8 -0.6 -0.4 -0.2 O 0.2 0.4 0.6 0.8 1 
Dimensionless In-piane load 

+ 
Mode 1 
+ 
Mode 2 
* 
Mode 3 
+ 
Mode 4 

Figure A. 14 EigenvaIue curves, SFïF plate, K,=30.0,+ = 2.0/1, 

In-plane load vs Eigenvalue 
dimensionless stiffness = 30.0 

+ 
Mode 1 
--C- 

Mode 2 
* 
Mode 3 
+ 
Mode 4 

-1 -0.8 -0.6 -0.4 -0.2 0 0.2 0.4 0.6 0.8 1 
Dimensionfess In-plane load 



Figure A.15, 

Mode 1 Mode 2 

Mode 3 Mode 4 



Tables A5 1 - A55 Eigenvahies, SFïF Plate, 4 = 2.5 / 1 

Mode -100% -50% 0% 20% 40% 60% . 80% 90% 99% 
1 14.41 12.48 10.19 9.116 7.895 6.446 4.558 3.228 1.019 
2 15.27 13.46 11.37 10.42 9.371 8.188 6.802 5.990 5.150 
3 18.35 16.88 15.26 .. 14.57 13.84 13.06 12.24 11.81 11.41 

, Mode -100% -5WA 0% 20% 40% 60% 804A 90% Wh 
1 14.96 12.96 10.58 9.467 8.199 6.696 4.736 3.350 1.068 
2 15.79 13.91 11.73 10.73 9.631 8.388 6.925 6.063 5.165 
3 18.79 17.24 15.53 14.80 14.02 13.20 12.32 11.86 11.42 

- 

, Mode -100% -50% 0% 20% 40% 60% 80% 90% 99% 
1 15.84 13.72 11.21 10.03 8.685 7.093 5.017 3.547 1.119 

2 16.63 14.62 12.30 11.23 10.05 8.716 7.131 6.187 . 5.193 

3 19.50 17.83 15.98 15.18 14.33 13-43 12.45 11.94 11.46 
1 

, Mode -100% -50% 0% 20% 40% 60% 80% 90% 99% 

1 16.50 14.30 11.69 10.46 9.059 7.400 5.235 3.703 1.171 

2 17.26 15.17 12.74 11.62 10.39 8.978 7.300 6.295 5.225 

3 20.06 18.29 16.34 15.49 14.58 13.62 12.58 12.03 11.51 

Mode -100% -50% 0% 20% 40% 60% 80% 90% 99% 

1 17.02 14.76 12.06 10.80 9.355 7.644 5.410 3.827 1.214 

2 17.76 15.61 13.09 11.94 10.65 9.191 7.441 6.386 5.258 
I 

3 20.50 18.67 16.63 15.74 14.79 13.79 12.69 12.11 11.56 



Tables A56 - A60 Eigenvahies, SETF Plate, = 2.5 1 1 



Figure A. 16 Eigendue curves, SFTF plate, K,=0.5,+ = 2.5/1, 

ln-plane load vs Eigenvalue 
dimensionless stiffness = 0.5 

+ 
Mode 1 - 
Mode 2 
* 
Mode 3 - 
Mode 4 

Dimensioriless In-piane load 

Figure A. i 7 Eigenvalue c w e s ,  SFTF plate, K,=30.0y + = ZS/I ; 

In-plane load vs Eigenvalue 
dimensionless stiffness = 30.0 

-1 -0.8 -0.6 -0.4 -0.2 O 0.2 0.4 0.6 0.8 1 
Dimensionless In-plane load 

Mode 1 - 
Mode 2 
* 
Made 3 - 
Mode 4 



Figure A.18, SFïF Pk te, 

Mode 1 Mode 2 

Mode 3 Mode 4 



Table A6 1 - A65 Eigenvahies, SFïF Plate, = 3.0 1 1 

, Mode -100% -50% 0% 20% 40% 60% 80% 90% 99% ' 

1 14.44 12.51 10.21 9.134 7.910 6.459 4.567 3.230 1.023 
2 15.03 13.19 11.04 10.05 8.949 7.696 6.195 5.287 4.309 
3 17.18 15.59 13.82 13.04 12.22 11.33 10.37 9.855 9.367 

, Mode 1 -10W -50°/. 0% 20% 40% 600A 80% 90% 99% 

1 14.99 12.98 10.60 9.483 8.213 6.706 4.742 3.353 1.057 

2 15.56 . 13.64 11-40 10.37 9.219 7.907 6.327 5.365 4.320 , 

3 17.65 15.98 14.11 13.29 12.42 11.48 10.46 9.904 9.379 

, Mode -100% -50% 0% 20% 40% 60% 80% 90% 99% 

1 15.86 13.74 11.23 10.04 8.699 7.104 5.025 3.553 1.121 

2 16.41 14.37 11.98 10.88 9.659 8.252 6.549 5.502 4.349 

3 18.40 16.61 14-60 13.71 12-76 11.74 10.61 10.00 9.415 

Mode -100% -50% 0% 20% 40% 60% 80% 90% 99% 

1 16.53 14.32 11.70 . 10.47 9.073 7.411 5.243 3.708 1.171 

2 17.05 14.93 12.44 11.29 10.002 8.524 6.728 5.616 4.379 

3 18.99 17.10 14.98 14.05 13-04 11.95 10.74 10.09 9.459 

Mode -100% -50% 0% 20% 40% 60% 80% 90% 99% 

1 17.05 14.78 12.08 . 10.81 9.369 7.655 5.417 3.832 1.213 

2 17.50 15-37 12.80 11.61 10.28 8.744 6.874 5.712 4.408 

3 19.45 17.50 15.30 14.32 13.27 12.13 10.86 10.17 9.504 



Table A66 - A70 Eigenvahres, SFIT Plate, = 3 -0 1 I 

Mode -100% -50% 0% 20% 40% 60% 80% 90% 99% 

1 20.25 17.61 14.44 12.94 11.23 9.197 6.522 4.620 1.467 
1 

2 20.71 18.13 15-09 13.66 12.06 10.20 7.885 6.410 4.689 

3 22.43 20.09 17.41 16.21 14.90 13.45 11.82 10.90 10.01 

20 53 19 53 17.34 2 1 -48 18-47 16-75 16-19 



Figure k 19 Eigenvahie curves, SFTF plate, K,=0.5, + = 3.0/1, 

In-plane load vs Eigenvalue 
dimensionless stiffness = 0.5 - 

Mode 1 - 
Mode 2 - 
Mode 3 - 
Mode 4 

-1 6.8 -0.6 -0.4 -0.2 O 0.2 0.4 0.6 0.8 i 
Dirnensionless In-piane load 

Figure A20 Eigenvalue cuwes, SFTF plate, Kfl30.0, 4 = 3.0/1, 

In-plane load vs Eigenvalue 
dimensionless stiffness = 30.0 

+ 
Mode 1 - 
Mode 2 
Y 

Mode 3 
+ 
Mode 4 

-1 -0.8 -0.6 -0.4 -0.2 O 0.2 0.4 0.6 0.8 1 
Dirnensionless In-plane load 



Figure Aa2 1, S m  Pkte, 

Mode 1 Mode 2 

Mode 3 Mode 4 



Table A7 1 - A75 Eigenvahies, TFIT Phte, 4 = 1 1 3 .O 

Mode -100% -50% 0% 20% 40% 60% 80% 90% 99% 

1 14.60 12.64 10.32 9.232 7.995 6.528 4.615 3.262 1.023, 
2 40.52 39.85 38.91 37.80 36.65 35.47 34.25 33.62 33.05 
3 44.04 41.56 39.18 38.91 38.63 38.36 38.08 37.94 37.81 ,' - -  

, Mode -100% -50% 0% 20% 40% 60% 80% 90% 99% 

1 17.53 15.18 12.39 11.08 9.594 7.825 5.515 3.873 1.252 

2 41.71 40.78 39.83 39.45 38.34 36.70 35.00 34.11 . 33.29 

3 48.24 44.96 41.41 39.90 39.06 38.66 38.26 38.06 37.88 

Mode -100% -50% 0% 20% 40% 60% 80% . 90% W h  
1 18.89 16.37 13.38 11.97 10.37 8.476 6.006 4.263 1.335 

2 42.34 41.29 40.21 39.76 39.317 37.49 35.55 34.54 33.61 

3 50.36 46.72 42.77 41.09 39.328 38.87 38.41 38.18 37.97 
m -  

Mode -100% -50% 0% 20% 40% 60% 80% 90% 99% 

1 20.00 17.33 14.16 12.67 10.98 8.966 6.340 4.479 1.387 

2 42.90 41.74 40.54 40.05 39.56 38.18 36.05 34.93 33.90 , 

3 52.16 48.23 43.95 42.1 1 40.19 39.06 38.55 38.29 38.06 

07 87-86 86-95 



Table A76 - A80 Eigenvaiues, TFIT Plate, 4 = 1 13.0 



Figure A22 Eigenvahe curves, TFïF plate, K2R=&R=o.S, 4 = 1/3.0, 

In-plane load vs Eigenvalue 
dimensionless stiffness = 0.5 - 

Mode 1 - 
Mode 2 
-Lt 

Mode 3 - 
Mode 4 

-1 -0.8 -0.6 -0.4 -0.2 O 0.2 0.4 0.6 0.8 1 
Dimensionless In-plane load 

Figure A23 Eigenvalue curves, TF'W plate, K2R=&,30.0, 4 = 113.0, 

In-plane load vs Eigenvalue 
dimensionless stiffness = 30.0 - 

Mode 1 
--C- 

Mode 2 
- - 

Mode 3 - 
Mode 4 

-1 -0.8 -0.6 -0.4 -0.2 O 0.2 0.4 0.6 0.8 1 
Dimensionless In-plane load 



Figure A.24, TFïF Piate, 

Mode 1 Mode 2 

Mode 3 Mode 4 



Table A8 1 - A85 Eigenvahes, TlTF Piate, 4 = 1 / 2.5 

, Mode -100% -50% 0% 20% 40% 60% 80% 90% 99% 
1 14.62 12.66 10.34 9.253 8.016 6.550 4.641 3.296 1.003 

2 34.75 33.97 33.18 32.85 32.53 32.20 31.86 31.69 31.54 
3 44.19 41.71 39.06 37.95 36.81 35.63 34.41 33.79 33.21 

Mode -100% -50% 0% 20% 40% 60% 80% . 90% 99% 

1 17.55 15.20 12.41 11.10 9.614 7.848 5,544 3.912 1.239 

2 36.12 35.04 33.93 33.48 33.01 32.55 32.07 31.83 31.61 

3 48.38 45.10 41.56 40.06 38.49 36.86 35.16 . 34.28 33.46 r I I 1 1 -  

- - 

1 Mode -100% -50% 1 0% /. 20% 1 40% 60% 1 80% 1 90% [ 99% 

1 Mode -100% -50% 0% 20% 40% 60% 80% 1 90% 99% 
1 



Table A86 - A90 Eigenvahies, TFIT Piate, 4 = 1 / 2.5 

Mode -100% -50% 0% 20% 40% 60% 80% 90% 99% 
1 20.93 18.14 14.83 13.28 11.50 9.401 6.654 4.711 1.488 
2 38.01 36.57 35.07 34.45 33.82 33.18 32.53 32.19 3 1.89 

1 

Mode -100% -50% 1 0% 20% 40% 60% 80% Wh 99% 
1 

, Mode -100% -50% 0% 20% 40% 60% 80% 90% 99% 

1 27.40 23.84 19.58 17.56 15.25 12.49 8.860 6.277 1.989 

2 42.74 40.65 38.44 37.52 36.57 35.59 34.59 34.07 33.60 

3 66.09 60.57 54.46 51.80 48.98 46.00 42.79 41.098 39.49 

85.08 - 83 45 8 1 -78 80-08 78-33 77.45 36-64 



Figure A25 Eigenvalue curves, TFTF plate, K,=K,,,=0.5,+ = 1/25, 

In-plane load 
dimensionless 

vs Eigenvalue 
sa'ffness = 0.5 

80 

f 60 - m 
40 

al 

E20 

O 
-1 -0.8 -0.6 6.4 -0.2 O 0.2 0.4 0.6 0.8 1 

Dimensionless In-plane l a d  

- 
Mode 1 - 
Mode 2 
* 
Mode 3 - 
Mode 4 

Figure A26 Eigenvalue curves, TFW plate, K,=ICR=30.0, 4 = 112.5, 

ln-plane load vs Eigenvalue 
dimensionless stiffness = 30.0 

+ 
Mode 1 
+ 
Mode 2 
* 
Mode 3 

Mode 4 
-1 -0.8 -0.6 -0.4 -0.2 O 0.2 0.4 0.6 0.8 1 

Dimensionless ln-plane load 



TFTF Phte, K2,, ,, - OS, @ U2.5 

Mode 1 Mode 2 

Mode 3 Mode 4 



Table A 9  1 - A95 Eigenvaiues, TFTF Plate, 4 = 1 1 2.0 

Mode -100% -50% 0% 20% 40% 60% 80% . 90% . 99% 
1 17.59 15.23 12.44 11.13 9.639 7.871 5.566 3.936 1.244 

2 30.80 29.53 28.19 27.64 27.08 26.50 25.92 25.62 25.34 
3 48.56 45.28 41.74 40.24 38.68 37.05 35.35 34.47 33.64 

Mode 
1 

2 

3 

4 

-100% 

20.07 

32.36 

52.48 

2 0 8  

-50% 

17.39 

30.78 

48.55 

703 1 

0% 20% 40% 60% 80% 90% 99% 

14.21 12.77 11.02 9.001 6.368 4.505 1.428 

29.12 28.43 27.72 26.99 26.24 25.86 25.51 
44.27 42.43 40.52 38.50 36.38 3526 34.23- 



Table 4.96 - 4.100 Eigenvaiues, TFTF Plate, 9 = 1 / 2.0 

Mode -100% -50% 0% 20% 40% 60% 80% 90% 99% 
1 20.98 18.18 14.86 13.30 11.52 9.413 6.655 4.701 1.444 

2 32.97 31.28 29.50 28.76 27.99 27.21 26.40 25.98 25.60 
3 54.00 49.84 45.29 43.34 41.29 39.14 36.86 35.66 - 34.55 

1 - 

, Mode -100% -50% 0% 20% 400A 60% 80% 90% 99% 
1 22.66 19.66 16.08 14.40 12.48 10.20 7.216 5.098 1.568 
2 34.16 32.28 30.28 29.44 28.57 27.68 26.75 26.28 25.84 
3 56.94 52.38 47.37 45.20 42.94 40.53 37.98 36.63 . 35.38 

, Mode -100% -50% 0% 20% 40% 60% 80% 90% 99% 
1 23.83 20.69 16.94 15.17 13.16 10.76 7.625 5.399 1.722 
2 35.04 33.03 30.88 29.97 29.04 28.07 27.06 26.55 26.07 
3 59.07 54.25 48.94 46.65 44.23 41.67 38.94 37.50 36.15 

Mode -100% -50% 0% 20% 40% 60% 80% 90% 99% 
1 26.32 22.89 18.78 16.83 14.61 11.96 8.477 5.999 1.870 

I 

2 37.06 34.78 32.32 31.28 30.20 29.08 27.91 27.30 26.74 

3 63.92 58.60 52.71 50.15 47.45 44.58 41.51 39.88 38-35 

Mode -100% -50% 0% 20% 40% 60% 80% 90% 99% 
1 27.47 23.90 19.63 17.60 15.28 12.51 8.874 6.279 1.948 

2 38.07 35.67 33-07 31.97 30.83 29.63 28.39 . 27.74 27.14 

3 66.30 60.76 54.63 51.97 49.15 46.15 42.93 41.23 39.63 

84-40 80.19 75 77 77-87 . 71-95 



Figure curves, 

ln-plane load 
dimensionless 

vs Eigenvalue 
stiffness = 0.5 - 

Mode 1 - 
Mode 2 
-k- 

Mode 3 
* 
Mode 4 

-1 -0.8 -0.6 4 -0.2 O 0.2 0.4 0.6 0.8 1 
Dirnensionless In-piane load 

Figure A29 Eigenvalue c w e s ,  TFïF plate, K,=iCR=30.09 = 112.0, 

In-plane load vs Eigenvalue - 

dimensionless stiffness = 30.0 - 
Mode 1 - 
Mode 2 
-Y- 

Mode 3 - 
Mode 4 

-1 -0.8 -0.6 -0.4 -0.2 0 0.2 0.4 0.6 0.8 1 
Dimerisionless ln-plane load 



Figure A30, TFïF Plate, K2r,4rr 30.0, @ = U2.0 

Mode 1 Mode 2 

Mode 3 Mode 4 



Table A 1 O 1 - A 105 Eigenvalues, TFI'F Plate, 4 = 1 / 1.5 

, Mode -100% -50% 0% 20% 40% 60% 80% 90% 99% 

1 19.03 16.49 13.47 12.05 10.44 8.521 6.023 4.254 1.315, 

2 26.92 25.20 23.34 22.55 21.74 20.89 20.01 19.50 19.14 

3 50.94 47.28 43.32 41.62 39.86 38.01 36.07 35.06 34.13 
m 

, Mode 
1 

2 

3 
I 

-100% 

20.13 

27.74 

52.71 

09 

-50% 

17.45 

25.87 

48.77 
61-94 , 

0% 

14.26 

23.85 

44.48 

5863 

20% 

12.76 

22.99 

42.65 

5 7 3  

40% 

11.05 

22.10. 

40.73 

55-84 54 39 

60% 

9.029 

21.16 

38.71 

80% 90% 99% , 

6.389 4.521 1.442 , 

20.19 19.68 19.22, 

36.58 35.47 34.44 



Table A 1 O 6  - A 1 10 Eigenvahres, TFïF Plate, 4 = 1 / 1.5 

1, Mode -100% -50% 0% 20% 40% 60% 80% 

Mode -100% -50% 0% 20% 40% 60% 80% 90% 99% 

1 27.55 23i97 19.68 17.65 15.33 12.56 8.909 6.313 2.008 

2 33.96 31.19 28.12 26.79 25.38 23.87 22.25 . 21.40 20.59 

3 66.54 60.99 54.84 52.17 49.35 46.34 43.12 41.41 39.80 

2 58-54 57 31 56- 18 



Figure A 3  1 Eigenvalue curves, TFïF plate, KX=kR=1 .O, 4 = 1A.5, 

In-plane load vs Eigenvalue 
dimensionless stiffness = 1 .O - 

Mode 1 
+ 
Mode 2 - 
Mode 3 
+ 
Mode 4 

-1 -0.8 -0.6 -0.4 -0.2 O 0.2 0.4 0.6 0.8 1 
Dimensionless In-piane load 

Figure A32 Eigenvalue curves, TFTF plate, KX=&,=7.5, 4 = M.5, 

In-plane load vs Eigenvalue 
dimensionle- stiffness = 7.5 - 

Mode 1 
+ 
Mode 2 - 
Mode 3 
+ 
Mode 4 

-1 -0.8 -0.6 -0.4 -0.2 O 0.2 0.4 0.6 0.8 1 
Dimensionless In-phne 



Figure A.33, TFïF Pkte, 

Mode 1 Mode 2 

Mode 3 Mode 4 



Table A 1 1 1 - A 1 15 Eigenvaiues, TFTF F Pkte, 4 = 2.0 / 1 

. Mode -100% -50% 0% 20% 40% 60% 80% 90% 99% 
1 15.03 13.01 10.63 9.503 8.230 6.720 4.751 3.360 1.059 
2 16.31 14.47 12.36 11.419 10.38 9.233 7.917 7.168 6.421 . 

-- 

, Mode 1 -100% -50% O?/. 20% 1 W A  60% 1 8W W h  W? 

1 ' 16.13 13.97 11.40 10.20 8.835 7.214 5.101 3.607 1.142 

2 17.33 15.34 13.05 12.01 10.87 9.601 8.134 7.291 6.438 

3 21.77 20.22 18.54 17.83 17.09 16.31 15.49 15.06 14.67 
I 

, Mode -100% -50% 0% 20% 40% 60% 80% 90% 99% 

1 17.89 15.50 12.66 11.32 9.807 8.009 5.664 4.005 1.267 
L 

2 18.98 16.75 14.16 12.98 11.68 10.22 8.509 7.508 6.476 

3 23.12 21.32 19.36 18-51 17.63 16.73 15.71 15.19 14.71 

, Mode -100% -50% 0% 20% 40% 60% 80% 90% 99% 

1 19.26 16.69 13.63 12.20 10.50 8.628 6.102 4.315 1.362 I 

2 20 .28 .  17.86 15.04 13.76 12.33 10.72 8.821 7.695 6.516 

3 24.21 22.22 20.03 19.09 18.09 . 17-04 15.91 15.32 14.76 

Mode -100% -50% 0% 20% 40% 60% 80% 90% 99% 

1 20.30 17.64 14.42 12.90 11.18 9.130 6.459 4.568 1.446 

2 21.33 18.76 15.77 14.39 12.87 11.14 9.088 7.860 6.559 

3 25.10 22.96 20.60 . . 19.57 18.49 17.33 16-09 15.44 14.82 



Table A. 1 16 - A 120 Eigenvahes, TFT'F Plate, = 2.0 1 1 

Mode -100% -50% 0% 20% 40% 60% 1 80% 90% 99% 
1 21.26 18.43 15.07 13.48 11.68 9.546 6.755 4.778 1.514 
2 22.20 19.51 16.37 14.92 13.32 11.50 9.318 . 8.005 6.601 
3 25.86 23.59 21.08 19.99 18.83 17.59 16.26 15.55 14.88 

Mode -100% -50% 0% 20% 40% 60% 80% 90% 99% , 

1 27.81 24.19 19.86 17.81 15.47 12.67 8.987 6.366 2.015 

2 28.58 25.09 20.96 19.03 16.87 14.36 11.27 9.333 7.135 

3 31.68 28.61 25.11 23.55 21.87 20.04 18.00 16.88 15.80 



ln-plane load vs Eigenvalue 
dimensionless stiffness = 0.5 

+ 
Mode 1 - 
Mode 2 
* 
Mode 3 
+ 
Mode 4 

Figure A 3 5  Eigenvalue curves, TFîF plate, K,=ICR=30.0, 4 = 2.0/1, 

In-plane load vs Eigenvalue 
dimensionless stiffness = 30.0 - 

Mode 1 
+ 
Mode 2 - 
Mode 3 
+ 
Mode 4 



Figure A.36, 

Mode 1 Mode 2 

Mode 3 Mode 4 



Table A. 12 1 - A. 125 Eigenvalues, TlTF Plate, 4 = 2.5 / 1 

Mode -100% -50% 0% 20% 40% 60% 80% - 90% 99% 
1 15.00 13.05 10.65 . 9.528 8.251 6.737 4.763 3.368 1.062 

2 15.89 13.99 11.79 10.78 9.672 8.418 6.940 6.067 5.157 
3 18.87 17.30 15.57 14.83 14.04 13.21 12.32 11.85 11.41 

, Mode -100% -50% OO/o . 20% W ?  Wh 80% 90% 99% 

1 16.163 14.00 11.43 10.22 8.834 7.229 5.112 3.615 1.142 
I 

2 16.93 14.88 12.50 11-40 10.19 8.818 7.185 6,209 5.176 

3 19.76 18.03 16.12 1528 14.48 13.47 12.46 11.93 11.43 

Mode -100% -50% 0% 20% 40% 60% 80% 90% 99% 

1 17.93 15.53 12.68 11.34 9.825 8.023 - 5.674 4.013 1.270 

2 18.63 16.33 13.65 12.42 11.05 9.484 7.601 6.457 3.216 

3 21.23 19.25 17.04 16.07 15.04 13.93 12.73 12.08 11.46 
I 

Mode -100% -50% 0% 20% 40% 60% 80% 90% 99% 

1 19.29 16.72 13.66 12.22 10.58 8.642 6.112 4.322 1.365 

2 19.95 17.47 14.56 13.23 11.73 10.02 7.943 6.665 5.254 

3 22.41 20.23 17.79 16.72 15.57 -. 14.32 12.96 12.22 11.51 

Mode -100% -50% 0% 20% 40% 60% 80% 90% 99% 

1 20.39 17.67 14.44 12.92 11.19 9.143 6.468 4.575 1.447 



Table A. 126 - A. 130 Eigenvalues, TFI'F Plate, = 2 J / 1 



Figure A37 Eigenvalue curves, TFIT plate, Km=&,=0.5, 4 = M/l, 

In-plane load vs Eigenvalue 
dimensionless stiffness = 0.5 - 

Mode 1 - 
Mode 2 - 
Mode 3 - 
Mode 4 

-1 -0.8 6.6 O 6.2 O 0.2 0.4 0.6 0.8 1 
Dimensionless In-piane load 

Figure A3 8 Eigenvalue curves, 'T'FTF plate, K,=&,=30.0, 4 = 2.S/l, 

In-plane load vs Eigenvalue 
dimensionless stiffness = 30.0 

- 
Mode 1 - 
Mode 2 
3C- 

Mode 3 
+ 
Mode 4 

-1 -0.8 -0.6 -0.4 -0.2 O 0 2  0.4 0.6 0.8 1 
Dimensionless In-piane baâ 



Figure 439, 

Mode 1 

Mode 3 Mode 4 



Table k 13 1 - 4.135 Eigenvaiues, TFIF Plate, 4 = 3.0 / 1 

Mode -100% -50% 0% 20% 40% 60% ' 80% 90% 99% 

1 15.09 13.07 10.67 9.544 8.266 6.749 4.772 3.374 1.065 
2 15.66 13.72 11-46 10.42 9.264 7.940 6.346 5.375 4.317 

3 17.73 16.04 14.16 13.33 12.45 11.50 10.46 9.901 9.369 

, Mode -1000/0 -50% 0% 20% Wh 60% 80% 90% 99% 

1 , -  19.31 16.73 13.67 12.23 10.59 8.652 6.120 4.328 1.371 , 

2 19.76 17.25 14.29 12.93 11.395 9.617 7.422 6.031 4.419 

3 21.45 19.16 16.56 15.40 14.13 12.74 11.18 10.32 9.465 
l 
- 

Mode -100% -50% 0% 20% 40% 60% 80% 90% 99% 
1 20.41 17.69 14.45 12.93 11.20 9.152 6.475 4.579 1.448, 

2 20.84 18.18 15.05 13.60 11.97 10.07 7.724 6.222 4.456 , 
1 

3 22.45 20.01 17.23 , ,  15.97 14.61 13.11 11.41 10.45 9.513 
19-09 17-96 16.77 16-14 



Table A 136 - A 140 Eigenvahies, TFIF Plate, 4 = 3 .O 1 1 

Mode -100% -50% 0% 20% 40% 60% 80% 90% 99% 
1 21.31 18.47 . 15.10 13.51 11.71 9.568 6.770 4.789 1.515 . 
2 21.72 18.95 15.68 14.16 12.45 10.46 7.980 6.387 4.492 

3 23.28 20.72 17.79 16.47 15.02 13.43 11.61 10.58 9.563 

, Mode -lOû?/o -50% 0% 20% 40% W h  80% W h  99% 

1 23.00 19.95 16.32 14.61 12.67 . 10.35 7.331 5.187 1.640 

2 23.38 20.39 16.86 15.22 13.36 11.19 8.478 6.714 4.572 

3 24.85 22.07 18.87 17.42 15.83 14.06 12.02 10.85 9.683 

I 
Mode -100% -50% 0% 20% 40% 60% 80% 90% 99% 

1 26.69 23.21 19.04 17.07 14.81 12.13 8.600 6.090 1.929 

2 27.03 23.60 19.52 17.61 15.44 12.89 9.654 7.512 4.812 . 1 

I 

, Mode -100% -50% 0% 20% 40% 60% 80% 90% 99% 

1 27.86 24.24 19.90 17.84 15.50 12.69 9.004 6.377 2.017 
! 



Figure A40 Eigenvalue curves, TFTF plate, K,=ICR=0.5, 4 = 3.0/1, 

In-plane load vs Eigenvalue 
dimensionless stiffness = 0.5 - 

Mode 1 - 
Mode 2 - 
Mode 3 - 
Mode 4 

-1 -0.8 -0.6 -0.4 -02 O 0 2  0.4 0.6 0.8 1 
Dimensioriless In-plane load 

Figure A41 Eigenvalue curves, TITF plate, K2R=I&R=30.0, (I = 3.0/1, 

ln-plane load vs Eigenvalue 
dimensionless stiffness = 30.0 - 

Mode 1 
1 

Mode 2 - 
Mode 3 
-I- 

Mode 4 
-1 -0.8 -0.6 -0.4 -0.2 O O 2  0.4 0.6 0.8 1 

Dimerisionless In-plane load 



Figure 4.42, TFïF Piate, 

Mode 1 Mode 2 

Mode 3 Mode 4 



Appendix B 

Appendix B lists the contributions of each building block towards enforcing a particular 

bundaq~ condition in the superimposed soiution, while, Appendix C lists the integrais solved in the 

foliowing equations. 

It should be noted that q i i tude  fàctors should be exchideci &om the foiiowing coefficients 

since block aurplitudes are unknown- Therefore, treat buüding block coefficients A, B, C, and D as 

A/E, BE, CE,  and DE respective@. 

B.1 SRSV Building Block Coatributions 

B.l.l Bending Moment at q = 1. 

General Equation 
2 

a = Y Ï W -  o ( W )  Y J O  

Case 1 Equation 

Case 2 Equation 



B.1.2 Slope at = 1. 

General Equation 

Case 1 Equation 

Case 2 Equation 

Case 3 Equation 



B.1.3 Bending Moment i t  q = O 

General Equation 

B.l.4 Slope at = O. 

General Equation 

Case 1 Equation 



Case 2 Equation 

Case 3 Eqyation 

B.2 SRWR Bulldiiig Block CoaMbutions 

B.2.1 Bending Moment at q - 1 

General Equation 



Case 1 Equation 

Case 3 Equation 

Case 4 Equation 



B.2.2 Slope at 5 - 1. 
General Equation 

B.2.3 Benüing Moment at q - 0 

General Equation 

Case 1 Equation 

Case 2 Equation 



Case 3 Equation 
1 

2 2 

J- = 2(0 O pn - ( n ~ ~ ) 4  O s i n h m  sin(mli)dC 

+ 2(u $ y - (nn)')C./ sinh(tS) sin(rnec 
n 

O 

8.2.4 Slope at 5 = 0. 

General Equation 

Case 1 Equation 



Case 2 Equation 

Case 3 Equation 

Case 4 Equation 

B 3  SVSR Buiidhg Bloek Contributions 

B.3.1 Bending Moment at q = 1 

Generai Equation 

Case 1 Equation 

Case 2 Equation 

Case 3 Equaîion 

B.3.2 Slope at 5 = 1. 



Generai Equation 

Case 1 Equation 

Case 2 Equation 



Case 3 Equation 

B.3.3 Bending Moment at q = O 

Generd Equation 

Case 1 Equation 



B.3.4 Slope at = O. 

Generai Equation 

Case 1 Equation 

Case 2 Equation 



Case 3 Equation 

B.4 WRSR BuiïdIng Block Contributions 

B.4.1 Bending Moment i t  q = 1 

General Equation 

Case 1 Equation 

Case 2 Equation 



Case 4 Equation 

B.4.2 Slope at 5 = 1. 

General Equation 

l&, = -Y&V 

Case 1 Equation 

b= - w - C f i  

Case 2 Equation 

h,= - w - c p  

156 



Case 3 Equation 

Case 4 Equation 

B A 3  Bending Moment at q - O 

General Equation 

Case 1 Equation 

Case 3 Equation 



Case 4 Equation 

B.4.4 Slape rt 6 = 1. 

General Equation 

Case 1 Equation 

Case 3 Equaîion 

V, = - Afiwsh(lR) - Cpsh()c)  



Appendix C 

List of Solved Integrals 

Appendix C contains the integrais which are used to solve the terms in buüdiag block 

contrr'butions in appendix B. These mathematical contriions are *en by D. J. MichehissiM. 

These integrais enter superimposeci solution when building biock soMons must be expanded m 

Fourier series. 











Appendix D 

Fortran Program Listing 



C THIS PROGRAM E TO FiND CXïiiCAL LOADS AND EfGENVALUES 
C PRESENT PROGRAM ANALYSES 'fORSIONAGFREE-TORSIONALFREE 
C AM) -LE-FREE-TORSIONAL- SOME MODmCATIONS) PUTES 
C YOU NEED TO MODIFY THIS PROGRAM TO AN- SIMPLE-FREE-TORSIONAGC FREE PLATES- THESE MODIFTCATIONS 
ARE SIMPLY EllMINA'fPJG SOME CUNNECESSARY EQUATïONS, WHICH ARE WSILY RECOGNISED. 

DIMENSON ~(60.60),EM(30),EN(30~~(61,61).WMX(61~61~WMY~61.61) 
DIMENSION ANS(71),Eh41(30),WS(61,61) 

1 FORMAT (7(E13.6fX)) 

K=LLl 
K 2 e X  
K3=31( 
K 4 4 . K  
PO14333 
 fol^.-PO1 
PHIlI=ASF' 

CCH PHIll-45 
PSZ=RAT.CIUT 

CCH PS2-1.021458 
CCH PSZ=XXl 
AKR2=XX3 
ALMDS=MCl 

CCH ALMDS=O.OOOl 
DEL== 
DLIM=ALMDS +NN.DEL 

CCH DLM=PS2+NN'DEL 
Prn=PHIll 
PHIS=PHI.pHI 

C SET UP DIVlSOR DIV REQWRED FOR COSINE EXPANSION TERMS AND 
C CONTIMJEWITHCOMPUTAnONS. 





C SET UP DMSOR DW REQUIRED FOR COSINE TERM EXPANSION- 

60 1 CONTINUE 





D o  73 I=lX. 
A(I+K3J+K3 PA(ï+KZJ+K2) 
A(I+W+K3FA(I+K33+K2) 
DO 73 J=lX 
M=IW 
FAC = (-1 LDCOS(M)) 
W + K 3  )..A(IJ+K2)'FAC 
AO+ELI+K3)=A(I+KJ+K2)mFAC 

73 c o r n  

C BY-PASS NEXT 7 LINES IF YOU bO NOT WANT EUSnC EDGE SUPPORT 
C ON EDGE PSI* AND -1. 



2 1 1 7 CALL DETERMI (-Y) 

WRiTE (6.1) Uh4DS.Y 
CCH wRrrE(6.1) PS2.Y 

D(ALA4DsLTDLLM) w TO 9 
CCH JF(PS2.LT.DLIM)00~9 

GOTO 118 

93 CONTINUE 



1214 CONTINUE 
DO 1241 I= 1.613 
AII=I 
WIUTE (6.1) Pi 
DO 1240 J= 1,612 
AJJ=J 

1240 FKRITE (6.1) M , A J J , W O  
PAUSE 

1241 CONTINUE 
PAUSE 

118 CONTINUE 
STOP 
END 

SUBROunNESRAPEl 
IMPLICIT DOUBLE PRECLSlON (A-H.0-Z) 







74 CONTINUE 

46 CONïiNUE 
47 CONTINUE 
FmuFtN 
END 



Standard Pro- used for matris manipultion 
and integraï caïeulition 

THIS IS A STANDARD SOBPROGRAM FOR FlNDlNG THE DETERMINAKT OF A 
SQUARE N BY N MAT-THE DETERMINANT IS SfORED AS DE'T. 

IMPLICIT DOUBLE PRECISfON(A-X.0-z) 22207280 
DIMENSION A(60.60) 22207290 
SIGN=l, a207300 
LASTpN-1 222073 10 

22207320 
=ART 0- LOOP FOW-1) PIVOTS 22207330 

=O7340 
DO 200 I=l,LA!n ZZ207350 

22207360 
FXND THE LARGEST REMAIMNG TERM IN 1-TH CO- FOR PIVOT 22207370 

222073 80 
BIGIO. 22207390 
DO 50 K=I.N ZZ2074ûO 
TEwDABS(A(KJ)) 22207410 
XF (TERM-BIGPO JO JO 22207420 

30 BIG=ïERM n o 7 4 3 0  
L=K 22207440 

50 CONTINUE 22207450 
C 22207460 
C CHECK WHETFERA NON-tERO TERM )US BEEN FOUND 22207470 
C 22207480 

IF (BIG)80,60,80 ZUO7490 
C 2po7500 
C L-TH ROW ZFAS 'IWE BIOGEST -i!S 1-L 22207510 
C 22207520 

80 IF (1-Lm, 12090 22207530 
C 22207540 
C 1 IS NOT EQUAL ï0 LSWiïCH ROWS 1 AND L 

90 SIGN-GN Z2!207 560 
DO 100 l=lJ 22207570 
m m  ZU07580 
ACU)eNw 22207590 

rooA(L,J)=TEMP a207600 
C 22207610 
C NOW START PIVOTAL REDUCnON 
C 22207630 

120  PIVOT=^ 22207640 
NEXIR=I+ 1 Z2207650 

C 22207660 
C FOR EACH OF THE ROWS AFIERTHE 1-TH a207670 

DO 200 J=NEXTqN 22207680 
C ZP07690 
C MULTIPLYING CONSTANT FOR THE J-TFi ROW IS zu07700 
C 22207710 

CONST=A(JJYPrvOT ZZ207720 
c m o n 3 0  
C NOW REDUCE EACH TERM OF THE J-TFi ROW ZW07740 
c zz20mo 
DO 200 K=&N 22207760 

C END OF PIVOTAL REDUCTION-NOW COMW'TE D m  
DETrrSIGN 22207800 
DO 300 I 4 . N  222078 10 

300 D E T - D F w  10. PZ07820 



END 22207860 

CHECK IT NUMBER IS LESS OR GREATER ïHAN 1.0 

KF(ALT.1.) THEN 
A=AWAT(IFIAG) 
A=A 
N=N 
REJURN 
ELSE 
GO TO 20 
mIF 

101 N==û 
30 A=AolO. 

N=N-1 
IF(kGT. 1 .) niEN 
A=AVLOAT(IRAGYlO. 
N=N+ 1 
REIURN 
ELSE 
W TO3O 
ENDE 

100 N=1 
A=ATLOA~(IFIAG~IO. 
RETURN 
END 

SUBROUTINE DEïERM (A.N.DETSvMlSUM2) 
IMPLIm DOUBLE PRECISION (A-H.Oz) 
DIMENSON A(9ogo) 

1 FORMAT (7(E 13 .63) )  
X]CX=I. 
SIGN= 1. 
LAST=N-1 

START 0- IDOP FOW-1) PIVOTS 

Do 200 I=l,L'uT 

FIN' THE URGEST REMAINPJG THtM LN 1-TH CO- FOR PIVOT 

B I M .  
DO 50 K=I,N 
Tm..= DABS(AOU)) 
IF (TERM-BIG)SO$OJO 

30 BIG=TERM 
b K  

50 CONTINUE 
c 
C CHECK WEIETHEIC A NON-ZERO TERM HAS BEEN FOüND 
C 



IF (BIG)80,60.80 
C 
C L-TH ROW KAS ?HE BIGGEST TERM-IS 1-L 
C 

80 IF g-L)90,12090 
C 
C 1 iS NOT EQUAL TO L,!WïKH ROWS 1 AND t 
90 SiGNrSIGN 

Do 100 J=l.N 
-Nul 
N L W ~  

100 AtLJpTEMP 
C 
C NOW START HVOTAL REDUCnON 
C 

120 PLVOT=A(SI) 
NEXTR=I+l 

C 
C FOR EACR OF THE ROWS AITER TKE 1-TH 
DO 200 

C 
C M U L ~ Y W G  CONSTANT FOR ?HE J-TH ROW IS 
C 

C O N S T = A ( J ~ O T  
C 
C NOW REDUCE EACA TERM OF THE J-TH ROW 
C 
Do 200 K=W 

200 NJX)..NJX)coNWAO 
C 
C END OF PWOTAL REWCnON-NOW CO- DEIERMNANT 

DET=sxGN 
224444. 
IF(ZZ.GT.1) GO TO 61 
T0PLPlJ)oO 
BORF1noPL. 
DO 300 1.~1.1 
DET'=DETIrrN) 
TESToDABS@Jm 
IF (TESï. GT. TOPL) GO TO 30 1 
IF-. LT.BOTL)GOTO~O~ 
iF(XXXLTTO.) GO TO 30 1 
W TO 300 

301 ZZ=O. 
WRITY6.3 02) ZZ . DEI 

302 FORMAT(' ' ~ ~ 0 . 6 , S X , D 1 5 . 8 )  
DFr=l. 

300 CONTINUE 
CC WRITE46.303) ZZ ALMDS, DET, ZZ 
303 FORMAT("~CyT10.6j lCblSdJXFsZ)  

W T 0 6 1  
60 DETIO. 

WrUTE (6.1) DET 
GOTO3W2 

61 C0Nï'iM.E 
SUMI=1. 
sumio. 
D o  3000 I=l.N 
==an 
C A t L E X P 1 o  
SUM1ISUM1m 
SUM2lSUMT+RX)AT(M) 
YY=DABs(sUMl) 
IF(w.GT.O.1) GO 10 3000 
SUMlrSUMl+10. 
SUM2-suM2-1. 

3000 CONTINUE 
SUMlrSUMl.sIQN 



3002 COMINUE 
REmRN 
END 

S U B R 0 U C I N E D ~ A . N ~  
wucm WUBLE P R E ~ O N  (A-aaz) 
DIMENSION A(45,lS) X(46) 
SIGN=I- 
M*N-1 
LAST=M-I 

C 
C START 0- W P  FOW-1) PNOTS 
C 

Do 7 i=l,LAsr 
C 
C FïND THE ~ARGEST REMANNO TERM IN 1-'fH COUlMN FOR PNOT 
C 

BI-- 
DO 2 KPLM 
-D-siNKW 
IF--BIG= 1 

1 BIG=TERM 
G-K 

2 CONTKNUE 
C 
C CHECK WHETHERA NON-ZERO TERM HAS BEEN FOUND 
C 

LF(BIG)%I 1 3  
C 
C Lm ROW HAS TIIE BIGEST TERM--IS F L  
C 

3 Eu-Lp.6.4 
C 
C I I S N O T E Q U A L T O L ~ ~ R O W S I A N D L  
C 

4 DO 5 I 4 . N  
-A0 

C 
sA[IT) . -  

C NOW START PNOTAL REDUCïiON 
C 

6 PNOT'Ao 
-SI+ 1 

C 
C FOR EACH OF THE ROWS % 1-TII 
C 
DO 7 JsNEXTLCM 

C 
C MULTIPLYING CONSTANT FOR THE J - ï i i  ROW IS: 
C 

CONST=A(JJYPNOT 
C 
C NOW REDUCE EACH TERM OF THE J-TH ROW 
C 
DO 7 K=W 

7 N J . W I r ( J K K O N ~ r r 0  
C 
C END OF PWOTAL REDUCIION- PERFORM BACK -ON 
C 

M=N-1 
Do 10 1-1.M 

C 
C IREV IS THE BACKWARD iNDEX,ûOING FROMM BACK 'TC) 1 
C 

IREV=M+l-1 
C 
C GET Y 0  ïN PREPARAnON 










