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Abstract 

Tlir Empirical Orthogonal Rinction (EOF) analysis technique has proveii to hc oiitl 

of the most powerful methotls to aiialyze data in rrieteorology aiid nian) otlirr fields. 

Howevcr. this nietliod is statistical only and Ilas no physical hasis. I3riilict (1119-1) 

has introduced Held's ( 1985) concept of conservation of wave activity and orthogoiial 

functions into tbc EOF analysis and callecl it tlw "Enipirical Norinal Slodr" (ENSI) 

analysis technicpe. This new met liod iises bot h statistical conr~pts  frorii t hi. classical 

EOF arialysis niet hod and a clynaniical constraint froni the grneralizod Eliasscii-Palrii 

theorern to ensiirc that the fiinctions that wr ohtaiiiccl are orthogoiial to raïli otlier 

and are the  soliitions of linearized dynamical cqtiataions. 

In this thesis, WC osc the ENM analysis to analyze data [rom both a (2D)  shallow 

watcr mode1 integration and [rom 3-D atmosphcric obuervatioiis. witli an rrriphasis 

on stratospheric sudden warming eveiits. 

For the shallow water mode! case. t h e  resolts of the ENbI analysis are rvaliiatd 

by testing against the theoretical (niimerical) normal mode solirtions providcd II!. 

Longuet-Higgins (1908). It is shoivn that the E N M  analysis can rrcovcr t hr spatial 

structures and the €reqiiencies of the normal modes w i t h  a great. d e g r ~ c  of acciiracy 

i f  the temporal recorcl is sufficiently long. The average errors in the pcriotls for 

2000 and 100 day time series are found to be 1 W and 4.6%. respectively. From the 

eigenvalues (percentage of the total variance) and sharp frequency peaks associatecl 

with normal modes, the ENM analysis shows that the mode1 gencrates only a fcw 



modes wi th  monochromatic frequencies. The method can be used to test a new or 

modified shallow water mode1 ititegration or to study other Hough modes generared 

by different kinds of forcings. 

Having shown the value of the ENM technique i i i  a barotropic context. wc atl- 

vance further by performing an ENM analysis on aii 1 1 year atmospherir data se t .  In 

tliis stiidy, we focus on stratospheric warming evetits. The winter ( D J F )  data set is 

partit ioned into warrning and noii- warming periods in order to chararterizr t h e  flow 

differences hetween the regimes. The stratospheric quasi-potential vorticity or wavc 

activity structure i i i  the warming period is found to he much strongrr .  as cxpectcd. 

t han in t lie non-warniing periods. 'l'tie ENM analgsis clearly shows tlic t roposphcric 

differencc betwcrri the two periods. e.g.. a higher wave aîtivity in  thc main tropo- 

spheric striict ure as well as in the  t ropospheric polar regions in  the warming periocls. 

The analysis also reveals that t h e r ~  is a highcr Icvel of stratosphcric wavc aartivi ty 

during t h e  warming periods in t h e  second normal mode of zonal wavc iiiirnbcr L I ~ i t  

t h e  t ropospheric st rtictiirrs of tlic quasi-potential vorticity arc t hc sainr as diiring 

non-warming pcriocls. This suggests that tlicre is/are (a )  mechanisrn(s) rrssociatcci 

wi th the stratosphcric warming other than t tir ilpivard rvave propagatioii. :\ll t tic 

common features of the stratosphcric warmirig w e n t  are captured tq the first two 

normal modes of zorial wave numtxrs I and '2, such as waiwrnean f o w  interaction 

leading to the deceleration of the zonal mean wind, the polar vortes briiig displaccd 

by the  northward niovcnieot of the Alcutian High. as wcll as wave aniplitiide d i a n c e -  

ment /reduct ion during the growing/decay ing stages. 



Résumé 

La méthode d'analyse cles fonctions ort hogonalcs empi ricpes ( EOF) est iirir des pl ils 

puissantes pour l'analyse de données cn météorologie et cri beaucoup d'autres do- 

rnaines. Cependant. ccttc méthode n'est que de nature statisticliie rt n'a pas di. Ixw 

physique. Brunet ( 1YS-I) a introduit le concept de lleltl 1985) de la roiiservation (le 

I'activi té ondulatoire et des fonctions ort hogorialcs dans I'analyse EOF ~t I'n iionini<:t~ 

la méthode des modes normaux crnpiriqucs (EN.\'!). Cettr noiivellc rnétliodv rriiploir 

des concepts statist iqiies de I'analysc EOF et urir contrainte clgnamiquc provrnaiit 

clic théoréme généralisé clc Eliassen-Palm pour s'assurcr q~iv I~sfot~irtiotis soiriit or-  

t hogonales rt qii'cllrs soient les solutions cl'éqiiations dyriamiqties lininirr~. 

Dans cet te thèse. nous utilisons la mét hodr EN Xi  pour aria1 yscr d v s  <loti ii& 

provenant d'un modèle harotrope (équations dc Saint-Venant) et clrs obsrrva- 

tions météorologiques e n  trois dimensions. en mettant  l'accent sur d r s  épisodes <Ir 

réchauffement stratospliériqiies subits. 

Les résultats de l'analyse ENM pour les clonnées di1 riiodéle sont compar6s awc 

les solutions des inodes normaux ttiéoriques (numériques) d c  Longuct- tliggiris ( 196s). 

Nous démontrons que l'analyse ENM peut capturer les structures spatiales et Ics 

fréquences des modes normaux avec une  grande précision si la série temporelle est sufl- 

isamment longue. Les erreurs moyennes des périodes d'oscillation sont dr  1 %\ et 4 

pour des dennées disponibles sur 2000 jours et 100 jours. respectivement. L'analyse 

ENM montre que le modèle produit seulement quelques modes avec des fréquences 



monochromatiques. La méthode peut être utilisée pour tester d'autres i ntégratioiis 

modifiées du modèle des équations de Saint-Venant o u  poiir étudier cl'aiitres modes 

Hoiigh produits par différents forçages. 

Après avoir démontré l'importance de la méthode E N M  ciaiis un contexte 

barotrope, nous continuons avec iine analyse E N M  de données atmosplii.ric~ucs cou- 

vrant 11 ans. Dans cette é tude nous nous coricentrons sur les événenwrits clc 

réchauffement stratosphérique. Lrs données d'hiver ( DJ F)  sont sf paries entre tltls 

périodes de récliaiiffernent et des périodes saris récliaiiffement pour poiivoir car- 

actériser les différences entre  la ciynamiqut. des deux régimes cl'écoiilrmierit. Le toiir- 

billon quasi-potentiel stratosphérique ou la striicturc de l'activith ondulatoisr pendant. 

les périodes de réchaiifferrient est, comme prévue. beaucoup plus forte qiie pcndant Ics 

périodes sans réchauffcinent . L'analyse ENM démontre clairement les difF<:rrnccs t ro- 

posphériqiies entre Iles deux périodes. c.g.. une plus grande activité oncliilatoirr clans 

la structure troposphckique principale aussi bien quc dans les r6gions troposplii.riqiirs 

polaires pendant les périodes de réctiauffcmcnt . L'analyse niont rr aussi i i n r  fort(& 

activité ondulatoirr stratospliériqiie pendant Irs plriodcs cie réchauffement pour Ir 

deuxième mode nornial du nombre d'onde zonal I niais les striictmes troposphériqii~s 

c h  tourbillon quasi-potentiel ne difirent pas. Cela irnpliqiic y a ail inoins iiii 

autre mécanisme pour expliquer lc réchaiiffernerit stratosphérique aiitrc qiic la prop- 

agation verticale d'arides. Toutes les caractéristiqiies cornmuries ails réchaiiffeincnts 

stratosphériques sont reproduites par les deux premiers modes clcs tionibrcs c190ncl(~ 1 

et 2. Par exemple. la décélération c h  vent zonal nioycn produite par l'iiitcract ion ent r r  

les ondes et I'écoulernent moyen, le déplacement chi vortex polaire à cause du mou- 

vement vers le nord de l'anticyclone aléoutien. et aussi 17augmentation/la réduction 

des amplitudes des ondes pendant les phases cle croissance/décroissance. 
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Statement of Originality 

The original results containrd in t liis thesis are as t'ollows: 

1 )  For the first time we Iiave tiscd the Empirical Yornial Mode .halysis tccliniqiit. 

to rccover the Hough funct ions aiid t heir associatecl frequencies froni t iir data  gcii- 

erated by a Shallow Water iCfoclcl intrrgation (liriearized version witli a basic stntv 

at rcst). The resiilts showcd tliat both the  iiorrnal modes ( ENMs) alid tlwir asso- 

ciated frequencies arc in good agreement witli  lieo ore tic al ( r i u r i i~~ i r a l )  rostilts froin 

Longuet- Higgins ( 1968) in ail aspects. 

2 )  Neither the  Enipirical Orthogonal Functiori ( EOF) rior Enipirical Norriial .CIodra 

( EXM) analysis has bcen usctl bcfor<. to analxze thc structiire of the  i d  atiiiosplitw 

for the stratospheric siicldcn warming events. WC iise the E N M  analj*sis to invrstigatr 

t hc structural clifference betwcen the  non- warming and warniirig periocls: 

3) By comparing tlic einpirical inodal strwtiirres of the qiiasi-potential vorticity 

and thus the wave activity clilring t.hc warming cvriits and witli  those Cor tlir rcst o l  

the data. w e  have foiind that tlic ivave activity in the stratospliere diiring tlie warmiiig 

events is miich stronger than that of the  non-warniing periods. especially for t h e  zonai 

wave number 1: 

1) If the "cause" of the  stratospheric warming is the propagation of the waw 

activity from below then this woiild be reflected in tropospheric structure ciifferencos 

between the warming events and the rest of the data  set. These structure ciifferences 

appeared in the first (most important) empirical modes for both zonal wave numbers 
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1 and 2 from the ENM analysis in the high latitude region. 

5 )  The phase diagram of the empirical normal mode of the warming periods have 

never been studied before. By partitioning the warming periods iiito the growing and 

decaying stages, we investigated the phase space of eacli empirical moclci structure. 

The results showed that during the growing stage, the modal amplitudes of w a w  

number 1 were increasing witli eastward phase speeds. In contrast, the modal anipli- 

tudes were reduced diiring the dccaying stage wit li ari ewtward phcue s p e d  found i i i  

ENM 1 and a more corn plex phasc propagation i n  ENM2; 

6 )  During the growing stage of the warrning events. thr northward iiiotioti of tlw 

Aleutian High pushing the polar vortex off the pole dong the C;rcenwicli mcritlian is 

clearly seen in the first two  crnpirical modes of thr zorial wavc n~ir~ibrr 1 .  This polar 

vortex is restorecl whcn the zorial mean tcmprrature rrturns to the  riornial wintcr 

condition. The evoliition of thc zorial wave n i m b e r  1 has a preferrrd phaw (dong  

0- 180° longitude l i i i c )  aiid t imr (iisually nt the brgiiii~ig of ttic warniing) wliile t h  

occurrence of wavc niiniher 2 clacs not .  



Chapter 1 

Introduction 

In the past two cIrcadt~s. a çonsiclcrable amount of work tias beeri donc to iindtv- 

stand the dynamics and cliemistry of the stratosphrrr. Ohsrrvational and tlimr~tiral 

rescarch lias bcen q u i  tc siiccessfiil. cspecially for t lic straiospliwic rlicniistry ' I ' h  

stratospherc, an atmospheric layc'r tliat extencls [rom ahoiit 10 to 50 krii abovr t l i ~  

groiind. contairis t h e  ozonc laver wliicli absorlx most of t h e  Iiarniful solar t i l t  ra-violet 

radiation before it seaches the grouncl. This absorption is associatecl with phot O- 

chernical processes in the ozonc layer. Ozone deplction has bcen a topic of scirntific 

and public interest for more than a clecacle. Irliicli of ttic rcsearcti in tliis field dcalt 

wi t li chernical interactions and photo-dissociatim tliat are qui te well kiiown. r l ' l l ~  

rcsult of solar ultra-violet absorption hy the ozonc laycr is a warrning of tlir strato- 

sphere, leading to a vertical temperature inversion. Without this ozone Iayer. thrrc 

woiild be no stratospliere. The existence of the ozone layer is important not only for 

the general circulation in the stratosphere but also for the protection of the biosphrre. 

Although ozone is formed mainly in the  tropics at an altitude of about 2.5 km. Iiigli 

ozone concentrations (in term of mixing ratio) arc founcl in t h e  low stratoplieric polar 

region, so that there must exist a dynamical mechanism to transport ozone out of the 



source region. To properly understand the stratosphere one needs to combine chem- 

istry, dynamics and their interactions. In this thesis we concentrate on the dynamics 

of the stratosphere by analyzing observat.iona1 data using a relatively new statistical 

met hod. 

The main scientific goal of this research is to iisr the relative new statistical mer tiod 

of Empirical Nornial Mode analysis to study st ratosptieric warniing ei-cnts in t h i t r  

dimensions. an approach which has never beeii iised before. I t  will h~ of iriterrst to 

sec how the new aiialysis teciiniquc helps characterize the dynamics of stratosplirric 

warrnings. 

We briefly revkw the  basic dynarnics i n  this chapter to cxplain the cliiiiatological 

observations in the stratosphere. The Eliassen and Palm (El') flux is also introducrd 

in section 1.2 as a diagnostic tool to explain the witve-zona1 rnean flow iritcraction. 

One of the niost stri k ing  pheriomena observed in the stratospherc i s  the siidclcn polar 

warming cvent. It lias hcen known frorn climatological data tliat in t hc rnicldle st rata- 

sphcre the zonal wind in winter is grnerally westeiiy ( h m  west) and tlic trniperatiir~ 

decreascs frorn the inidclle latitiiclcs towards tlic wintrr pole. Every I;*w yars  tliis 

normal pattern is abruptly changecl in midwintcr. The polar stratosphrric tenipera- 

tiire increases rapidly, leacling to the reversal of the latitudinal temperature graclicrit. 

and the westerly zonal wind is rcplaced by an easterly (from e s t )  one. We clescribr~ 

the possible mcclianism which causes this plienornenon in section 1.3. In  the last 

section we cliscuss a new statist ical met hod to analyzc data. It is di fferent (rom ot lier 

statistical methods in  that it uses dynamical eqiintions as a constrairit to constriict 

a statistical variable. This new Eiiipirical iVom«l Mode A nalysis met hod i s  arguetl 

to be a better technique than the ordinary Empirical Orthogonal Funetion Analysis 

on the basis of an analysis done on the output of a global barotropic non-divergent 

mode]. 



1.1 Overview of the Stratospheric Dynamics 

The atmosphere is conventionally divided into Iayers based on its vertical temperat lire 

profile. The t roposp here is defined to be the reg ion from the groiind to the t ropopatise: 

in this layer the temperature norrnally decreases with height. The thickriess of tlir 

troposphcrc is about 15 kiii at  lit. rquaLor arid 9 km at the poles. Evrii ttiough t lie 

layer is relatively thin in cornparison with the otliers. the troposptiere contnins aboiit 

80% of the mass of the atmosphere and almost al\ its watcbr vapour. The weather 

distiirbances are foiind in tliis Iayer. Above tlir troposphcrc is the stratophere. iri 

which the tcrnperatiirc incrcases wi th  height t.o thr  stratopause (aboiit 50 k m  froiii 

the Earth's surface or at the 1 hPa pressure Ievel). Al t hoiigli tliis laycr lias less mass 

tlian the troposphere. the stratosphrrc caii affect  lie troposphcric dyriamics diic to 

the  strength and positioii of t h r  strong jet (polar riigtit jet). 

Bovillc ( 1 S&&) has iisccl the N( 'AR ( Natiotial (.'enter for :\t mosplirric li<wnrcli ) 

Cornmcinity Climatc hlodel to show that the posi tiori and strtmgtti of t h  stat ioiiary 

planctary waves and the  level of ~ransient eddy activity in the troposplirrr are affc.ctd 

by the polar night jet. locatecl in the stratosplicre. II in a triociel thc polar iiight jrt 

is too strong. then more planetary waves arc trapped in the troposplirrc cltic to tlw 

change of the refractivc propcrtics of the mcan flow. ;\ moclcl wittioiit a stratospli<*w 

may permit vertically propagating waves to br  rcficctetl at the top ol  tlir motlrl. 

Some rnodels, e.g.. the Canadian itIicltlle Atniosphrre Modcl (Sliepliercl ct  (il. 1996). 

use a "sponge layer*' (an artificiai ahsorbing I-er) at the  top of the  nioclrl to avoid 

wave reflection into the iowcr domain. 

The observed Northern Hernisphere clirnatology from 11 winters ( DJ F) ( Dec. 1. 

1979 to Feb. 18. 1990) of the zona1 mean temperature and wind from 700 1iPa 

to 1 IiPa are showri in Figures 1.1 and 1.2, respectively. Figure 1.1 illiistrates the 

basic temperature structure which has a minimum at the equatorial tropopailse. The 



temperature decreases with height in the troposphere and generally increases wi t h 

height in the stratosphere. A fairly uniforrn temperature decrease from the Soiitkierii 

Hemisphere (summer hemisphere) to the Northern Hernisphere (winter hemispherc) 

is observed in the upper stratosphere. The zorial mean wind diagrani (Fig. 2 )  shows 

a winter hemisphere wevterly jet located at  ahout -15 degrees of latitude in tlic upper 

stratosphere and the lower mesosplicre, calleci the polar night jet. Siriiilarly. t h e r ~  is 

an easterly jet in the summer hemisphere. 

Figure 1.1: Observed climatological zona1 tern perat urr from 1 1 Nor t. hern Hcni i- 
sphere winters (DJF) (Dec. l. 1979 to Feb. 28. 1990). Contour interval is [ O 0 ( ' .  

Figures 1.3a and 1.3b show the average polar sterrographic charts of geopotent ial 

height of 11 northern winters and southerii sumrners (DJF) a t  10 hPa. rrspectively. 

Similarly, Figures 1 . k  and 1.3d illustrate the soiithern winters and northern siini- 

mers (JJA). From the four Figures 1.3a-d, we observe that only the Northern winter 

Hemisphere ( 1.3a) polar vortex is distorted, whereas the others are fairly eonally 
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Figure 1.2: Observecl clirnatological zona1 wind froni 11 Northern Heniisptirrr win- 
ters (DJF) (Der. 1 ,  1979 to k h .  23. i99O). Contour iritcrval is 5 iris-'. 

symmetric. This  siiggcsts ~ h a t  tlir wistence of t h  stationary planetnr  waws in t h r  

Northern wiriter Heniispherc is produced bu iipwnrcl propagatirig wavrs  forcrd froni 

the troposphere by the orography and land-sea t lier mal contrast . 

:\part from the csistence of frcc traveling planrtary waves. riiost planetary waves 

in tlie niicldle atrnosphere appear to propagate iipward from the forcing regions in tlir 

troposphere. Charney and Drazin ( 1961) were the first to disciiss in dctail tlie vertical 

propagation of planetary waves. Tlicy used a liriearizccl. midlatitudc 3-plane. quasi- 

geostrophic (QG) moclel [the mode1 restricted to large d e .  low frequericy rnotioris: 

see Andrews e t .  al. (1987) section 3.2.3 for more details] to investigatr ronclitions 

under which vertical wave propagation is possible. They found that QG wavcs can 

propagate vertically when 

where u is the background zonai mean wind. c is the wave phase speed. d is the 



Figure 1.3: Observed climatological ( 1980- l99O) polar stereographic charts of 10 
hPa geopotential height for: (a) Northern Hemisphere wintcrs (DJF) .  (b) Southern 
Hemisphere summer (DJF), (c) Sout hem Hernisphere winters ( J J A )  and (d) North- 
ern Hemisphere summer (JJA) .  The contour interval is 30 dam. Latitude circles are 
shown at 20' intervals. with the outermost circle at 20'. Figure continued) 



Figure 1.3: continued 



derivative of the Coriolis parameter with respect to y (m n ( d  - 0,) evaluated at 

latitude 9 = 40=450. f. is the midlatitude value of the Coriolis parameter. ci is radiiis 

of the Earth, H is t h e  scale heiglit (r 7 km), N2 is the square of the biioyancy 

frequency and k, I are respectively the zonal and meridional wave niirnbers. llcrr 

ü and N are assumed to  he  constants. For a stationary wave (c=O relative to tlie 

ground). the criterion states that only ultra-long waves ( that  is. IWO tlinicnsional 

wave numbcr K 2  = h' + 1' sufficiently srnall to niake fi, > il) in thcl pieseiicr of a 

westerly mean flow ( I i  > 0 )  can propagate upward. Ml other wavrs are trappecl i r i  

the tropospherc. Also i r i  a n  easterly background flow ( i i  < O )  no vertical propagatioii 

is possible. Even thoiigh the real atmosphcric zonal niean floiv varies witli Iieiglit aiid 

latitude. the Charney and Drain criteriori agrecs broadly wi th  the observation tllat 

tlie stratospheric w a w s  are predominatel y coniposed of Fourier coinponents of zorial 

wave numbers 1, 2 and 3 in the winter wcsterlies and tcnd to bc absent in thc siimrncr 

easterlies. In the case of traveling wavcs. ccliiation ( 1.1 ) also shows us tliat Rosshy 

waves wi th  an eastwarcl pliase speed ( c  > 0 )  niorc easily satisfy th<. propagation 

criterion than waves wi th  a westward phase speed ( c  < 0) .  

The vcrtically propagating stationary planctary w a w s  in tlic wintrar Nor t  hrrli 

Hemisphere were first quantitatively investigated in detail by Matsiino ( 1970). f l c  

iised a linearized quasi-gcostropliic mode1 on a splicre with the perturbation rnerid- 

ional wind rnodified to include an ageostrophic terni whirh was called tlir %allobaric" 

wind. The ageostropliic term is incliicled to ensiire rncrgetic consistency. Similarly to 

the Charney-Draziri criterion. Matsuno int rocliiced a refract i ve index IV tiich is analo- 

gous to the refractive index in the theory of acoiistics or optics. n i .  

w here 
@cos d o  po j2 - h = r n m ~ m -  [ a COS 4 ] Q - i ( F u z )  



is the latitudinal potential vorticity gradient. k is zonal wave number and p, is the 

background atmospheric density. Notice that the  log-pressiire. 2. is iised as thc ver- 

tical coordinate which is defined as 

where p and p. are pressure and the reference pressure. usually taken nt 1000 h Pa. 

respectively. We will use the vertical log-pressure coordinate t hroitghoii t tliis t IIP-  

sis. Waves can only propagatc iii the rcgions w b t w  thc rrfractivc i n c h  is large 

aiid positive. and are prohihitecl rvlicre n i  is negative. Frorn rqiiatioii ( 1.2) rvc sr<. 

t hat longer waves (snialler k )  are niore favourabk for propagat ioii t liai, shortcr oiics. 

Matsuno concent rated on the  Iiypothesis t hat the stationary planetary w a v w  in th 

stratosphere of tlir Northern tlernisphere wintcr arc forcecl from below. Dasecl on this 

hypot tiesis he imposecl t lie 500 il Pa obscrvcd geopotential hciglit as the loww hotirid- 

ary condition in  his iiiimerical rnoclrl. A rralistic zonal tnpan wind firlds varying wit l i  
r .  latitude and heiglit \vas usetl for t lir basic statc. 1 lic resiilts from hlatsiiiio's irioclt4 

werc in good agreenient with ol~scrvations. espccially iri tlic simulation of tlic iiprvard 

propagation of wave niimber 1. t lioiigli the wave nurnber 2 ampli t iidr clrcayetl niorcl 

rapidly wi th  height than in the  observations. Once again the C'harnrjw-Drazin crit r- 

rion was qualitatively confirmeci. Latcr, Lin ( 1982) usecl more sopliisticatccl moclt4s 

to stiidy the vertical propagation of planetary waves to the stratosphcre froni helow. 

He pointed out that t h e  upwarci propagation of ultra-long waves is srrisit ivi. to thr 

zonal mean wind structure and tlic latitudinal position of tIie polar niglit jet. 

1.2 The Eliassen-Palm Flwc 

In this section we introduce the Eliassen-Palm (EP) flux and it,s divergence as a 

diagnostic tool to stucly the stratospheric dynamics and the interaction between the 



planetary-scrle Rossby waves and the  zonal mean flow, an interaction tliat plays an 

important role in stratospheric sudden warmirig events. For simplicity, we discuss tlic 

EP flux using a midlatitude &plane formulation. The EP flux for a more coniplex 

model such as one with 3D primitiveequations in spherical geometry will he discussrd 

in the next chapter. The EP flux vector is defined in eqiiation (l.LO), having the ecldy 
- 

momentum flux (citut) i n  the north-south direction aiid meridional eclcly heat flux (n) 
in the vertical clirection. 

The usefulness o l  the EP Aux and its divergence was well-appreciatecl when ;\ri- 

drews and Mclntyre ( 1976) introdiiceci the concept of the resicliial rnean nicridiorial 

circtilation and t lie t ransfornied Euleriari-mean (TEIl ) ecltiat ions. The niotivation bc- 

hind t his transformation is t hat t here i s  a strong caiicelation bet wecn the nicridioiiai 

eddy Iieat flux convergence and the adiabatic cooliiig in tlie zonal mean tlierniody- 

namic equation (sec Holton 1992 scct ion 10.22).  The residual mericiioiial circulatiori 

is the circulation cliic to tbc diahatic proccsses. ancl is defiiiccl as 

where O, is the basic stnte potential temperature tliat always incrcascs witli Iieight. 

and p, is the basic state density. Tlie vertical velocity cotnporient. F. dcfined ticrc. is 

just the difference in contribution between the  acliahatic term and the mcritlional eddy 

heat Aux divergence. With tlie above definition of residual circulation (F.F), tlic 

zonal mean momentiim. thcrmodynamic. mars continuity and thermal wind balancr* 

equations are transforrned to  



where 0 is the diabatic heating rate. The EP flux vector in this qiiasi-geostrophic 

d-plane formulation is 
- - 

F G ( - p o ~ + u t .  j O d Q i j d , ,  1 ( 1.10) 

and i ts divergence is 

where the subscripts y and 2 denote diffcrentiation witl i  respect to t h  rtiericliorial 

and vertical directions, 

Under the 'Transformed Eulcrian Mean (TEkl) formulation. cquation ( 1 Ai) clrarly 

shows that the eddy heat ancl the rnomentiim fiuxes act togettier as an EP flux cliwr- 

gence to change the zona1 rnean flow . This propcrty of 1 hc EP tliix di vergrncr is iist~I 

as a diagnostic tool to study tlir wve-mean flow interaction. For a strady. liricar 

and conservative system the EP flux divergence vaiiislies V .  F E O (Edmorid (11. 

1980). Later. Eliassen and Palrn's work was cstcnded to inclutle frictional and dia- 

bat ic efl'ects in spherical geometry by Boyd ( 1976) and non-steady dist urbaiiccs ( i  .t8.. 

transient waves) by :\ntlrews and Slclntyrc ( 1976. 1978). The g e n e r a l i x d  Elinssr i r -  

Palm theorcm h a  the farm 

where A. D and F are qiiadratic functions of distiirhance quantilies. Thc quanti ty A 

is called the utaue-nctiuity density and its time differentiatiori represents Ille transient 

effect. D contains frictional and diabatic terms and 0 ( a 3 )  represents non-linear terrns. 

cr being a measure of the disturbance amplitude. Notice that the above generalized EP 

theorem is not restricted to the QG model. However. under the QG approximation. 



the EP flux F is defined by equation (1.10) and the wave activity density A has the 

form 

where the disturbarice QG potential vorticity qt and the latitiidinal gradicnt ii, of i t s  

mean zona1 couriterpart are definecl as: 

where u, and u, are the geostroptiic wind components. Thus under the gcrieralizccl 

Eliassen-Palm thcorern. the physical properties of the flow can be clearly secri. I b r  

example, for the steacly (aA/i)t = O ) ,  linear (O(03) = O )  arid consrrvatiw (D = 0)  

disturbances. the E P  fliix divcrgcnce vanishes ( C s  F = O ) .  Thcreforc unclrr t h  stntcd 

conditions. the total ecldy force on the mean flow disappears i n  the 'TEM formulai ion. 

By contrast. under the same conditions. the ordinary Euicrian-rnean riiomrntuiii and 

to herrnodynarnics eqiiations are 

- 
The eddy forcing terms ( ( c t ' t c ' ) ,  and (u'O'),) are generally non-zero. Iii gcncral onp 

cannot easiiy ant icipate how t lie zonal-mean flow and ternperat urtb will rcsponcl to 

these eddy forcing terms. 

Some properties of the EP flux and its divergence which can be uscd as diagnostic 

tools to study the stratosphere are summarized as foilows: 

(1) The EP flux vector represenbs the wave activity flow from one latitude aiitl 

height to another (eqtiation ( 1.12)). 



(2)  In the TEM formulation, t he  eddy heat and eddy mornentum fliixes are corn- 

bined together as a single term, EP flux divergence, whicli is used to stiidy the 

wave-mean flow interaction (equation ( 1 A)). 

(3) For steady. linear and conservative disturbances. the EP flux is non-divergent 

(equation (1.12)) and therefore tliere is no change in zona1 mean flow and trmperatiirc 

(equations ( 1.6) and ( 1.7)). 

( 4 )  Undcr lincar and conservative conditions (but not steady). thc EP fltix di- 

vergence can be used to stiicly tlic temporal variation of the w a w  activit'v (eqiiatioii 

( 1.12) and the trniporal variation of the mean zonal wintl cquation ( 1 .(i)). 

1.3 The Stratospheric Sudden Warming 

-4s showii in Figures 1.1 and 1.2. t !M. rnicicllc and uppcr stratospherr tm~prrat.i i i .(~ 

decreascs poleward. cxcept at t lie tropical tropopatis~. and wcstrrly zotial wiiids arc. 

generally foiind i n  t hc wintcr Ii~misptierc. Every fric? ycars i i i  t tir nortlicrii wi  titw. ttir 

meridional gradimt of the zorial mran tcmperatiirc antl occasionally t l i ~  wiiid diiw- 

t ion arc rcversed. This event is calleci a st rdosplieric zrrddeii wnrw~ing. St ratos plicric 

stidden warrnirigs arc classifiecl in two groups: niinor and niajor warmings. In a nii- 

rior warming the polrward gradient of the 10 iiPa zoiial mean temperattirr rcvervrs 

so that temperatiire increases poleward. biit tlir flow rcrnains wcsterly. I i i  a niajor 

warming the rcversal of both tcmpcratiire antl zonai niean wintl (ta rnstrrly) ncar 

the polar region takes placc. In some years the polar temperatiire has ciraniatically 

risen by as miich as 40-60 degrees Kelvin within a weck at  the 10 mh Iwel. Followiiig 

a change in temperature leading to a poleward increase i n  zonal mean temperatiirr 

(minor warming). on occasion the zona1 mean wind reverses and beconies eastcily 

(major warming). 

The Nort hern Hemisphere winter 84/85 stratospheric major warming is exhihitecl 
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Figure 1.4: Observed winter 84/85 ( D J F )  major warming at 10 tiPa (a) zonal mean 
temperature at do0 and (b) zonai mean ternperat ure di ference betwern SOO and BO0 
(solid) and zonal mean wind at 65" (dashed). 



in Figure 1.4. Figure 1.4a shows the zona1 mean temperature near the pole (at 

80°N) in the middle stratosphere (10 hPa). The temperature rises more than 4 0  

degrees Kelvin in  4 days. The warming episode peaks around Jan. 1. Figure 1 .Ab 

illustrates the zona1 temperature difference (AT) between Iati t iides ol 80° N and 50' N 

(solid curve). The normal negative temperature difference in wiriter is replaced h- a 

positive one during t h e  warming period. The zonal inean zonal wiiid at latitude of 

6.'>ON (dashed curve)  kcomes easterly ( negative wind speetl) anci rcsurnes to westerl>. 

after t hc ensuing cooling episode. 

During siidclen w a r m i n g  years the normal cyclonic polar vortes is rlongated anci 

piished off the pole and sometimes splits. Stratospheric suddcn warmings arc oh- 

served in t h e  Nortliern klemisphere. but  iiot in the  Soutliern Hemisptierr. It is Iw 

lieved that becausc of the large amplitude of the zorial mean wincl iri th<% Soiit lifw 

Hernisphere wintei (large latitiidinal gradient of geopotential heiglit . Figurc 1 . : l (c ) ) .  

a miich stronger forcing is rcqiiirrd to reverse thc w i n d  direction. Morp importantly. 

the tropospheric forcing dile to t lir vertical u l t  ra-long wavo propagation is r~ l a t  i w l y  

weaker in the Southcrn Heinisplicre tlian in t tir Nort hcrn Hernisptiwc Iwcaiisc of t tic. 

lack of topograpliically forced waves. 

Xlatsuno ( 197 1 ) was the first to demonstrate niimerically that stratospheric siicl- 

den warrnings can bc induced by the upward propagation of planctary (Rossb-) w s w s  

from the troposphere and their iiiteraction with the zonal mean flow in  tiic strato- 

sphere. According to thc Ctiarney and Drazin ( 196 1 ) non-accrleratioti t lieorrni. il 

the perturbations arc steady. linear ancl conserv;itivc then the aaves inducr no mean 

flow change ( U t  = O). tlowever the zonal mean w i n d  is observecl to decirlerate diiring 

the siidden warming period. wtiich implies that some of the theorem's conditions arr 

violated during this event.  Within the suclden warming time scale (less t h a n  a week). 

the energy conservation condit ion is approximately sat isfied because the racliat ive ancl 

frictional dissipations are relat ively small. Thus. for a linear systern. t lie t lieorem's 



only condition which is clearly violated is that of the steady waves. To see how trati- 

sient (non-steady) waves can induce the change in the zonal mean wind ( the transient 

waves-mean flow interaction), for simplici ty, we consider a barotropic rnodel (height 

independent variables) for which the zonal mean potential vorticity teridency takcs 

the  form 

where the potential vorticity flux is giveti by 

q' and ~ i ;  arc as clefinecl in eqiiations ( 1.14 and ( 1.15) withoiit tlie last trriiis (vertical 

derivative terms). Siihstitiiting ( 1. IS) ancl ( 1.19) irito ( 1.1 7 )  we obtaiii 

T tierefore. for a growing wave (p iiicreasing rvitli t irnc) equation ( 1.20) shows t hat 

there will be a decrcase in  zonal niean wind with timc providcd is positivc (as 

observed in the stratosphcre). Even thoiigh we usc a simple harotropic mode1 to 

discuss how transient waves alter the zonal mean flow hcrc, t tic samc conclusion caii 

be founcl in  Holton ( 1992) for a morc sophisticated rnodel. 

To illustrate how a transient waves-mean flow interaction can givc rise to thr 

stratospheric sudden warming, we consider an  idealized systcm whosr Eliasscn-Palni 

(EP)  flux is positive (constant) below some z ,  level ancl zero above that (see Figure 

1 .sa). This configuration can be caused by a wave being *'turnecl on" and propagatiiig 

upward at some timc t=0. At some time t=t,. the leading cdge of the wave packet 

has reached iiy to level 2.. Above z ,  the flus vanishes (no wave there) and below 

2, the flux is (nearly) constant because the wave is "steady". At 2, there is a jiirnp 



NORTH Y SOUTH 
(b) 

Figure 1.5: Schematic description of the intrrar~ion witl i  t h e  zoiial-riiran flow of 
a transicnt vertirally propagatiiig pianctary- w a w  diiri rig t lie st ratosplirrir warmiiig. 
(a)  Heigtit profiles of EP flux (daslicd). EP flux divergence C .- F (lirav!. l ine)  aiid 

zonal riiean wind acccleratiori (thin line): 2, is the Icvd rcachecl by ttir lcading edgr 
of the wave packet. ( b )  Meridional-heiglit diagram showing the region where E P  Hitx 

is convergent (hatched). contours of induced zonal ( negative) acccleratioii ( t liin liiies) -- 
and the  indiiced resiïlual circdation ( P .  w * )  (arrows). Regions of warniing ( \V )  nnd 

cooling (C)  associatecl with ? are also sliown [Rom .Anclr~ws el. (il. Ndï] .  

in the Aux. i.e. at the leatlirig eclgc of the wavr. ;\ccording to eqiiatioii ( 1 . G )  ttir 

deceleration oI zonal niean wind tn~ is t  follow in  the region of EP fliix convcrgencr. :\ 

part of this EP Aux convergence wil l  be balanced by tlie Coriolis terni of the  residiial 

mean meridional circulation (f,LF) w hich im plies increasing 7. Since t tic residual 
- .  

meridional wind. cm,  increases in the region of EP flux convergence it ivill inducc a 

vertical circulation required by continuity (Figure 1 .Sb). Referring to eqiiation ( 1.7). 

the downward motion associated with negative below and north of tlic convergence. 



region will warm the polar region (d@/at > O for TU; < O ) .  As the wintcr westerly 

zonal mean flow decelerates. a critical line (wtiere ü - c=O) may be Sormed. witli 

ii - c < O above, which prevents waves from propagating iipward (equation ( 1 . 1 ) ) .  

This process causes the region of EP flux convergence to mow downwartl. CVitli the 

right initial conditions, cg.. large wave amplitiicle. a zonal mean winil tlistrihiitioii 

t hat is favourable for ii pward and poleward wavc propagation. a st ratosphi?ric sudclm 

warming can resiilt. 

1.4 The Statistical Analysis 

In the analysis of Stratospheric warniing events it is naturallp of iiitcwst to iisc 

statisticcal tools that yieid the maximum inforrnatio~i. CVr will iisr tlic Empirical 

Normal Mode ( E N M )  analysis. cvhicli as we ivill sce. is an exteilsion of the Empirical 

Ort hogorial Functiori (EOF) analysis technique. The EN&! techniqiir is at tractiw i i i  

that it is constriictrd from tlic set of clytiamical rqiiations so t hnt i t has a phpical as 

well as statistical basis. data is the Empirical Normal Mode (ENLI) analysis. This 

method is not only a piire 

Empirical Orthogonal Functiori aiialysis lias provcn to be orle of thc iiiost powtdiil 

statistical techniques to analyze longtirne meteorological recorcls over a largr dornain. 

This technique is iised to find an orthogonal coniplete sct of spatial fiinctions to 

represent the dataset. This set of orthogonal fiiiictions is coristriictecl basrd on t h  

dataset itself through t hc calciiltis of variation while other conventional ortliogorial 

Eunc t ions, e.g., Fourier series. Legendre polynomial, etc. have a fixed basis. Tlir 

choice of fixed basis functions is iisually dependent on the geometry of the domain 

over which data are to be analyzed. In contrat. the EOF analysis autornatically 

adapts the functions to the domain of interest ancl the structures of fiinctions depend 

on the data. By construction. EOFs represerit the most variance with the  least 



number of functions (patterns). The EOFs, F,. of the dataset are the soliitions of 

the eigenvalue problem 

where C is the covariance rnatrix wliose elernmts rs,, =c Ji f, > are two-location ( i  ancl 

j) covariances of variable J aiicl the angle brackets tlenote an ensemble average or tiriir 

mean. and A, is the  eigenvaliie corresponding to eigerifiinct ion F.. Each cigenvrctor 

lias a time series (or coefficients) that modulates it. For a non-degciirrated caïc. 

each eigenvalue associatecl wi t h a tliflcrcnt rigenvcctor gi vrs t hc pcrcciitage of total 

variarice explaiiied by the particular eigenvcrtor. Eigerivalues are iisiially arrangcd 

iri a descending ordcr to show the clcgrec of iriiportancc of eacti rigriivcrtor. 1:oi 

cxample. if  we analyze n one-year data set of stirlaccl tenipcratiire firlcls. w r  may 

obtain an eigerivalur A i  = 0.5 (50%). a pattcrn FI arid a tinie scrirs of Fi. 'This 

means that F i  reprcseiits 50% of tlic total variancr and t lic plot of t l i ~  tiirir si~rivs 

would be cxpectecl to represent thc annual cycle. l'lie spatial fiinction Fi siioiilcl havr 

a large scalc structure in tlic middlc and tiigii Intit iidcs wliere the tciiipcrature lias a 

large temporal variance in corn parison to the  tropical reg ions. 

The EOF analysis is of course not limitecl to arialyzing inetcorological data. It 

Ilas widely been iisecl in niaiiy ot lier fields. cspecially in conipii tcr scieiic(*. Tlic iiiast 

basic application of EOF nnalysis in computer science is to cornpress data for stor- 

age. Another well-kriown application of EOF anal~vsis in cornputer scirncr is in jnrr 

recognition. The approach is to use human pictures to construct eigen-picti1rr.s. Froni 

these eigen-pictiires. an algorithm can easily and qiiickly identify whether a person is a 

member of an enseml>le (of persons) in the database. [sce Sirovich and Evrrson( 1992) 

for more techriical details about the face recopi t  ion] 

Iiutzbach ( 1967) iised this technique to analyze sea-level pressure. surface temper- 

ature and precipi tation at 23 points in North Ainerica for 15 Januaries. Legler ( 19I13) 



applied Hardy and Walton's (1978) technique, by considering the horizontal vector 

wind field (u ,  u )  as rotnplex numbers, e.g., u=a+iu, to analyze the tropical Pacific 

winds lrom 1961 to 1978. Kutzbach has given a precise description of this analysis 

technique and physical interpretation of the results. 

Even though EOF analysis is a powerful tool to analyze data in terms of orthogoilnl 

junciions, this technique is. howcver, statistical on ly  and has no physical basis. 'Io 

illustrate t his we use a simple linearized non-divergent harotropic modrl on a 3-plane. 

The conservation of absolute vorticity can be written as 

wliere il,(y) is basic statc zonal wind. i' ancl darc ttir perturbation (rela~ivc) vorticity 

and meridional wintl. respectivrly. y is the latitudiiial gradient of ttir Imir statv 

absolutc vorticity (PV gradient) and i n  definecl as 

The non-divergent iv inds and relative vorticity are defiricc1 as 

and 

where $ is the streamhinction. LVe assume that C' and (i" have the forni 

so that (' and *' are Zx periodic in I .  For a particular zonal wave number A. (dropping 

subscript k hereaftcr). substit uting (1.26) into ( 1 .%2) WC have 



If we write another equation like (1.27) with subscript rn, then multiply the rri -  

equation by (, and the  n-eqiiation by Cm and subtract. this yielcis 

alL-,,, 
L'n - 

7 acl dy 
Intcgrating t h e  above eqiiation over a charinel witli boiindary conditioii 

the right-hand side of cquation (1.29) vanishes. so that we have 

wiiere v,(y) = in( y )/ fi is t hc wavcfiinction. 'i'hc wavefunctions art. ortliogonal to 

each othcr, that is. 

We can show froni ( 1.22) tliat 

w here 

of  the 

the overbar denotes a zona1 average. From ( 1.34) WC can see t hat the scliiarv 

wavefunction is conserved over the cliannel providing P = O at !/ = O. L.  Tlic 

conserved quantity P is called the pseiidomomentum (or wave activity in the  abow 

model) and is defined as 



Thiis if we perform an EOF annlysis on the relative vorticity. <. the eigenvectors 

{C,, i = 1, N }  are orthogonal to each other, e.g., J <,,,cndy = b,,,. ~lccording to ( 1 .:J 1 ) 

the normal modes. Cm, are, in general, not orthogonal to each other if  tn # n iinless 

7 is a constant. In other words. the orthogonal eigenvectors (EOFs) of the relatiw 

vorticity are not solutions of the dynarnical equation ( 1.22). 

Held ( 1985) has pointed out this non-orthogonality. Thus the total cddy enstropliy 

{i. C)  J CÇdy ancl edcly energy (el. () cannot be espressed as the siirli of contribu- 

tions of normal motles. This irnplics that t h e  energy or entrophy of a normal mode is 

not constant in time. Held has also sliown the relatioriship betwcen t l i ~  conservation 

law and modes: if  a qiiantity (squared wave ampiitiide) is conservecl tlien thc tiorrnal 

modes are orthogonal to eacli otlicr. In t hc ahovc ri~odel, niodes of t lie wawfunctioii. 

I). are orthogonal to cacli other. biit riot tliose of tlic relative vorticity i. 

Brunet (1994) Iias iiscd the iclationship Iwtwwn the conservatiw propc%rty of 

wave activi ty and t hi. ort hogonality to tiring a h  coriccp t of a consw\*at i ve norrii 

(tirne invariance of the trace of the covariant matrix i i i  EOF analysis) in to  tlir EOF 

analysis technique. For a linear aiid conservativc system. with tlic right choicc of 

a variable, the EOFs arc just ttie normal modes of the dynamical eqiiation. I n  t l i ~  

above example. the variable is rl = (/fi. not <. ïlic choicr of variablr can br foiiricl 

wi t h the hel p of the generalized Eliassen- Palm t lieoreln 

The area integrated wave activity. A. is conscrved if thcre is no EP f lux divergcncc 

when integrated over the domain. In other words. eithcr the normal flux variishes 

on the domain boundary or. less strict ly. ttie ff iixcs into the domain is eqiial to the 

Auxes out of the domain. The metliod of EOF analysis with a conserved riorrn was 

introduced and called hy Brunet Ernpirical Xormal .Clode Analysis. 



Chapter 2 

St at ist ical Diagnosis 

In this chapter wt. first ilisciiss the Empirical Orthogonal Function (EOE') arialysis 

technique as a statist ical niet hod to analyzc dat.a. From tliv conservativc propcrty of 

the wave activity and tlie orthogonality of EOFs we iiitrodiicc the Eiiipiriral Norninl 

Mode Analysis technique for the Shallow Wat.cr Mode1 aiitl for the primitive vquatio~is 

in thc sections 2.2 and 2.3. 

2.1 Empirical Orthogonal Function Analysis 

In this section we rcview the EOF analysis terhniqiie wliicli Iias I>em disciissetl i n  

a number of articles. In meteorology. the EOF analysis r~su l t s  can have strong CIP- 

pendence on the geomctry of the analysis doniain. Tlic selected data points slioiild 

be chosen in such a way tliat they represent eqiial areas iri the domain (liiitzbach 

1967). Since we use the spherical geometry throughout tliis tliesis. the EOF analysis 

is derived to work with each zonal Fourier componcnt separately. WP also consider 

the effect of the  sample size on the eigenvectors ( EOFs) associated witti sniall eigcn- 

values. This was discussed in detail by North et al. (1982). This rcview provides 

a background to  understand the Empirical Normal Mode analysis in the subsequent 



chap ters. 

Ernpirical orthogonal function ( EOF) analysis, also known as principal compo- 

nents analysis (PCA). has been shown to be a most powerful statistical tecliniqiie 

to analyze meteorological data. I t  is used to separate large spatial a n d  temporal 

records into patterns (eigeiivcctors) and tlieir corresponding tirne series ( coeficients 1. 

The EOE' analysis matr is  formulation can be expressecl iri thc forrri of ari eigenvalw 

problem as 

CX, = X'X, 

where C is the covariance mat rix wliose elements. c,, = < T, T,  >. arc t lw rorrelatioiis 

of the variable T at two locations i and j ancl the angle brackets clrnote ail cns~mldia 

average (tinie rneati). Each of the patterns ( EOFs) wliich represents tlir spatial 

structure of the data set is associnted with an cignvaliic (partial variance) tliat 
r *  explains the degree of importaiicc of t h r  coi*r~sponclirig eigtmvector. I Iir tinw srrith:. 

of t h e  amplitude of a specifir eigcnvcctor is  iiscd t o  WC the temporal variahilit! of 

that pattern. The spatial fiinctions or eigenvectors have certain atl\mtages owr  

conventional orthogonal fiinctions siich as Fourier scrics. Legcndre polyriomial etc.. 

For examplc. t h e  construction of the eigenwctors is based on ol>scrvecl data tlirotigh 

the calciilus of variation while ot lier convent iorial fiinct ions have fisccl bases. T h  

cigcnvaliies are arrangeci i ii descendhg order 

By construction they represent the most variance with the least numbcr of patterns. 

The application of EOF analysis to meteorological variables has usiially been clone 

in two-dimensions in such a way that every grid point (station) represrnt an equal 

area (Iiutzbach 1967. Buell 1923). We are here interested in analyzing data for cach 

zona1 Fourier component separately. It so happens that oiir EOFs are functions of 

latitude for the shallow water mode1 and are functions of latitude and height for the 



primitive equations. For simplicity we discuss the two-dimensional case (longitudinal 

Fourier analysis and latitudinal EOF arialysis), although the same argument can be 

easily generalized for the three-dimensional case. 

Consider a zona1 Fourier coefficient variable. r ) ( a  1 ) .  which is a functiori of latituclc 

and time only. Let us assunie that the observecl data. q(o. 1 ) .  can h~ writteri as tlic 

product of temporal and spatial fuiictions and a rpmaindrr as: 

where tp is Latitude. r(p. L )  is the remaining (error) term and 4 1 )  and F(o) arc 

functions to be determineci siich that A ( t  )F(o )  rcprcscnts the maxiniiim variaiiw of 

( )  Here we try to find .4(t) and F ( d )  i n  siicti a rvay  tliat t h e  [variance of r is 

minimum. in otlicr words. : \ ( t )  and F ( d )  arc varird iintil the lcast possiblr valiw of 

For every latitude. Q. WC requirc P(o)  = r'dt to be niinimiim ancl for cach t i i r w .  1 
t. we iniiiimize Q(t  ) = Tliese Icaci t o 

and 
80 - = O =  o. t ) - A ( , )  P(o)l F(o)co~(o)cio. 
6 -4 

Tlie function F(d)  i s  normalized siich that: 

Frorn (2.5) we see that ,4(t) is just the projection of q on F ( Q )  ( witli riorrnalizatioii 

condition (2.6)). Letting 



be a positive number represeriting the  variance. where T is the time period. (2.4) arid 

(2.5) become: 

and 

Substit uting A(1)  from eqiiation (2.9) into equation (2.8) ive fi~iti  the integral qiiation 

w here 

is the synimetric covariance fiinction of the field bet wen t tic two points o and 0'. Tlw 

above EOF theory is discussed in t tic çoiitrxt of continuous space and tiiric. Howcwr. 

in practice ~ ( 4 .  t )  is rneasurcd in discrcte space (grid points) and time (ivirli a coiistaiit 

tirne intcrval). CVr! can express the covariaiicc fiinction. G(o. 0'). in rnatrix forin as: 

where T is the numbcr of observations. Sincc oiir data arc available on  a Gaussian 

grid (see Washington and Parkiiison (1986). Appendix B). the spatial integral in 

(9.10) can be exactly replaced by a wmmation as follows [see also Buell 1971. 197s 

for more discussion of approximating the integral in (2.10) by a finitr-tliniensional 



where 1l.I is the number of Geussian latitude points and w ( 4 ,  ) is the Gaussian weiglit- 

ing factor. One can refer to Washington and Parkinson (1986) appendix B for ttie 

calculation of the Gaussian weighting factor. Equation (2.12) is not in the form of 

the standard eigenvalue problem, cg., [A]X=XX. However. we  can transform il iiito 

the standard lorm by rniiltiplying (2.12) by d a  and rearranging as: 

w here 

New (?.l:I), but [lot (2.17). is a stantlard eig~rivaliic problrrn aiid can bc rradily solvî~(I 

for X aiid F ( 4 )  by staiiclard techniques. Eacli cigc~ivaluc. A,. is associatd witli m i  

eigenfi~nction ( E O F )  I;',(o). 'i'lie larger the valiic of A,. t hc lnrgrr ttir csplaiii~d 

variancr. The t i me scries associatrd wit li eacli eigrnvcctor can bc calculatcd froni 

(2.9) or 

Since the covariancc matrix, C, in (2.1) is n rra1 and synimetric niatrix ( H w -  

mi tian). the eigenvaliies. A , ,  are real and t hc eigcnvectors are ortliogonal tu cadi 
i other. To show this we multiply equation (2.1 ) by a row vcctor .Y, and write anotlirr 

equation by repiacing i by j .  cvhich yields 

t t .Y, CX, = X,X, Si 

and 



Taking the adjoint of this equation. we have 

where t h e  asterisk clenotes the coniplex conjugate wliile the ciagger reprrsents  t h c  

complex conjugate transpose of a rnatrix. The first eqiiali ty cornes fronl the fact t Ilai 

C is Hermitian. Subtracting equation (2.17) froni equation (2.15). wr obtairi 

First if we let i = j in (2.18) t hen a nontrivial solution r~qiiires tlic cigrrivnliie A,  to 

be real ( A i  = X I ) .  Second. for i # j and Ai # A;. WC find 

so that the eigenvectors of distinct cigenvalues are orthogorial. I n  tlw case of clc- 

generacy ( A ,  = A,).  the eigenvectors X, and .Y, arc not automatically orthogorial: 

however. t hey can be made orthogonal hy iising a rvell-kiiowii rnetliod callecl G rani- 

Schmidt orthogonalization (sec ..\rken 1985 section 9.3). CVe also notr that riot only 

are the eigenvrctors niiitually ort iiogonal but so are t heir associated t imr scrics. ..ln ( t  ) 

(Kutzbach 1967). 

In t h e  above discussioii of EOF theory al1 the  eigenvectors are uscd to represrrit 

data without any concern about degenerate multiplets or sampling crrors in con- 

structing the  covariance matrix. In practice. however. only the first lew eigenvectors 

are used to approximate the physical field. If one's interest is in the striictiire of the 

data set itself then the aspect of most concern is the degeneracy of EOFs. In tliat 

case. two or more eigenvectors have the same eigenvahe and any linear combination 

of these eigenvectors is also a solution. Hence the structure of the data set is not 



unique. Iiutzbach has used 25 Januaries of sea-level pressure, surface temperat lire 

and precipitation to construct the combination EOFs in  which ail three variables are 

used to construct a covariance matrix. He noticed that if only 15 of these 2.5 Januar- 

ies were used, the  first three eigenvectors werc sirnilar to the previous ones (althougli 

the first two reversed in  order of importance); the cigeiivectors whicli were associatrd 

with smaller eigensaliies had chaiigetl significa~itly. Worth et al. ( 1982) stiidied tliis 

change in EOFs by perturbing thc covariance ~iiatrix. In this work. a sriiall syiii- 

metric pertiirbatiori rnatrix (snmpling errors) was aclded to tlie covarianw niatrix to 

estirnate the shifts i n  cigcnvcctors and eigeiivaliics. .~ccorcling tdo th(* results. North 

et ul. suggestctl t hc the followirig cstimatr for saiiiplirig errors: 

where .V is the sample sizc arid A is t l ie  cigrnvaliir. If t h  clifFerrnw Ixtwecri tivo 

neighbouring eigenvalues. - 5 A .  is lrss ttian the samplirig rrror. b X .  t h c n  tlir rigcnvwtor 

is considered as -cffectively degeiicratc". This EOF will be changecl sigriificaiitly if tIw 

sampie s i x  is rediicecl as in Kutzbacli's case. Sincr snmpling errors csist. in practiw. 

only EOFs which tiavc difrerenccs in the spcctriirii of cigenvaliies h i .  arr grratw* 

than the sanipling error arc consiclcreci to be iiiclcpentleiit (i.c.. do riot i i i i s  witli tlir 

rieighbouring EO Fs ). 

2.2 ENM Analysis for the Shallow Water Mode1 

Longuet-Higgins ( 1968) has solved the Laplace tidal equations. &O callecl the lin- 

earized shallow-water mode1 eqiiations on a sphere for a basic state nt rest. i.e. Tor 

if, = u, = Co = O. The solutions to this problem. which are functions of the latiti idr 

and longitude are called the Hough functions. Each of the Hoiigh modes lias a frc- 

quency associated with it. The shallow water mode1 is one of the most used numerical 



model in bot h atmosphere and ocean research due to its simplici ty. In t his section wc 

present the  ENM formalism for the  shallow water model. The formulae will bc later 

used to analyze the model output and the results will be tested against the analytical 

solutions provided by Longuet-Higgins. 

As  rnentioned earlier. the ENM analysis metbod is a technique that fiiicls orthor- 

onal functions of a dynamical variable based oii thc generalized EP tlieorrm. To firid 

such a variable. we begin with the  horizontal momentiini and continiii ty cqiiatioris on 

a sphere linearizecl about a basic stnte at rest: 

and 

where [ = L>R sin o is the Coriolis pararncter. R i s  the Eartli's rotation rat,c. H is t tir 

constant basic state clcpth of thc fluid. g i s  the acceleration of gravity. <A is the  Eartli's 

radius, u. v are the perturbation eastward and northward coniponeiits of velocity 

respect ively, h is the perturbation height above tlic equili briiirn level. A is longitiiclr 

and d is latitude. h i  the above rcpations w r  have assumcd tltat t h e  perturbation 

height is much less tlian the niean clepth, Le.. h «H. The conservatioii of pot,erit.ial 

vorticity can be written as (Cil1 1982 sections 11.2 and 11.3) 

w here 

and the potential vort ici ty is 



with i being the perturbation relative vorticity and 0(q'2) denotes non-linear ternis. 

Substituting (2.27) into (2.25) and keeping only linear terms we have 

Bq' - +qoyt>  = o. 
il)t 

where the potentia I vorticity ( P V )  gradient is 

and the perturbation potential vortici ty is 

Multiplying (2.28) 11y Hzrl' and divicling by q,,,,. tlw rrsultiiig equatior, is tlien ronally 

averaged to obtain 

If  WC multiply (2.22) by h aritl (2.24) by t t .  theii actd the rrsulting rqiiatioiis. WC gc*t 

Taking t hc zona1 niean of t lie above equat ion and tising t hc longit udirial pcriodici ty 

we have 

where the overbar denotes a zona1 mean. Sincc 

we cari write the second teim in (2.31 ) as 

- - H 0 HZ? = Hu< - f v h  = - - u - ( i l  cos 0) - f;;j;, 
a cos d 

Substituting (2.35) into (2.31) and subtracting (2.33) we obtain 

a cos 4 



The right-hand side of (2.36) can be transformed into a flux divergence form by 

multiplying by cos# which becomes 

rr/2 
Integratine the ahovr rquation from Iatitudc of -:$ 10 q'?, i., Lri2 (a jcas  @dm. 

the right-hand side of ('1.37) vanishcs, so that wc have 

Z) ] cos ode = 0. 

Therefore for the  shallow- water trioclel. t hc psetidomoment iim dcrisi ty. P. is coii- 

served over the domain, where 

Ili orcier to show the relation hrtween t h e  ort hogonality of t hc wavr vector arid 

the wavc activity ( pseticlomor~icnt uni). WC coiisitlcr t lie dyiiarnical cqiiatioiis of t, h r  

shallow-water mode1 in matrix form (see tIeld l9S5)  

where L and P are self-adjoint matrices. The rnat.rix P aiid tlir wave vrctor S arc 

defined as 

P = 

For the meridional niode n, the  (2.40) can be writ ten as 

LX, = c,P.Y, 

where 



and k i s  the zona1 wave number. From now on we fix o«r attention oii a particular 

k, so we drop the index k. Since the system is conservative (no energy source or 

sink), neutral modes are expected. i.e. the phase speeds. c,, are real. The modal 

t orthogonality caii be shown by miiltiplying (2.42) hy .Y, and taking the adjoint of 

the resulting eqiiation to obtain 

Because L and P are self-adjoint matrices. wtB can writc ('?.-LI) as 

i Replacing the index i l  by rn in (2.42). rnultiplying by X, yielcls 

Siibtracting (2.46) from (2.45) we obtain the ort liogonality condition h ~ t  w w n  r~iocl~s 

m and  n as 

(c,, - Cr.) (xnpx.,) = o. (2.47) 

where the angle brackcts denote t h e  latitudinal integration. From (2.-17) wr s t r  tliat 

if the eigenvalues of two differrnt modes are not cqiial (c, # e,,, ) t lirn t tic two iiiocl(~s 

are orthogonal. wit l i  the ort hogonality condition hving <lrfiiicd hy 

From the ort hogoiiali ty in coridi tion (-.-!Y and t h e  conservation of t t i c *  pse~idoiiio- 

mentum in (2.39). we constrcict the angular pseudomomentiim matrix for cadi wavc 

number k (Brunet 1994) as 

where the curly brackets denote a time mean ancl \(o. t )  is tlie coefficient of ri"". i.e. 



Notice that x(), L) \t(q5'. t )) is just the wave vrctor covariance rnatrir. tf we s i ibst i -  i 
tute (2.50) into (2.49) and use the fact that 

where T is period and 6,., is t, he Kronecker del ta t, h m  (2.-I!)! h~ronies: 

If we rewrite. witliout loss of generality. (2.48) as: 

then X, is the eigcrivector of M with cigenvaliic. A,. I>ccaiisc. 

1 
( M .  O ) ( )  = L A Q ) ~  ( x ! ~ ( o l ) ~ x n ( o l ~ )  

ln - 9' 

where the subscript 0' outside the angle brackrts clcnotr the diininiy variable of i r i -  

tegration. Notice that the psriidoniomenturn niatrix. M. defined in (2.49) lias a cori- 

served norrn (trace of the matrix) wliich is thc psciitlomomentiirn definecl in (2.:1!)). 

We can write thc sliallow water mode1 in a zonaily-avcragcd conser\~a~ioti foriii of 

the generalized EP theorern in (1.36) wherc the gradient ii i  polar coortliiiatr is 

the wave activity density, A. is 

and the EP flux. F = F(*) is 

F ( @ )  = H cos dm. 



ENM Analysis Based on the Primitive Equa- 

t ions 

The shallow water (one-layer) model used in the prcvious section is a coiivenient 

framework to study the barotropic (or cxtended) modes of oscillation in the  atnio- 

sphere ancl oceans. To apply the mode1 to the analysis of interna1 niodes of oscillatioi~ 

with that frarnework oiie woulcl have to assigii the depth of the fluid to correspoiid 

to the equivalent depths of the iiiternal modes. one niode at a time. .As the cqiiiv- 

dent depths of the various interna1 modes arc not. knowti a priori. the ctioicc of th .  

equivalent dept hs is arbitrary. 

To analyae atniospheric oscillations it is miich prepcrahle to use tlw framework 

of a baroclinic (3-D) model. I r i  tliis section. w~ iisc tlir wave activity coriservatioti 

for the 3D pritnitivc cqiiations sliown in :\ppentlix :\. cvliicli is similar io Andrrws' 

( 1987) work. to dcrive the ENM frarnework based or1 t h r  roriscrvcd riorni of tlic wa\v  

vector (wave activity). The techiiicpic will be usccl to analyzc stratosplicric d a t a  ancl 

selected datasets for warming events. 

Similar to the prcvious section. we can construct the psciidomomriitiini matris. 

M. for a particular zona1 ivavc number wtiiîh is hased or1 the conservation of wavr 

activity. A, in equation (:\.%5) as 

where the curly brackets clenote a time average. \ ( Q .  z .  t )  is  the zonai Fourier coeffi- 

1 k.\ cient of the wave vector. e.g.. X(h. Q. 2. I )  = \ ( Q .  2. t ) e  [see also (2.50)]. the wave 

vector X and the matrix P are defined as 



By solving the eigenvalue problem 

we obtain the ENM. X,, ancl eigeiivalue, A, 

of the pseudomonientum matrix. M,  defined 

Notice that the reference basic states for t 

the primitive equations are nt rest and zona11 

[sec also (2.54)]. Once again. tlic trarc 

in (2.33) is the conservecl rvavc activity. 

he stiallow w a t ~ r  rnodel (section 2 . 2 )  aiid 

ly symmetric. respectively. Tlir clioic<~ of 

the basic state is otherwise not subjert to any constraint. We requirc that the basic 

state be zonally synirnetric to allow for a scparation of the sine and cosine depcndencr 

in longitude Zonally-varyiiig basic states generally do not allow pcrtiirhations t hai 

can be expresscd as a single zona1 Iiarmonic. htit ratlier allow the propagatioti OF 

mocles that need to be espressed as a sum of zoiial Iiarrnoriics. a coinplicatio~i that 

we want to avoici in this stody. 



Chapter 3 

Application of ENM Analysis to 

the Shallow Water Mode1 

In this chapter the EXM analysis tecliniyiie is iisrd to analpze th<. oiitpiit of a shalloa 

water model intcgration. Wc havr chosen thr shaliow watrr  moclrl in tliis stiirly 

because the exact solutions to the problem nrr knowri so tliat cornparisons of tlic 

exact meridional structures (Hougli modes) and their frcqiiencies to ttiosc o l  tlic 

ENM analysis results îan be made. We want to sec how well the E N M  arialysis can 

secover the know n propcrt ics of t hc Hoccgti niodes ( soliit ions of t lic linearizccl sl~allow 

water model eqiiations) ly applyitig this mrthotl t o  the oiitpiit of n sliallow watrr 

model integration. 

We will disciiss the rnodel eqiiations in scctiori 3. I .  Jectioii 3.2 stiorvs Iiow tlir 

model output is generated. The rnethodology of the ENbI analysis is found in section 

3.3. The results of the ENhl alialysis are discussed in section 3.-1. 



3.1 S hallow- Water Model Equat ions 

The non-linear shallow water mode1 used in this study has the following momentum 

and mass continuity equations: 

and 

1 1 I 
r ,  + - [p2 + -p2 + g (  H + b + h.., )] + uq = Y 

(lCObq5 , - O 

1 
ht = - h 

a cos O 
[ ( H  + h)u].\ + [ ( H  + h ) ~ ? ] ,  = -- + Z 

rr 

where the absoliitr vorticity. q.  is clefined in ( 2 . 2 7 ) .  .Y. 1'. and Z arc componcnts of 

the friction force per unit of niws. g is the acccleration of gravity. hm is tlw tnoiiritaiii 

hcight . ir = u,  + il' ancl r = 1 7 ,  + o' are horizontal velocity coniponenls in tlir castwartl 

( A )  and nortliward ( O )  directions. respectively. and r, is a clariiping t ime rclaxatioii 

constant .  Notice that H is the mean dept h of the fliiici layer in the Y-dimcnsional casr 

(shallow water niodel) and the rqiiivalent tlept h in t hc case of 3-dimensiorinl prirni t ivc 

cquations. 

The mode1 equat~ions describeci here are siniilar to (2 .22 ) - (2 .24 )  in section 2.2 i f  

the mode1 is kept in the linear regime. By this wr niean tliat the perturbation lieigtit 

( h )  is much smaller tlian the  mean depth ( H )  in which case the non-linear trrrns e.g.. 

ir". cf' etc. arc much snialler than linear terms e.g.. j u ' .  f c' etc. and arc negligiblr. 

3.2 Model data 

In order to generate data for the ENM analysis we use a hemispherical shallow water 

spectral model with a T-12 truncation. The mode1 has been initialized wi th  a basic 

state at rest. To keep the model in the linear regime we excite the flow by a sinall 



amplitude Gaussian-like mountain which has a hall width of 2000 km. The mountaiii 

height, hm, in (3.1)-(3.3) has the form 

1 ( t  - t e ) *  ~ ( Q - Q ~ ) ~  l ( , \ - 4 ! c ) 2  
h,(A, 6, t )  = ho exp - - 1 (:LI ) 

2 Af 

where h, is the moiintain height amplitude. 1,.  O,. A, are constants that provide t l i ~  

time and space scales of the heiglit dist urbanc~ forcing. 1.. 0,. A, are positioiis in tiini, 

and space of the moiintain centre. 

We perform two experiments wi th  mean depths of 0.88 kni and 8.5 !m. wliich cor- 

respond to the dimensionless parameter. € = 100 aiid 10. respcctively [as i n  I,oiigiict- 

Higgins (196Y)]. wliere t is defined as 

The maximum amplitude o l  the mountain, h a .  is set to 1%) of thr tricari d ~ p t l i .  t I i c  

latitiidinal centre of the moiintain is fixcd nt -1.5"N and the time constant. 1,. is orw 

&y. 'The relaxation time. r,, in ~quatiori ( 3 . 3 )  i s  eqiial to hiir wceks. Sirice t1ic 

model has friction arid relaxatioii tcrms. the wavc am plit udr wil l  tcncl to cIccreasr 

wit h tirne. so we iise the growt h-decay C;aiissiaii-li ke moiintain to rariclornly ( i n  tinir. 

t,, and longitude. A,) excite the riioclel every 25 days on average. T l i ~  main rrasoii 

for choosing the above mean depths is that the calculated frequency (or phaw sprtxl) 

corresponding to each normal mode (ENM) can be cxactly cornparrd to Longurt- 

Higgins' Table 5. Each experiment has b e n  integrated for 2000 days with a claily 

output of u ,o  and h.  This model is the same as that used in Brunet and Vautard 

( 199.5). 



3.3 Methodology 

We now describe how to calculate the ENMs and their associated phase speeds for 

each wavenumber. We use the mode1 output i r .  r and h to calculate the  poteritial 

vorticity, qt ,  according to (2.27). The wave vector. X. whicli contains 3 fields ( u .  h .  q') 

i ç  forrned usiiig (2.1 1 ). Thc wave vec lui. is tiirii zonaiiy Fourier t ransforrnril into sirie 

and cosine cornponents. For each sine and cosine coriiponeiit of a particiilar w a w  

nurnber. k, WC separatcly construct the pseudomomentiim matrix. ML,. as sliown in 

(2.49) or 

ancl the matrix. P is defiriecl in (2.-l 1 ). Xoticc that i n  coiistruct ing the pseiiclomorrirn- 

tum wc have iisetl the C:atissian wcigliting factor wliich was clisc~issed in tlir paragrapli 

following (2.1 1 ). For rach pseiidomomentiim mat ris. wr solvc t hc eigenvaliie proIl- 

lem iising (2.54) to obtain eigenvectors or ENbls. X,,(o). ancl eigenvaliirs. A,,. Earli 

eigenvali~e. A,. associated with eigenwctor. X,(o). explains a portion of tlir variancc 

in the dataset. 

There is m o t  her conservai quantity (wave activity ) called the psciitloeiiergy. To 

show this conservation we multiply (2.22) by H u .  (2.23) by Hi), (2.24) by gli and adcl 

the resultant equations to obtain 

a i t a a - [ ,*( i l2  + 2)  + j r i ~ 2 ]  = -A [-([hl + -(COS o ~ h )  
.# 

(3.8) 
dt 2 a cos dj dA do 

We can write the above equation into t h e  generalized EP theorem as in (1.36) witb 

the new definition of the pseucioenergy. A, as 



1 2 
A = ? H ( U ~  + e2)  + ;gh - .* 

and the new flux, E'=(F(.'), F ( 4 ) ) ,  i s  

F = y H ( i r h .  v h ) .  (3. i 0 ) 

Witli the above new definitioris of A and F. we have the new niatrix Q and w a w  

vector Y as [ s e  also (2.4 1 )] 

Following thc same procediire as in section 2.2 wc constriict the pwii<ioenrrgy 

matrix. E, as 

i W. 01) = c Y,(PW'W)Q* (:~.lq 
LI na 

b k  thcn solve the eigcnvalue problcrii. EYn=hn Y,,. to find tlic cigetivr(tois. Y,,. 

The main piirpost. of the introduction of the psciidoeriergy concrpt is to bc ahlv 

to use the modal psecidoencrgy and pscudornonicnt~ini toget lier in ordw to calccilatr 

the  phase speed (or frequcncy ). For each mode. the phase specd is roinpiitrcl frorn 

the ratio of modal psciicloenergv and pseudomomcntiirn (scc Held 1985 and Bruiirt. 

1994) as 

where the angle brackets denotc spatial integration. This phase speccl calculation is 

called the "theoretical" method. .an alternative way to calculate the phase speetl is 

to use time power spectrum analysis to analyze the time series associateci with each 



ENM. Similar to EOFs, ENMs are orthogonal to each other and form a complete set. 

We can expand the zona1 Fourier coefficient of the wave vector, y(@, t )  as 

By using the orthogonality condition in (2.48) we obtain the time coeflicient. a,(! i. 

by projecting data ont0 that particular ENM siich as [see also Brunet I994] 

The time series, an(  t ). is t lien transforrned into frrcpency space. The relation bet weiw 

frequency and phase speed of a wavc nurnber. k. is 

4 
C,, = - 

k '  

For more dctails about power spect.ritm analysis one can refcr to Press P I  al .  ( 1986). 

Chapter 12. 

3.4 The Results of the ENM Analysis 

In this section we present the resiilts of the EXSI analysis on the shallow water  rnockl 

data set mentioned in  the previoiis section. The resiilts of the numcrical soliitiotis 

to the  Laplace tidal equations presentcd by Longuet-Higgins ( 1968) (Iirreaftcr L LI)  

are represented in terms of spherical harmonies and known as the normal modes or 

Hough modes of t hc tidal equations. 

First we present the  results of the numerical eigenvalue analysis of thc  linearizccl 

shallow water mode1 equations for a basic state at rest performed by LM. Part of tlir 

results are utilized for cornparison with the our ENM analyses. Figures 3.1 and :1.2 

show the non-dimensional eigenfrequencies ( 4 2 0 )  vs. t he  dimensio~iless parameter 



y = e-4 = @ / 2 a f l  of zona1 wave nurnbers L and 2, respectively. There arc two 

groups of eigenfrequeticies in eacti figure. The higher frequency (upper) group is 

associated wi th  gravity waves while the lower frequericy (lower) group is associated 

with Rossby or planetary waves. Ttiese figures are used to find thc f'requency. d. 

corresponding to a specific niean clepth. In oiir case. the niean dept tis aie 0.88 alid 

8.8 km which correspond to 7 = 1/ 10 and =y = l/m = 0.316. respectively. Figurcs 

3.3 and 3.4 show the exact eigenfiinctions or nortli-soiitli (latitiidinal) striiçtures of 

the perturbation heiglit for differcnt values of niean deptii or r.  Tlicse figures iisr 

colatitude (90' minus latitude) as a coordinatc. The equator is at tlic bottom of tlw 

graph (90' of colatitude) and t he north pole is at the top (O0 of colatitucle). 

Second we prcscnt the resiilts from the ENM arialysis of oiir 2000-day integration 

data sets wi th  two cliffcrcnt niean depths of 0.88 and S.8 k m .  Since wr pwforrn tlir 

ENM analysis on each s inr  and cosine zonnl Fourier coeffïcients scparatrly. ttir nortli- 

soiith structures (eigenfuiictions) of perturbation heiglit of the sinc wavr (claslird liiir) 

and the cosine wave (solid linc) are sliown separntely in Figs. 3.5-3.12. Figure :].>a 

shows the first iiorriial rnode (ENXII) of the perturbation height for wavr iiunilwr 

1 with  rncan depth of OS8 krn frorn the ENM analysis. Tlie s t r i i c t i ~ r ~  is similar to 

that of Fig. 3.3a abovc LH with parameter c = 102. 50th figiirrs Iiavc a Iwoad 

peak centrcd aroiintl -KI0. a srnallcr one in t tic vicinity of 1:1° and a zero tirar 2 1" of 

lat itudc. When tlic ENhll  and the exact solution ( L H) are comparecl. it is found t liat 

both approach the north pole and the  cquator in  the same way. Similarly. Fig. 3.511 

represents the second normal mode (ENh.12) structure which is also like the r = IO2 

curve of Fig. 3.3b (LH) .  Botli curves have a broad peak in the neighbourliood of 2.5" 

of latitude and approach the pole and the equator in the same manner. 

The time series associated with the each ENLl that is calculated Froni (3.15) rvas 

analyzed using the Maximum Eiitropy Method (Press et al.. section 13.7) to fitid 

the frequency or the phase speed of the structure. Figure 3.6a represents the  power 



spectrum of t h e  ENM1 in Fig. M a .  The figure shows the main power is spread from 

the ~eriods of 20 to 50 days and peaks around the period of 32.8 days. We find the 

LH non-dimensional frequency in Fig. 3.1 of the  structure (n'-s=3. which denotes 

number of zeros or  nodes between the South pole to North pole) with y=1/10 is - 

0.0153 which corresponds to a period of 32.6 days. Similarly. the period of ENM:! for 

wave nurn ber 1 can b e  found From the powcr spectrum curve in Fig. :Mb. 'This figure 

has a narrow peak centred at a period of 11.9 clays. Ttir corresponding period found 

in Fig. 3.1 ( L H )  for the structure (nf-s=l)  is 15.1 days. The broad power spectrum 

of ENM 1 in Fig. 3.6a could come from the interference between the traveling wave of 

period 32.6 days and the mountain "wave" which centres at 45' and has an averagcs 

period of 25 days. This broad spectrum is not foiind on other structurt*~ which haw 

periocis significantly differer~t from the mountain forcing period. 

The first t w o  eigenfunctions for wave number 2 w i t h  thc same above m r n t i o n r d  

mean depths arc presented i n  Fig. :I.ia and b. The ENbll  curve in  Fig. 3.7a is 

analogous to t h e  curve labeled c = lo2 in Fig. 3. la ( L H ) .  The large pcak appcars 

a t  approximately -t2.5* of latitude in both curves. the smaller peak is found i n  t h r  

vicinity of 12.5' of Inti tude and t h c  zero is locatctl around 2 1 of lati tudr. The shaprs 

of these curves arc observed to be iclentical when they approach to the  north pole and 

the eqilator. The period of the above ENM 1 is foi~ncl from a sharp spikc in Fig. XSa 

to be 17.5 days. Thc same pcriod is retrieved from the LH Fig. :I.?. The pcak of ihc 

ENM'Z mode in Fig. 3.7b is located at the same latitude (around 2.5' 1 as that of t hc 

LH c = lo2 curve in  Fig. X9b. However. as the ENM'L curve approaches the pole it 

tends to zero laster than the LH curve. The period of this ENM is found from the 

sharp spike in Fig. 3.8b to be 8.3 days. in good agreement w i t h  the 8.4 clay period in 

Fig. 3.2 (LH) .  

We now discuss the results of the ENM analysis o n  the 2000-day intcgrat ion data 

set for the mean depth of 8.6 krn or e = 10 or 5 = 1 / f i  = 0.316. Figure :I.% 



displays the E N M l  of wave number 1. This curve h a  a broad maximum arouiid 

6d0, one smallcr amplitude peak in the vicinity of 20' and a zero in the proximity 

of 32" of latitude. The same features are found in curve r = 10 of Fig. 3.3a ( L H ) .  

The two curves act in the same fashion when the- approach the  north pole and the 

equator. The ENM:! in Fig. lias only one peak at aroiind -EO of latitiide and 

monotonically approaches to the north pole. 'i'hese featiires are also cliscovered it i  

Fig. 3.33 ( L H ) .  Sharp spikcs in the  power spectra art1 exhibitrd i n  Figs. 3.1Oa aiid 

b with periods of 12.6 and 5.2 days for E N M  1 arid EN klZ, respectively. 'Vlie pcriods 

retrieved from curves (nt-s=3) and (nl-s= 1 )  i r i  Fig. 3.1 ( L H ) .  whicli corresponcl to 

the E N M l  and ENMZ are 12.6 aiid 5.3 days. Sirnilarly. thc structiires of ENhll  and 

ENM2 for wave niimber 2 are shown in Figs. 3.1 la and b. The EN'UI 1 striictiirr ir i  

Fig. 3.1 1a is siniilar to the LI I  c = 10 ciirvc in Fig. :$..la. 'These two c.iirvtls ham. a 

large peak near 53" of latitiide. a small amplitude peak near ' L O O  and a xcro at :IO0 

of latitude. Further. th- bctiavc cxactly the sanlr whcn approaching tlw tiort li polr 

and the equator. Unlikc the ENM2 of wave niiml~er 1 with mcari deptli of 0.88 kni in 

Fig. 3.7b which di fers from LHes clirve when approaching the nort h polr. ~lir EY $12 

of wave numher 2 with mean clepth of 8.8 km in Fig. :l.i l b  sesembles tlic curvr c = 10 

in Fig. 3 . 4 3  ( L H ) .  tlowever. this ENI12 does not match well t he  L H  strrirtiire i i i  tlir 

equatorial region. The periocls of the ENMI ancl ENRI2 in Figs. d.l2a aiicl 13 arc 

found to be 8.6 and 9.8 days ivhich are identical to Ltl's periods in Fig. 3.2. 

The eigenvalues corresponciing to the ENMs and tlieir sarnpling errors ivliicli wcrc 

discussed at the end of section 2. L are shown in Fig. X13. For the case witli a 

mean depth of 0.88 km. the variances explaineci by the EIihli and EN312 for aavc 

number 1 are found to bc 5 3 %  and 36% of the total variance. For wave irumber 2 .  

the eigenvalues (in percentage of the total variancc of that wave numher) for ENXI1 

and ENM2 are 74% and 14%. respectively. In the case of the 8.8 km mean dept h. the 

eigenvalues of ENMI and ENM2 for wave number 1 are 58% and 33%. respectively. 



Similarly, the wave number 2 eigenvalues for E N M l  and ENM:! are 96% and 3%. In 

al1 cases, the first two ENMs of each zonal wave number can explain more than 88% 

of the total variance. This means that the model has generated only a few important 

normal modes at zonal wave nirmbers 1 and '2 in the data set. For wave numl~er 

2, the explained variance is concentratecl at  the ENM 1 for bot h mean clept hs. The 

sampling errors (vertical bars) found in this figure are niuch less than t h e  separations 

between eigenvaliies for each wave number so tliat. the ENMs are coiisiclercct to bi* 

independent. 

Rom the definition of the wave vector in (2.41). wlien perforrning the ENXI anal- 

ysis on t h e  data set. we also obtain tlie meridional structiires for zonal wirid. u.  Tlirsr 

zonal wind structiircs were also examiiicd (but not show in the  thesis) aricl corn pari4 

to the  LH eigenfunctions. The agreement between the exact soliitioris and ENMs for 

zonal wind are as good as in the perturbation height case wliich arc s h o w  in tliis 

section. 

Wc also performed an ENM nnaiysis on 100-day data sets (subsets of t h  abow 

discussed 2000-day data sets) to test the sensitivity of the ENhl analysis trclinique to 

the length of the record. In the case with a mean deptli of 0.88 km. the striictiircs of 

100-day (no t  shown) and 2000-dq data sets are cornparable. tlowever. in the case of 

the 8.8 km mean dep~h .  the striictiircs arc diff~rent.  e.g.. the small peak [see also Fig. 

X9a] near the equator for the striicturc of ENM 1 from the LOO-day data set for wavc 

number 1 is larger than in the 2000-day data set and thc zcro is stiiftrd northwarcl 

by as much as 10 degrees of lati t udc. 

The phase speeds of nornial modes were also calciilated Irom the ratio of the modal 

pseudoenergy to pseiiciornoment um as shown in (3.  l:]). The period is t h m  calculated 

witli (3.16). Periods calculated by this  techniq~ic agree well with the power spectruni 

analysis as seen in Table 3.1 and 3.2. T h e  Tables give tlie t ime periods which are 

averaged from the periods of the sine and cosine components for the mean depths 



of 0.88 km and 8.8 km, respectively. The column labelecl "LH" contains periods 

from Longuet-Higgins (1968). The column marked "Structure" denotes the periods 

associated with each ENM calculated from the ratio of the modal pseidoenergy to 

pseudomoment um as in (3.13). The +'Power Spertruin" column gives periods froiii 

the power spectrum peaks calculated from tinic series analysis. The "Eigcnvaliie %*' 

column exhibits the percentage of the total variance for the specific w a w  numhtxr. 

The values of 2000 d and 100 ci represent the length of the  time series. The averagr 

errors of 2000 arid 100 clays time series for the mean clept h of 0.88 krn (Tal~le 1 ) are 

0.58% and 3.ï3%, respectively. For the 8.8 km case (ï'able 2 ) .  tliese avcrage errors 

are 1.46% (2000 days) and 5.4% (LOO days). 

The above discussion of the EN 11 analysis ori litiearized shallow watw inoclrl data 

sets leads us to the lollowing observations: 

(a) The ENbl analysis trchnicpie is capablr of capturing botli structiirrs and tirtic 

pcriods. especiaily wi th  long temporal records (2000 tlays iri oiir casrs) wit li n Iiigli 

degree of accuracy. 

(b) The mode1 gcnerates data which contain monocliromatic frcqiicriry normal 

modes. This is supportcd by sharp spikes in thc powvcr spcctra in niost casrs c s c ~ p t  

for the ENkIl  of wnvc numher 1 witli mean dcptli of 0.M km. wliicli i s  hclir~cd to Iw 

interfercd by the nioiintain "wavc". 

( c )  A s  might tiaw hecn expectrtl the qiiality of the ESSI arialysis rcsiilts dcgracics 

as the record lengtti is shortened. The resuits Iiave sliown that t he  average error of 

the 100 day time series period is about 4 tirnes as much as for the 2000 clays t h e  

series. 



Figure 3.1: The eigenfrequencies of wave niimher 1 [from Longuet- tliggins]. 
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Figure 3.2: The cigcnfrequencies of wave nimber 2 [from Longi uet- H iggins] . 



Figure 3.3: The eigenfunctions of height (a) n-s=3 and (b) n-s=l of wave number 
1 [from Longuet-Higgins]. 



Figure 3.4: The eigenfunctions of height (a) n-s=3 and (b) n-s=l of wave numbcr 
9 [frorn Longuet-Higgins]. 



Figure 3.5: (a) 'The first ENM and (b) the second ENM of wave niiniber 1 tieight 
with mean depth H=O.S8 km ( c  = 100) for 2000-day integration. Cosine is solid and 
sine is dashed. 
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Figure 3.6: (a) The first ENM and (b) the second ENM power spectra of w a w  
number L with mean depth H=0.88 km ( c  = 100) for 2000-day integratioii. Cosiiie is 
solid and sine is dashed. 



Figure 3.7: (a) The first ENLI and (b) the second ENbI of wave number 2 Iieiglit 
with mean depth H=0.88 km ( c  = 100) for 2000-ci- integration. Cosine is solid and 
sine is dashed. 





Figure 3.9: (a) The first ENbl and (b) the second ENM of wave niimber 1 height 
wi th  mean depth H=8.8 km ( c  = 10) for 3000-cl. integration. Cosirie is solid and 
sine is dashed. 
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Figure 3.10: (a) The first ENM and (b) the second EXM power spcctra of wavc 
number L with mean depth 11=8.8 km ( É  = 10) for 1000-day integration. Cosine is 
solid and sine is dashed. 



Figure 3.11: (a) The first ENM and (b) the second ENkI of wave number 2 Iieight 
with mean depth H=S.S km (c  = 10) for 2000-day integration. Cosine is solid and 
sine is dashed. 



Figure 3.12: (a) The first ENkl and (b) the second ENM power spcctra of wavt: 
number 1 with mean depth H=SA km ( 6  = 10) for 1000-day integration. Cosinr is 
solid and sine is dashed. 
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Figure 3.13: The sanipling errors of eigenvaiiies corresponding to mean depths of 
(a) H=0.88 km ( r  = 100) and (b) H = Y . Y  km ( c  = 10) rcspectively. 



Table 3.1: Periods (days) and eigenvalues for mean depth of 0.88 km obtained Liu 
Longuet- Miggins (LH). from eqiiations (3.13) and (5.16) ["St ructitre" coliinin] aiid 
from the power spect r im.  

Structure Power Spect rum Eigcnvalur % 

LOOOd. 100d. LOOOd. LOOCI,  L O O O d .  100d.  

3'2.5 30.1 32.8 31.7 53 SO 

Table 3.2:  A s  in Tablr 3.1 biit for a mcan deptli of S.S k m  

k 

1 

'2 

Mode 

ENhf 1 

ENM2 

ENMI 

ENM2 

LH 

12.6 

5.:3 

8.6 

3.8 

Eigenvaliie 

2000d. 

5 8 

:3:3 

96 

3 

100d. 
- - 
13 i 

:]? 

SO 

1s 

S triictiire 

2000d. 

13.6 

5.2 

8.6 

3.5 

Poww Spectrum 

100d. 

1 Li3 

5.9 

8.4 

3.4 

'1000d. 

12.6 

5.2 

S.6 

3.s 
I 

100d. 

L 1.8 

5.3 

8.4 

3.8 



Chapter 4 

Application of ENM Analysis to 

Atmospheric Data 

In the previous cliapter. ~ h c  ENbI analysis tccliniqiw lias sliown a Iiigli cicgrcr of 

accuracy in recovering thc Hougli modes arid tlieir associateci freqiirricics from tliv 

linearizcci 2D shallow watcr niodcl data sets. W i t h  this in mincl. wc aclvancc flirtlier 

in t his chapter and pcrform an ENM analysis of' 3D atrnospheric data. Tlie piirposr 

of this study is to use the ENM analysis tcchniqiic to decompose thr atmosplicric- 

data into ernpirical modrs. These modes are t h en  iisetl to find comnion featiircs. in  

the statistical sense. arnong stratosplieric sudderi rvarrning cwnts. 

Section -1.1 describes the ohservntional data iiscd in  this analysis. Froni this data 

set we illustrate, in Section -I.L>. some common features in a number of stratospheric 

warming events which are later used for a coinparison with the rcsults of the EN 'rl 

analysis. Section 4.3 presents the methodology of 3D ENM analysis. The resiilts of 

the ENM analysis are discussed in Section 4.4. 



4.1 Data 

The data used for this analysis are daily operational National Center for Environ- 

mental Predict ion (NC EP) geopotential height fields. The data are available on 15 

pressure levels: 700. 500, 400. 300. 250. 200. l50. 100. 70. 50. 30. 10. 5 .  2 and 1 

hPa and were a r c h i i d  by Dr. \Villiani J. Raiitiel at the National Cetiter t'or Atnio- 

splieric Research ( N C A R )  from two different sources. T h e  troposplicric data froni 

the '700 to the 100 hPa pressure levels were ohtaiiied froin NÇEP analyses wliile tlie 

stratospheric data from the 70 to the 1 hPa levels were separately arcliivrcl at tlir 

Climate Analysis Center (CAC). CVashington. D.C. The stratosphcrir data wcre first 

converted from the satelli te-retrieved mean laycr tempcrat uses betwccri prcssurr Itbv- 

els to the geopotcntinl t hicknesses. AZ. by usirig the Iiydrostatic eqiiatiori in  fi i i itt* 

difference form 

where R is the gas constant. 'The tiiicknrsses wert. tlicn iiscd to coiiipiitc tliv strato- 

spheric geopotential hcights. starting from the W E P  100 hPa geopotciitial hrights. 

This daily global data set h a  bcen rrceived froni YC'AR in the format of hiirirr 

analyses t.runcated at zona1 wavc number 12 at rach of the 610 C;aiissiari latit i i t l ( ~  

sampled at 1200 UTC. Firigcr el al. (1993) havr reportecl that the YC'EP aiidysis 

data at the 5 IiPa level and above necd to bc ndjitstecl due to thc iiicoiisistrticics 

within the satellite TIROS Opcrationai Vertical Soiinder (TOVS) ~Irrived tempera- 

ture database. Tlie problem is due to t h e  differences in the  heliavioiir of t hc varioiis 

satellite instruments providing the operational data. In acidi tion. ot her îont ri butions 

to the problem are related to changes in NCEP data analysis procediires. .As siig- 

gested by Finger et al. the adjustment has been done by usirig the change in thickness 

equat ion: 
R ( p i  ) [hT(pi)+6T(pi+i)] dAZi = -ln - 

i )  9 Pi+i -. 



This adjustment is done based on 12 rocketsonde station records ( i n  s i t u  measure- 

merits). The temperature hiases. 6T, between NCEP analyses and rocketsonde data 

are diferent at each pressure level and have changed over time. The li near-regression 

of the form a + bl is used to fit datn before and on October 16, 1980 where n is t l i r  

adjostment at the equator, b is slopc of t h e  linc and 1 is the absolute value of tlir 

latitude. Data after the  above mentioned date are adjusted globally ( rio latitiicliiial 

variation). In this study. the acljiisted geopotential heights according to Table 2 of 

Finger et al. ( 1993) of 15 pressiire levels ( from 7'00 to 1 IiPa) and I 1 wiiitrrs ( Dec. 1. 

1979 to Feb. 28. 1990) are ~iscd. Tlir winter season is taken to Le froni t lie I~eginniiig 

of Decemher to the end of the following Febriiary. 

In ordcr to pcrforrri the ENbî ~~aalysis  of the r d  atrnosphertb iising t tic. :ID priitii- 

tivc equations (see also Section 2.3). we nccd 3 fields. rianiel-. the horizontal velority 

componcnts ( i l .  v ) and tcrii perat~irc. 'Tlie tmiperatiire field is qiiitc siinplr to calcu- 

late froni the geopotcntial height by iising tlir hydrostatic cquatioii. Howcvcr t Iw 

calculation of the horizontal wintls from the geopotential Iieight datn aloiic is soiriv- 

what niore cornplicatcd. Ranclel ( 1 YS7) has iisecl t l iree different nwt ho& to cvaliintr 

the  horizontal winch from the geopotential Iiciglit: 1 )  the  geostrophic wiiicis. 2)  t l i r  

linearized morneritiim equations about a zonai nicaii How (the linear wiiids) and 3)  t hc 

full steady-state rnomenturn cqiiations less the votical advection tcrni (th I~alaricr 

winds). The lowest orclcr horizontal winds approximation from the  gtiopotcntial is 

the geostrophic balance. i.e.. 

where cP = gZ is the geopotential. V, is geostrophic winds and k is vertical iiriit 

vector. The higher order nonlinear wind- height balance. i .e.. 

P2 [O + ;(vlii)~] I = v [ ( j  + v 2 C . ) ~ $ ]  

is also considered. The relation between the  streamfunction, t /y ,  and the non-divergent 



wind is giveri by ( 1.24). The above equation can be solved for the wind froni t lie geopo- 

tential by an iteration method starting from the geostrophic wind. The convergence of 

the solution to the equation often fails in the northern winter stratospliere where th<. 

amplitudes of planetary waves are usualiy large [sec Raridel 1987 for a rriorr detaiird 

discussion of the iioiilinear balance wintls].  The linear wincls in the second niethotl 

above are calculatecl froin the horizontal monicritiini equatioiis liiiearizrcl about t h  

zona1 mcan withoiit the  time tendency and vertical advcction terriis. tliat is. 

w here overbars clenoto a zorinl niclan. pri nics tlrscii bc t h r  dcviatioris fsoiii t tic) zo id  

mean and 
1 3  

jl = j -  -- (Ecos O )  
a cos p i ) ~  

2u 
j2 = f + - t a n  o. 

n 

The coupled equatioiis (4.5) ancl (4.6) are easily solved for cach zona1 w a w  riiinihw 

of 11' and d .  

In the balance wirids (last incthod), agaiii. t l i r  tirtie tendeiicy aiicl v r r t i c a l  i d -  

vection terms arc neglected from t hr horizontal moment um rqiiat ions to iiiakc t lie 

iterative scheme two-tliinension.zl. Following is the calculation of t lie wiricls IV t lir 

balance winds met liod. The horizontal moment uni equations l e s  the t ime tendericy 

and the vertical advection terms can be expresscd in spherical coordinates as: 

and 



The geostrophic winds are first calculated by neglecting t h e  nonlinear terrns (insi de 

the square brackets). Each iteration is evaluated by using the previous step wiricis. 

The convergence of the balance winds is measured by the ratio of the relative wirid 

change between each iteration ancl the previous step wind. e.g.. 

wliere the relative zonal mean RMS difference for rr componerit is 

All threc derived winds from the geopotciitial alorie were calculatrcl iri Randt4 

( 1987) using a G'eneral Circulation Mode1 (CC% ) output and the rcsitlts con1 parrd 

to the *'truc" (;C'hl winds. Tlir cornparisons Iiavr showri that the I>alariw wiiids 

[equations ( -1.7)-(AS)]  are siipcrior to the othcr two in the tcsts of zonal iiwaii w i i d  
- - 

(ü) as well as the polcward rnorncritiim ( d o ' )  and heat (i7'Tt) fluxes. 

Based on thesc rescilts, we adopt the balance wincis rncthod to calcillate wintls foi. 

our analysis. If the solution lails to converge. e.g.. L ( Q )  in (-1.9) appioachrs to a smell 

value (< 0.1) then t h e  geostropliiî wirid is siil~stitiited for tliat particiilas location 

(not al1 points dong t h e  latitiide cirçlc). Practically. when the wind fails to convcrgc 

nt a certain point. i ts valuc becorncs unreasonably high (order of t hoiisands of mrtrrs 

per second or higlicr). Geiierally only tliree iterations are required to g iw  a good 

result in comparison to mode1 winds (Randel 1987). Because al1 the derivatives in 

(4 .7)  and (4.8) are done spectrally, new variables f i  = u cos Q and ù = vcos o arc iiscd 

so t h a t  the new variables are zero at the poles. 



4.2 Observations of Stratospheric Sudden Warm- 

ings 

In Section 1 .J we disciissed the upward propagation of tlie planetary ( Rossby ) w a w s  

from the tropospherc to the stratospliere and t hcir interaction wit h t hc preexistine: 

stratospheric circiilation that might lead to a siidden stratosplierir warriiing. Tliis 

dynamical mechanism was first proposed by 'vtatsiino ( 1971 ). WC also sliowrd in  Fig. 

1.4 the temperat ure gradient and zoiial inean wiiicl  reversal at  80' of latitiidr and t h  

10 hPa pressure level diiring the LYS-!/YS major warmirig cvent. This typr of figiirr 

will be used to idcntily the warming cvents [major and niinor warniirigs arc dcfiiiccl 

in Section 1.31. In addition to that type  of diagram. we also show in Fig. 4.1 tlir 

meridional-lieight zona1 nican wind (for Northcrn Hciriisphere o n l y )  to provitlc soiiit- 

idea of the evoliition of the wind h~fo re  and chring the warming. Figcirtb -1. la sliow 

the zonal mean wiiid oii Doc. 2-1. 1%-I ( 4  tlays bcforr t hc warmirig onset ). l'lit) 

wind structiirc is quite similar to the climatological onc stiown in Fig. 1.2 wlierr ~ I I P  

polar night jet is ccntred at aroiintl - 1 5 O N  in  tlic lower mcsosphere. Tlic jet in thc 

troposphere whicli is locatcd near ( 3 5 O N .  200 IiPa). is also similar i r i  hotli figurtts. 

On the onset day (Dec.  28). t h e  crntre of thc polar night jct sliiftcd nortliward ancl 

downward to approxirnately 68' N and 1.5 hPa w hile t hr troposplieric j t b t  s t  rcrigt liencd 

somewhat as shown in Fig. 4. lb.  Figure - I . I î  cxhibits tlie zoiial rnenri ivind wlim 

the zona1 temperature at SOO N and 10 IiPa reachcd its higlicst valiie in  Fig. 1 .-4 

(Jan. 1, 1985). The normal westerly wind in the polar region is now rrplaced by an 

easterly one. and again the tropospheric jet is alinost still the same ( in  niagnit iidr 

and position). 

The average of nine (out of I L years) observecl pre-warmings (onsets) of the zoiial 

rnean wind is shown in Fig. 4.2. In comparison to Fig. 1.2 ( the winter climatological 

zonal wind), the structure of the onset and winter climatoiogical tropospheric jets are 



Figure 4.1: Observed zona1 mean wind ( ms- ' ). clerived from t lie geopotent ial Iieiglit 
alone for the 1984/85 stratospheric major warmiiig (a) Decemher 2-1. 1984 (onset). 
(b) December %S. 1984 (middle) and ( c )  January 1 .  1985 (peak) (Figure continue$.) 
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Figure 4.1: (cont in ued) 

similar. I.lowever the dowiiwsrd arid poleward shifting frorn (45"N. O. 1 li Pa) to ( 6 F Y .  

2.5 hPa) of the onset stratospherir jet is obscrvetl i n  Fig. -1.2. Tlir rliiiiatological 

soiithward tilt wi th  height of tlic polar iiight jet is nlso rcplacecl hy a sliglitly nortliward 
p p p p p p p p p p p p p p p - - - - - - - - - - - - - - - - -  

tilt in  t h e  onset figure. If thc zona1 mean wind arts as a wave guide ( s w  discussioii 

in Matsuno. 1970 and Dickinson. 19668) then the onsct zonal mean flow s t r~~cture  is 

more favourable to t tic direct upward propagation of waves to the polar region tlian 

the climatological one which guides the waves toivard to the  loiv latitiides. Butcliart 

et al. (1982) used a fully nonlinear model to simiilate the 1978/L979 winter major 

warming by starting with the onsrt zonal mean structure of February 16. 1979 and 

forced the model by the observecl geopotential heiglit at LOO hPa. The? concliicled 

that it is important to use the onset Row structure as the initial zonal mean wind 

instead of the climatological one to  make the warming more likely to occur. They also 



Figure 4.2: Average of 9 prr-warrnings (onscts) zonal rrira.11 winc! froni I W O -  1 W O  
data  set (botli rninor and iriajor warmings are iricliiclccl). 

foiincl t tiat the wavc ntirnber 2 forcing should have ail eastward phase sperd and tliat 

t h e  wave-wave intrractions were not important for thc clevclopnient of tIir warrning. 

The Biitchard et d. case stutlg warming agree qiiitr well witli thr avcragr of ninv 

warmings (both major and minor) sliown iri Fig. -1.2. 

The featiire-rich stratospheric warmings arc observed not only in tlir zonally aver- 

age pictures (latitiide-lieiglit diagrams) of the winci structure as descrihccl above hut 

also in the wave structures. The normal cycloiiic winter polar vortes in the middle 

stratosphere (10 hPa level) is puslied off the polc and sonietimes a splitting of tlir 

main vortex (corresponding to  the  involvement of wave number 2 )  can bo scen. CVe 

show in Fig. 4.3 the winter climatological QG potential vorticity. Cornparing this 

chart to the winter climatological geopotential height in Fi& 1.3 we sce that  they 

have rather similar patterns except of course tliat tlie maximum in one field corre- 

sponds to a minimum in the ot her. The reason we show the observed QG potential 



Figure 4.3: Polar stereographic tnap of 1 1-wiriter clirnatological quasi-g~ostropliic 
potential vorticity (QCPV) nt 10 IiPa (approxirnately :IO km) (contoicr iriterval of 
lxlO-' s-'); inner circle SOON. 

vorticity insteacl of tlie bettcr-knowti geopotential height is thnt tlir QG potrntial 

vorticity. ivhich cari hc approximatcd (rom il in oquation (.A. 13) (orw coiiiponcnt of 

the wave vector). is available frorn the E N N  analysis for interprctation. l igures -4.4 

and 4.6 show the observed QG potential vorticity (QGPV hereafter) at 10 IiPa during 

the l98O/S 1 and 1984/Y5 major warming cvents. respcctively. Figure -!.-la exhibits 

the elongation of the normal cyclonic polar vortes (see Fig. 4.3) at the onset (Jan. 

90. 1981) of the warniing. This elongated polar vortex is then puslied off* thc polc~ 

(Jan. 25. 1981) and the local low valiie of QGPV appcars arocind ( 1 60°W. 6.5' Y )  in 

F i .  -Wb. At this tirne, the zona1 mean temperature at (dOON. 10 hPa) reaches its 

maximum value in Fig 4.5. The temperature decreases a few degrees two days later 



Figure 4.4: Polar stereographic maps of quasi-geostrophic potential vorticity 
(QGPV) at 10 hPa (approximately 30 km) (contour interval of 2x10-%-') for 1980/81 
warming (a) January 20. 1981 (onset), (b) January 25, 1981 (first zoiial temperature 
peak), (c) January 3 1 ,  1981 (second peak) and (d) February 5, 1981 (last peak). 
Outer circle. 20°N; inner circle 80°N. ( Figure continues) 
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Figure 4.5: Observecl winter 1980/81 ( D J F )  major warniing at 10 1 
rnean ternperûture nt $O0 N and (b) zonal mean teinperat ure di fference 
and 9O0N (solid) and zonal mean zonal wind at 65ON (dashed). 

iPa (a) zonal 
het weeri 80" X 



Figure 4.6: Polar stereographic maps of quasi-geostrophic potcntial vorticity 
(QGPV) at 10 IiPa (approximately 30 km) (contour interval of 2x LO-5 s - l )  for 1984/SJ 
warmirig (a) December 28, 1984 (onset). (b) December 30, 1984 (middle) and ( c )  
January 1. 1985 (zona1 temperature peak). Outer circle, % O N ;  inner circle 80°'1. 
( Fzgu re continues) 



and theri reaches a riew Iiigher maxinium value in Jan. 3 1. S 1. The QGPV cliart. 

of this second maximum is sliown on Fig. - 1 .4~  wliich cxliibits Iiirther cqiiatorward 

movernent of the polar vortex. The first two temperature maxima coriespoiid to a 

minor warming in rvhich the zonal incan westerly wind i s  not y t  reverset!. The niajor 

warming occurs on Feb. 5. 198 1 when the wind reverses and the temperat lire rcaclies 

its highest value. Figurc 4.4d shows further southwarcl movement of the polar vortrx. 

In this warming year. only zonal wave nurnber 1 is involved in an important w- and 

no vortex splitting occurs. In contrast, the 19S4/Y15 major warming takes a different 

form. with  only wave nurnber 2 being involved [rom the beeginning to the end. with 

no significant development of wave number 1. Figure 4.6a shows the development 



of two local low QGPV centres along the 10' W-160°E longitude line and the  main 

vortex is squeezed and starts t o  break into two separated centres from the beginning 

of the warming (Dec. 28, 1984). While the zona1 inean temperature rises a t  10 hPa 

(sec Fig. 1 .*la), t h e  polar vortex splits into two Iiigli centres on Dec. 30. 19S.1 (clearly 

seen in  Fig. 4.6b). When the ternperattire reaches its maximum v a l i i ~  on .lari. 1. 

1985. the polar vortex (QGPV high) at the pole is replaced 1y a QGPV low and t lw 
r 7 

vortex is completely separated iiito two high QG PV centres (Fig. - 1 . 6 ~ ) .  I hcse i.wo 

typical warming sccriarios in tlic stratospherc arc oftcii seen on syiioptir riiaps. 

4.3 Met hodology 

Similarly as in Section 3.3. we &scribe in this srrtiori the calculatioli of the ENMs 

for eacli zona1 wavc. niimher ~is ing tlic priniitive equations and its QG approxi nia- 

tion. Bascd on tlic theory dweloprd in Section 2.3. tiic wavc vector for 31) priniit iw  

eqiint ions in (2.59) consists of 9 coinponcnts. iianicly. the niocli fiecl Ertd  po tm t ial 

vorticity in log-pressurc coordinatc. il. the potcntial temprraturr.  8.  arid tlir wrticirl 

wind s ticas, i f , .  Fron-i t lie avaiiable data discusscd in Scct ion 4 .1 .  WC Iiavc dcri veil t h  

horizontal wind ( t r .  1 . )  with the  balance equation and the temperaturc from geopotvn- 

t ial height via the Iiydrostatic approximation. 't'lie potential tempcrat iirr is conipiitrtl 

from temperaturc with ttie relation O = T ( p / p J K .  From tlie horizontal wind and 

potential temperattirc ficlds we use (A.5) to calciilatc thc Ertel potential \-orticiij-. 

P. The wave vector. X. is lorrned hased on (2.511). The wavc vector is tlien zonail!* 

Fourier transformeci into sine and cosirie components for eacli wave riiimhrr. For cadi 

sine and cosine component we separately construct the pseudo-monientiim matrices 

according to (2.58). Notice that since we do not want to include the standing wavr 

structure as one of the ernpirical modes. the time rncan. of the wave vector is re- 

moved first, i.e.. before the ENM analysis. The eigenvalue problem associatecl witti 



these pseudo-rnomentum matrices (see (2.60)) is readily solved for the modal striir- 

tures, X,(4, z ) ,  and their ùssociated eigenvalues. The time series of eacli struct urr is 

calculated by projecting the observed wave vector ont0 each normal mode. e.g.. 

(XI(& --)PX(@. 2. t ) )  

w here the angle brackets deiiotc the  meridional and vertical integratiori. 

In this study we partition the I 1-winter data set (993 days) into two parts, namely. 

the "warming events" (269 days) ancl t lic rest of t Jie data set (724 days). :\ "warniiiig 

event" (or "warniiiig period") is one during wtiich the mean zona1 temperature gra- 

dient between 50 ancl SOON becomes positive at 10 h Pa. More precisely. a warrnirig 
- 

eveot begitis when T a o N  starts to risc, its Peak is rmchcd when AT = TgON - > O 

reaches a maximum and the event ends when AT r e t u r n s  to a negatiw value. Notr 

that as defined abovc. a "warniirig cvcnt" or "warming period" inrliides in fart a 

cooling phase during whicli AT is tlecreasing. EOFs will be compiiterl separatcly for 

"warming events' and for tlie rest of the w i n k r  data sets. The dates of tlic riVcnts 

are given in 'Table 4.1. 

Since the data set has I~ccn part.itioned in t lie abovc mentioned maiiiier. iisirig t lir 

power spectrum analysis met hod to fiiid the frcquencies of empirical oiotles ( E N  hls ) 

is not applicable chie to the gaps in  the tirne scries. In addition, the dyrianiics of th<- 

real atmosphere is generally not liriear and the  flow is riot ptircly free (somc forcing 

rnay be involved) so that the t ime series of arnplitiiclrs is qiiite noisy. To overcome t h e  

ahove problems. we use the kernel estimation teclinique to sniooth out noise in ttir 

sine and cosine phase space diagram of each ENM. The kernel estimation technique 

c m  be used to interpolate data, a,, at irregularly-spaced points, identified by thc 

subscript i, to regularly-spaced points. by comp~iting a weighted average of the data 



Table 4.1: The dates of the warming events during winten 1979/80-1989/90. 

Warming Periods 

iC1a.u. tcrnp. Entiing 

28-02-8 l 

30-0 1-82 

16-02-$2 

2S-()L>-$',, 

:11-01-S:~ 

1 1-02-S:l 

'L25-02-&3 

01-0 1-84 

08-02-84 

'Lg-o~-s-~ 

13-0 1-85 

2-1-0 1-86 

19-02-86 

10-02-87 

16- 1'2-87 

3 L-Q 1 - S I  

28-02-89 

28-02-90 

Num ber of days 



1 a -a ,  
e a i e x p ( - 3 1 T f )  /(a. a) = - 

2 n N h 2  +, - 
where /(a, a) is the value of cr at a=(a:,,,. a i v L ) .  being the coordinates of the 

domain. In Our case they are the coefficients of t h e  cos(kA) and sin(kX) of t h e  niode 

n and wave ncimher k. h d ~ t ~ r r n i n e s  the s i x  of t hc rcgiùii "ver w l ~ i c l i  the weightrd 

average is done, .V is the nuinber of data points iisrtl i n  t lie weiglited averagc. Wr not,fb 

that when a is set equal to one. / yietds an estimation of the  probability density of t lie 

data points. For the optimal choice of the smoothiiig parameter. h. (whicli rt~inirnizes 

the root-niean-integrated-square crror betwreii t lie data set and the cstimat ion) oiic 

can rekr to the hppendix of Brunet ( 1994). Bascd on  this probability dmsity wc 

estirnate the tendericy from 

where A = (a(l + At) - a(l - At))/?& (At=?.\ Iioiirs) is the rate of change of i . I i ~  

position. If we writc a in a polar coordinatc systern. cg.. a = ii,t + il&. then  i l ,  

represents the amplitude growtti of the ENSI whi le  Ù e  exhibits the rotation or p l i a s ~  

Iii a frictionless adiabatic atmosphere the Ertel potential vorticity is a conservrd 

quantity following thc total Row. If  the Ertel potrntial vorticity is dcrivctl in iseiitropic 

(constant potential terriperat lire) coordinatcs and in the  absence or tliabatir Iiea~ing 

(dO/dt = O) there is then no "vertical" velocity so that particles will bc confineci to 

the isentropic surface. Sirnilar to the isentropic Ertel potential vorticity. the QGPV 

is conserved followirig the geostrophic wind if the flow is frictionless and adiabatic. 

In other words. the QGPV is conserved on isobaric surfaces. We have iised the log- 

pressure as t h e  vertical coordinate JO that it is natural to use the QCPL' to disriiss 

our results in the next section. 

Since t h e  QGPV is conserved on isobaric surfaces. it is natura! to use this quantity 



to discuss results from the analysis. However, one component of the empirical modal 

structure from the ENM analysis technique is the rnodified Ertel potential vorticity. 

not the QGPV. Therefore we here describe how the QGPV can be approxiniated ironi 

the modified Ertel potential vorticity, il. We first relate the QGPV gradient in ( 1.15) 

to the  defined in ( A .  14). Charney and Stern ( 1962) have sliown the relationsliip 

between the derivat ive of the Ertel potent ial vorticity in  iseritropic coordinatcs aricl 

the QG PV in log-pressure coord ina te  to be: 

where. as before. z is proportional to tlic logilrithm of pressure. 'l'aking the zoiial 

average of the  abow eqiintion we obtain (to lcading ortler) 

From the  usual forniiila of clcrivative transfor~tiatioti in  differcnt vcrtical coordiriatcas 

WC relate the  derivative of the zotial mcari potcntial in  isrntropic aricl log-prcwiirc 

coordinatcs as 

Substittiting (4.15) into (-1.1-t ) anci iising ( A .  14) \ve obtairi tlic relation Iietween t l i ~  

QCPV gradient and 1 ris 

Fiirthermore. the zona1 mcan Ertel potential vorticity (A.?)  and its pertiirbation (:\A) 

can be approximatcd in the  quasi-geot rophic iormulation as 

and 



where 8, = 9 4 4  is the horizontally averaged (background) vertical potential ternper- 

ature profile. By using the perturbation QCPV in (1.14) and (4.18) wt. obtain 

The last two terms ( A 2  and A3)  of the wave artivity in ( r l . 3 4 )  were calculated aticl 

shown to be negligible iti coniparison to A l .  so t hat the equivalent wave activity uiider 

the QG approximation (mid-latitude (O, = 45') ,3-plane) is 
- 

In the last part of this section WC are going t o  disciiss the wnve-zoiial flow inter- 

action i n  terms of an ENkl aiialysis. In Sectiori I .2 we have shown th<. rrlationsliip 

betwcen the zona1 mcan wiiid teiitlency and t he  EP flux divergence (eqtiation i . 6 )  i r i  

t lie 9-plarie QC; approximation. In sp heriral geoniet ty. this ecpation I~cronics 

Ti, - jr = 
1 

«p cos 0 
TSF 

where the EP flux, F, is 

The right-hand sidc of (-1.21) represents the forcing of the ecidies (wavos) ori the zoiial 

rnean Aow. During n warmirig pcriod. the plots of the  EP flux and its clivcrgcncr at 

various times are tised as a diagnostic tool to see the flow of t h e  wavc activity (sec 

Andrews et al. 1986 Section 6.2.3 for a more detailed disctission of the  EP i i11 .u  and i t s  

divergence during the 19ï8/ï9 winter warming). From the ENSI analysis we obtain 

wave vector structures (ENMs)  which cannot be used dircctly to form tlic EP flux 

vector: the latter requires the empirical modes of u:, O: and 0; as s h o w  in (4.22). 

However, we can use the results of the ENM analysis to calcolate t h e  wave activity 

for each empirical mode and from its tirne derivative obtain the EP flux divergence 

(from the generalized Eliassen-Pah theorem. equation ( 1.12)). 



We will use (4.19) and (4.20) along with the time tendency of the wave activity 

to discuss the results of the ENM analysis in the next section, 

4.4 The Results of the 3D Primitive Equations 

ENM Analysis 

In this Section we illustrate the QG approximation of t he  results of the ENSI analysis 

based on the 3D primitive cqiiatioiis appliecl to thc 11 -winter data s r t  riientionetl i n  

Section 4.1. The main piirpose of this stucly is to use the ENM formulation to analyzr 

data ditring stratospheric warrning evrnts in a statistical sense. It is well-known tliat 

the disturbances in t h e  stratospherc consist predorninantly of ultra-long waves (zotial 

wave numbers 1 and 2 )  tliie to t hr iipward propagating waves from thc troposph(w 

(see Section 1.1 ). From thc  data spt wc verify t his by cornputing the variarice of tlir 

zonal wave number 9 relative to t l i<~ total variance iri the riiiddlc s~ratosplierc ( 10 

hPa pressure level). Thc result shows that the ratio is less tliari 2%. 13asrd on tliis 

calculation we only tliscuss the ENM analysis rcsiilts for zonal wavr ni~rnl~rrs  1 aiid 

-1 - * 
CVe first present the latitiide-licight graplis of thc first two QGPV cmpirical niocirs 

( t h e  most important) of wave nunil~ers 1 and 2 for both warrning events arid t he  w s t  

of the data sets. Note that the parity in thcsr cliagrams is iiot important. I b m  

these diagrams we can deduce the relative importance betwren the two periods of tlir 

wave activity. which is proportional tao the sqiiarc of the QCPV (equation (LL.'>O)). 

The ENMs are multiplied by the  mean absolute value of ttieir tirne series to makc 

the  comparison meaningful. Figures 4.7a aiid h show the EXLIl of the cosine of 

wave number I for the warming and non-warming periods. respectively. The sine 

Fourier components, w hich were also analyzed, gave sirnilar resiilts and are tlierefore 
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nat discussed here. There are two large structures in each figure, one located in t tic 

middle troposphere (around -100 hPa level and 60°N of latitude) and the other in 

the middle stratosphere (around 10 hPa and 60°N of latitude). The tropospheric 

structure during the warming eveiits is more latitiidinally focused (extending froni 

4 5 O N  to 7F'N) tlian for tlie rest of the data set (extending from 4 5 O N  to t h e  n o r t h  

pole). There is also a smaller structure in t h e  higli latitude region iii t h c h  figure for 

the warming evcrits which it is absent in the niode for t h e  rcst of the data. In the 

extratropical regioii. t liere is more wave activity in the non- warmi ng pcriods t han 

in the warming ones. Tlie amplitude of tlic tropospheric main structure in Fig -1.7a 

is slightly greater than the onc in Fig 4 .33  (iiinerrnost contoiirs of 36 aiid 28 iiriits. 

respectively ). CVe also observe iii thc extra-tropics at levcls 1 and 2 Ii Pa tliat t h r w  

is a non negligihle QCPV iii  Fig. -Lia biit not iri Fig. - 1 . 3 .  This is ccrtainly lirikrd 

to the large tongue of wave activity associatctl to the wavc breakiiig i i i  warming 

events. The amplitiidr of t hc st ratosplieric st ructiirc cluririg t lie warniing evrnts is 

significantly (:I t inics) larger t lian chring t hc non-warming periods whicli shows miirh 

more wavc activity in t h e  stratospherc during warmiiig events thaii duiitig riornial 

winter conditions. 'The variance of the cosine ENA41 of waw numbcr 1 is :30% of 

the total variance (of t h e  wavc nimber 1 cosine) for t h e  warming and 24% for tlic 

non- warming periocls. rcspect ively. Figures -I.Sa.b and -1.9a,b show the sccoiicl 

empirical modal structures (ENM2) of the cosine and sine F'oiirier components of 

wave number 1. respectively. The structiires in the tropospliere of both Fig. -I.Sa aiid 

b are miich the same iii both magnitude and location. However in 1/11. stratospherc. 

t h e  cosine figure for the warming events ( Fig. .Ma) exhi bi ts inicch more wavc act i1.i ty 

(centred at ( 6 5 O N .  10 hPa)) than for the  non-warming periods. Tlie cosine ENX4'2 

modes ex plain 19% and 20% of the variance in the warming and non-warrning periods. 

respectively. We have noticed that the large stratospheric amplitudes of botli ENM l 

and ENM2 cosine wave number 1 for the warming period are located underneath the 
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Figure 4.9: Second empirical mode (ENM'I) of the  qiiasi-geostrophic potential vor- 
ticity of wave number I Fourier sine component for (a) warrning periotls and (b) 
non-warming periods. Coutour interval 2x  10b6 s-' . 
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Figure 4.10: First cmpirical mode (ENbI1) of the quasi-geostrophic potential vor- 
ticity of wave number 2 Fourier cosine component for (a) warrning periods and (b) 
non- warming periods. Coiitour interval 'lx 10-" s-' . 
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Figure 4.11: Second empirical mode (EN I I ? )  of the quasi-geost rophic potential 
vorticity of wave number 2 Fourier cosine comporient for (a) wnrrning periods anci 
(b) non-warming periods. Coutour interval 2x 10-'5-' . 
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Figure 4.12: Second empirical criode (ENM'?) of the quasi-geostrophic potential 
vorticity of wave number 2 Fourier sine component for (a) warming periods and (b) 
non-warming periods. Coutour interval M O - "  s-' . 



(pre-warming) polar night jet ( s e  Fig. 4.2). ï h r  second empirical mode of the  sirie 

wave nurnber 1 in Figs. 1.Ya (warming) and 4.9b (non-warrning) are cluitr differeiit 

from the cosine wave structures (Figs. 4.8a and b). The high latitude troposplieric 

structure in Fig. 4.9a centred at (iOON, 400 hPa) is much larger than its coiinterpart in 

the non-warniing periods at (8Z0N. 400 hPa) in Fig. 4.9h. 'The magni tucle ( 10 uni ts t 

and location (60°N. 3 hPa) of the centre of the upper stratospheric striictiirrs are ttir 

same in both figures. There is also a striictiire ( 1-1 iinits) in the lower stratosphwt. 

centred at aroiind ( i 5 * N ,  70 hPa) in the warmiiig figure while it is absent i r i  tlir 

non- warming diagrani. The percent variance ex plainrd by the EN SI2 sine wave for 

the warming and non-warming pcriocls are 22% and 17%. resprctivrly. 

Figures .k. lOa and b display the first empirical nioclcs of the QGPV for tjhr cosiiie 

corn ponen t of zonal wavc niiinl~cr 2 iii the warmirig aiid non-warmiiig pc%riods. As for 

the wavc number 1 case. the sine I:oiirier compoiierits of tlir waw niimlwr 2 ( EN 51 1 ) 

wvcre also analyzcd and the rrsiilts fouiicl to hc aiialogoiis to thr cosine coiiiporierit. so 

we do not incliidr tliern here. In  thc troposphcrc. Fig. -1.1Oa sliows tlirw cxtrcnia in  

tlie extratropical. iniddle and tiigh lat it iide regions. Thc riiiddlc iat itiiclc otir cent retl 

at (52ON. -100 hPa) lias the higlicst arnplitudc wliilc t h  othcr two are niiicli sniall(~r. 

'i'herr are only two extrema in Fig. J.lOb witli  the  niairi strcictiire crntrrcl fiirtlwr 

North (60°N, 400 tiPa) and wider than the niairi cstreniiim in Fig -1.10a. Botti of 

these main structiires are comparable in niagnitudc. The stratospticric strtictiirc 

during the warming events is again more intensc. than in  thc non-warmirig pcriocls 

(but not by as rnucli as for zonal wave niimbrr 1 ). The percent varialice expiainrd 

by the ENMl for warming and non-warming periods are 34% and :E%. rcspecti~ci~~. 

Figure 4.1 la and b display the second empirical modal striictirre (ENAI?) of the zonal 

wave number 9 cosinr Fourier component for t he  warming and non-warrning periocis. 

respectively. The extratropical aiid middlc latitude tropospheric struct tires Tor the  

warming and non-warming periods are similar in location. but the ampli tilde of t lie 



high latitude structure centred around (68'N, 400 hPa) for the warniing period is 

almost twice as large as the one in  the  non-waiming period (innermost contours of 

38 units in cornparison to 10 iinits). There is no stratospheric structure in the  rion- 

warming picture (Fig. -4.1 lb) ,  but a small structure is foiind at higli latitudes in 

the lower stratospliere in Kg. -4.1 La. For wave nuiiibrr 2. ENiLfZ explai ris 2 1 % aiic! 

22% of the total variance for the warmitig and non-warrning periocls. rwpcrtivel!.. 

We also present t hc resiilts of the second ernpirical inode of t hr wavc r i i i r t i l > r i  2 siiw 

Fourier coniponent for the warming and non-warrning periods in Figs. -I.l-a aiid 

b. respectivcly. The tropospheric striictures are similar i i i  both figiircs eucept. tliat 

tlie niain middle latitude structure in Fig. -1.1% is inore intense than i i i  Fis. -I . i% 

(innermost contoiir of 2.1 and L8 iinits. respectivrly). Ihlikc the waw riiinihrr 2 

cosine Foitrier coniponrnt. tlie sine ivaw has a fc\v sniall aiiiplitiidc striict i i r ~ s  i i i  t Iir 

stratosphere. These stratopheric striictures Iiavc siiiiilar iiiagnitiidcs and locatioris for 

hot ii warrniiig and non-ivarmi ng periods. Figiirrs 4.1 '>a and b cx plain. r<~spr~cti \.cl!.. 

18% and '20% of the total variances for cadi period. In the cornparison bctwem w a w  

ntimber 1 and 2 for bot h warniiiig and non-ivarming periods. WC obsrrvr tliat t h v  

centres of the stratosplieric structiircs arc lower in altitiidc for wave riiiiiibcr 2 tlian 

for wave nimber 1. This is ronsistcnt with tlir C'liarriey-Drazin resiilt (Sc(*tioii 1. I 

that wave number 1 can penetratr Iiighcr iiito tlw stratophere than wavr iiiimbrr 2. [f  

wave activity in tlie troposphere "causes" t hc siitlden stratospheric warniing cveiits. 

then based on the EN hl analysis we have found that t here is niore wavc activity in tlic 

tropospheric polar region, especially in the first ENM, during the warining periocls 

than in the normal winter years. Of course the position of tlie polar niglit jet i i i  the 

stratosphere also phys an important rok in tiirecting the upward propagat ing wa\vs 

to  the polar regions of the middle and upper st rntospherc. 

As mentioned earlier in the stratospheric sudderi warming Section 1.3. the zona1 

rnean temperature near the pole in the middle stratosphere rises spectacularly and 



the normal westerly zonal mean wind tends to decelerate, sometimes to the  poirit of 

becoming easterly during the warming event. For example, Figure 1.4b shows tliat 

the temperature gradient starts to  risc on Dec. 28. 1984 and reaches a peak on Jan. 

1, 1985. at which time the zonal mean wind reaches its minimiini valiie. .-\ccording 1.0 

the zonal mean wind tendency eqiiation (-1.21). the eddy forcirig terni on the ri&- 

hand side. (V  * F / n p  cos b) .  should act as a negatirc force in order to re<liicc the zonal 

mean wind during the growing stage. Here the growing stage is tlefiticd as the periotl 

betweeii the time when the temperature starts to risr and the time wlieri i t  reaclirs 

ils peak. In the above 1984/85 warming cvent thc growing stage is tlic prriod Ironi 

Dec. 28. 1984 to Jan. 1. 1985 incliisively. Apart from thc rcsiduid cirriiintion / r p œ  

ttiis forcing tcrin reprcsciits the zona1 mean wiiid accrleration. Tlir ecltly forcing t(*rrii 

is indirectly calciilated from tlic results of the EN51 nnalysis by iising the gcneralized 

Eliassen- Palm t lieorcn~. 

Sincc the wavc activit,y. A. is cicconiposed into irrnpirical rnodes ( frotii the ES11 

analysis), we check the corivergerice of the sum of t hc 

to the forcing by cornputing the  ratio 

ernpirical rnodr contribiitioiis 

( 4  2 - 1  ) 

where :V is tlic niimber of modes arid tlic angle brackets denote the clomaiii iiitcgrat ioti. 

Figures 4 . 1 3 ~ ~  and b show contours of the tirne average of the forcing tcrni for waw 

numbers 1 and 2. respectivcly. for the growing stage. Four empirical modes are needrcl 

in Fig. 4.13a to make c~ < O . l  while only t h e  modes are nceded in Fig. -4,1:511. 

During the  growing stage of the warming. the wave niimber 1 eddy forcing in Fig. 

4.13a exhibits a large negative force (innerrnost contotir of -4.5 n i d d a y - l )  in the high 

latitude regions of the upper and middle stratosphere. The centre of t his negat ive force 



Latitude 

Figure 4.13: Contours of the time average of forcing term (V. F)/(npcos O )  (riglit- 
hand side of (4.21)) during the growing stage of the warming for (a) waw number 1 
(first J ENMs) and (b) wave number 2 (first 9 ENMs). The contour interval is 0.5 
and 0.2 rns-'day-' in (a) and (b), respectively. 



is just below t h e  pre-warming (Fig. 4.2) zonal mean wind maximum and obviously wili 

reduce the normal westerly zonal wind. There are also two snialler negative forces 

in the high latitude regions in the middle troposphere and lower stratosphere antl 

an unimportant positive force in the iipper troposphere polar region. Figiire .!.MI 

indicates that tlie eddy forcing for wave number 2 is much weaker tlian for w a w  

nuniber 1. There is a positive force centrecl aroiintl 60°N in the upper stratosplirrta 

and lower mesospherc ( the layer above the stratosphere) with an innermost coiitoiir 

of 1 ms-'day-l, a negativc force in the vicinity of (û.iaN. 30 IiPa) of ~ . ( i ~ r i s - ~ i l a ~ - '  

antl a few relative weak centres ici the troposphere. 

WC next discuss the pliase diagram showing tlic* tinici serics of tlic cosinc and siiic* 

Fourier components of t hc QG PV (also the timr scrics of t hc wave vrctor ). Iri tliis typt* 

o l  diagrarn. t hc horizontal and vertical ases rcpreseiit t h r  ani pli tucies of t tw cosiiic aiid 

the sirie waves. respect ively. In  ot hrr ~vords. t lie radius ( the clistance froni th origin ) 

rcpresents approxiniately the zoiial wave aniplit iide. By iisi ng t hc clcrisi ty r s t  iniat ion 

function in (4.11 ). WC cari firid the probability density (witli CI, = 1) a n d  t hr rstiriiat(*(l 

time tcnclency for earli enipirical niode. Notice tliat tlic axes arc norninlized Ironi - 1 

to 1 and the integrated probability dcnsity over tl ic area is iinity. Thcl trnclcnc! is 

represented in a polar coorclinatr systcm so t hat it l i a s  two (vector) coniponriits. Tlir 

radial component exhi bits the growt h o l  tJ hc niodr and the angidar coiiiponriit slio\vs 

the  rotation or phase speed w herc a coiinterclockwise rotation represents ari castcvarcl 

wave propagatiori. Scales of tcriclency vectors are sliown iii  cach figiirr. The iippt3r 

left corner scaling arrow represents the QCPV growtli in iiriit of s-l per da!? whilc 

the lower left corncr arrow exhi bits I he phase spccd in unit of degree of longitude per 

d ay. 

Figiire 4.14a is the composite diagram of the probability densitg (contour linrs) 

and the tendency (vectors) of the EXMl  for the growing stage of the warming periods. 

i.e.. for phase during which AT = T~~o,v-Ro,v is increwing. This phase space dingrnni 



can be interpreted as follows: if  the point chosen is in the first quadrant tlien the 

principal components of both the sine and cosine are positive and t hese values are 

averaged over the growing period. In the same quadrant, i f  the point chosen is close 

to the origin (sniall amplitude wave) then the wave propagates eastward withoiit 

changing its amplitiide. i-lowever. for the larger wave ( further from t h r  origin). tlw 

wavc's amplitude increases wliile it propagates castward. The solid coiitoiirs give t l i ~  

probability density. whicti shows horv often the wave is foiind at tliat poirit i i i  tliv 

diagrani. The aiiiplitiidc of the wave is given by tlir distance to t.lir origiii. r S t ~ i >  

amplitude in this type of diagrani is norrnalizccl to Iiavc a maximuni vaiiic of & 
since eacti coorcliiiate ranges froni - 1 to  + 1. Fur thc absoliite valiic. of t h  wavi3 

amplitude, one needs to construct a diagram sticli as Fig. -1.1-lb. C\:r ol>serv~ tliat 

the  maximiim deiisity is shifted to tlic left from thc origiri whicli indicatcs tliat i r h w  

the  zona1 temperatiirc i s  rising. the first vrnpirical mode of tlic wavc riiiiiiber 1 liah 

a preferred phase. e.g.. tlic high/low valiic of geopotential Iiright /QG PV iisiiallj. 

appears dong  the date line at 10 hPa cliiring the warrning pcriocls ( t  l t ~  ;\lc.iitian 

Higti). A n  eastward phase specd (coiiiitcrclockwise) is clearly seeii i r i  tliis figiirr. 

The outward radial coriipoiients of tlie tendetic- are foiincl in the first aiid second 

qudran t s  to i~idicatc the amplification of the EYML amplitiiclc diiring tlic growing 

stage of the warmiiig iri  tliese areaï. Iii tlic first hall of the tliircl cpaclrarit. th<* radial 

cornponents point out ward w hcn tlic amplitiicle is large ( fiirtlier frorii t h c  origin) ailcl 

inward when its amplitiidc is smaller. In t h e  second Iialf of the tliircl quadrant and 

the iourtli quadrant. the radial cornponents of the tendency vcctor is directcd inward 

implying an amplitude decay. Overall we observe that during the warming periocls 

near the North Pole at 10 hPa, the amplitude of the first empirical mode is not always 

amplifying. This might corne from the fact that in sonie warming years (of the nirie 

warming yearsj the involvcment of the waw niimher I is mucb less important than 

that of wave number 2, e.g., winter 1984185. The amplitude of the less irnportaiit 



wave may not always synchonize with the temperature diiring the growing stage. It 

is interesting to note that in the first quadrant wtiere the amplitude of tlie empirical 

mode grows at the greatest valiie. the fastest pliase speed is also found there. 

Using the centre of the probability density ( the most probable) positiori in Fig. 

-I.l4a as the mean position of tlie pliase. dong ivitli the first empirical niodal struc- 

tures, e.g., using Fig. -!.Ta for the cosine Fourier componcnt for EN hl 1 aiid t h r  ot lw 

struct~ire for the sine cornponent (iiot shown), w r  construct the QGPV for tlie grow- 

ing stage of the warrning at tlie 10 hPa presstire levcl in Fig. 1 Recall tliat 

the wintcr climatological QCPV in Fig. 4.3 has a Iiigh centrc off the polc d o n g  tIw 

Greenwich meridian. I f  we superpose Fig. -1.1-Ib on thr. winter cliniatological fgiiiv. 

we observe the higher valiic of QCPV on  the right-lialf ancl tlie lowcr valiic oii t h i ~  

left-half. ï h i s  composite pict iirc implies t hat diiring the  growing plias<. of t tic wariti- 

ing, the polar vortex is fiirtlier clisplaccd frorn t h  pole dong the Creriiwicli riicricliati 

dile to the polcward ~iiovemcnt of tlic hleiitiari Higli (low vallit. of t h  QG PV ). 

In contrast to tlic growing stage. the decaying stage is clefincd as tlie pariod w l i ~ w  

the 10 hPa zona1 tempcratiire gradient from 5 0 9  to 80's g o ~ s  from a rnaxini~ini valitr 

to zero. These two stages makes iip tlir warmiiig data srt. Sirnilas to t lie groiving stagcD 

we coristruct the phase space diagram for tiic drca\.irig stagc t'or t l i ~  first rmpirical 

mode (ENM 1) of wave iiumber 1. Notice tliat thcsr two stages Iiavc tlic sarric nioclal 

structures but differcnt tiine serics. Figure -1.15a shows the probability detisity and 

the tenclericy vectors as in Fis. 4. a We first note that during t i i ~  rooling stagr 

ENM 1 has n o  preferrcd phase. i.c.. the centre of the probability deiisity contotir is 

located almost at  theorigin of the giaph. The radial coinponent of the t ~ n d e n c y  points 

towards the origin ainiost everywliere in the cliagram indicatiiig that tlie arnplit\itlc 

of the E N M l  decreases with tirne. W sec that the higlier wave amplitiides (furthes 

from the origin) have a strong darnping, especially in the first quaclratit and ttic 

area extending from second half of the second quadrant to the first half of t h e  t hird 



Figure 4.14: First empirical mode (ENM 1 )  of wave number 1 for the  growing stage 
(a) contours of the probability density and tenciency vectors (upper left: growth scale 
vector of 3x10-~  s-' day-' , lower left: rotational scale vector of 10' longitude day-' ) 
and (b) the constructed quasi-geostrophic potential v0rticit.y at the 10 h Pa pressure 
level (contour interval 5 ~ 1 0 - ~  s- ' ) .  



Figure 4.15: First empirical mode ( E N M I )  of wave number 1 for the decaying stage 
(a) contours of the probahility density and tendency vectors (iipper left: growth scale 
vector of 3 x W 6  s-' day-', iower left: rotational scale vector of 10" longitude day-') 
and (b) the constructed quasi-geostrophic potential vorticity at the 10 1iPa pressure 
level (contour interval 5 ~ 1 0 - ~  s-'). 



quadrant. This damping seeins to increase linearly in  the radial direction wtiich coulcl 

be consistent with a fixed damping rate l ike  we woulcl expect to have for a sadiativv 

cooling (Andrews et al. 1987 Section 2.5). Eastward propagation (couiiterclockwise) 

is found in this mode from the angular component. Similar to t h e  growing mode of 

ENM1, the decay in the cooliiig stage has a positive correlation with tlic phase s p r d  

We also constructecl the 10 hPa QGPV wliich is stiowii in Fig. -1. L5b. Even thoiisli 

the  phase from this diagram is not nieaningful ( the structiire cari br rotatrcl aro~iricl 

the North Pole without loss of gcnerality). it dors cxhibit tliat thc incan nniplitiidv 

of the decaying stage is smaller tlian for the growing stage (irincrrnost coritoiirs or 

?O vs. 35 iinits). Tlie contours of the ENhf l probability dcnsity arc niorta Iiiglily 

concentrated in Fig. 4.1-la tlian iti Fig. -I.115a (irincrmost coritour \?aliit~s of 0.6 vs. 

0.5) which implies ttiat the horizontal (time) niran str~ictiirt. for t h e  growing stagr is 

more meaniiigfiil t lian in t hc clrcayi ng one. 

Simiiar to t hc ENXI 1 growing stage i n  Fig. .I. LLa. Figurr .I. iüa csliil>its thc proh- 

ability density aiicl khe tendcncy t'or the enipirical riiodal structiircs (ESM2) of waw 

number 1. LVe s ~ c  tliat the centre of the probability clensity i s  riot fnr froni thr  mi- 

gin so that the preferred pliasc is not as clcar as in Fig. -1.1-[a. The oiitward radial 

cornponeiits everywhcre in Fig. -I.lGa of the tcriclency vcctor obvioiisly dcnionstratr 

an amplitude growth of the mode. The coiinterclockwise rotation of the angiilai 

component rcpresents a n  eastward wave propagation except. for a smali irrca of slow 

wcstward propagation in the srcoiid ard foiirtti quadrants. Figure -I.l(il> clisplays tIic 

constructed horizontal QCPV at 10 hPa based on its most probable pliase position 

for the second growing mode. Similar to thc first empiricai mode in Fig. -1. Nb. ive 

found negative contours of the QGPV on the left half and positive value on thc right, 

haIf in this figure. Again, i f  we superpose this second modal structure on the top of 

the climatological QG PV and the first growing mode (Fig. 1.1-II>) ttien thc composite 

picture would have lesser QGPV on the left half and greater on t lie right half. In 



Figure 4.16: Same as Figure 4.14 but for second empirical mode (EXhI2). 



Figure 4.17: Same as Figure 4.15 but for second empirical mode (EX@) .  



other words, the polar vortex (the high centre of the  QGPV) terids to shift to the 

right along the Greenwich meridian. Thus, during the growiiig stage of the warming. 

in the statistical sense. the polar vortex is pushed off its tiormal position along the 

Greenwich meridian. This is consistent with t hc obscrved rlort hwarci iiiovement of 

the Aleiitian High during warming periods. Since the innermost contours of ttic the 

probability density of both ENI11 and ENM:! tliiring the  warmitig pliase an* relativcly 

high (0.6). the meari pliase positions (or horizontal QGPV striictures) are riiî~mitigfiil. 

The tendency and probability density for t h ~  decay stage of the  secoricl cmpiriral 

mode of wavc number 1 are showri in Fig. -I.L?a. Botli radial and angular conipo- 

nents of the tendency vcctors are quite cornplicated in  this criipirical nioclc. WP first 

note a rclatively large inward radial componc~its in the thircl qiiadraiit iridicating ail 

aniplitiide reduction of the I D  hl2 w i t h  tirlie. Thr tmtward phase sp(wls am rriost ly 

found in  tlic samr arra. In ~l i c  second quadrant. ttit* growtli is ricgligihlt. and tlio 

west ward wave propagation is detrrtcd in niost arra. 'T1ic eastwarci pliasc s p c d s  arv 

considerable when the amplitude is small in the îîrst half of thc foiirtli c~uaclrarit. 

The constructed horizontal QGPV in Fig. J.17b shows a niiicli larger aniplitiide ttiaii 

for thc decaying ENbll (this amplitude is cooiparablc ta tlic growing modes). Tlir 

decaying ENM2 QGPV striicturc lias iiegative contour lirics on  the riglit Iialf of tlic 

figure and positive on the lrft half. This decay ENM2 figiire lias an oppositr sigri of 

the growing modes ENML and ENM2 whicli iniplies a restoring of tlir polar v o r t ~ s  

dong the Greenwich meridian or a pushing of the  Alcutian tligh soiithward back to 

its normal position. In contrast witli the ENI1 1 mode diiring the decay phase. tliis 

ENM2 mode has a remarkable tiigh probability clensity value (innermost contour linc 

of 0.9) w hich makes t hc constructecl horizontal QG PV notewort hy. 

We now discuss the results of the ENM analysis for wave number 2. The ciiffrrrncr 

hetween phase space diagrams of wave niimbors 1 and 2 is tliat in the phase spact. 

diagram of wave number 1, the positive x-axis represents the longitudes of O* and :160°. 



Figure 4.18: First empirical mode (ENM 1 )  of wavc ntimber 2 for the growing stage 
(a) contours of the probability density and tendency vectors (iipper Mt: growth scale 
vector of 3x1W6 s-' day-l. lower left: rotational scale vector of 10' longitude day-' ) 
and (b) the constructed quasi-geostrophic potential vorticity at the 10 hPa pressure 
level (contour intervai 5~10-~ s-' ). 
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Figure 4.19: First ernpirical mode ( E N M I )  of wavc niimber 2 for the drcqing stage 
(a) contours of the probability density and tendency vectors (upper Mt.: growt h scale 
vector of 3 x W 6  s-l day-'. lower left: rotational scale vector of 10' longitude day-') 
and (b) the constructed quasi-geostropliic potential vorticity at the 10 hPa pressure 
level (contour interval 5x10-~ s-'). 



while in the wave number 2 figure, this horizontal axis shows the longitudes of O0 aiid 

180". More generally. the  positive x-axis represents the longitudes of 0' and 360' / k 

where 12 is the zona1 wave number. Figure U s a  exhibits the probability density and 

the tendency of the first ernpirical mode (EN M 1 ) for thr growing stage of the warmirig 

events. The centre of probabili ty contours is sliiftetl irito the third quadrant. hetweeri 

the longitude of 90' (or  27O0) and 1W (or 4 15' ). froni the origin. Krlatively largc 

outward radial components in the second half of t h e  first cjuadrant aiicl the secorid 

half of the second quadrant. wherc the aniplitude i s  Iarger. but the probahility low. 

arc clearly seen i n  this figure. .A less intensc tlccay (inward radial coiiiponents) is 

also lound in other areas in Fig -[.!Sa. An eastwa.rc1 phase specd of ordrr of 10 

degrees longitude pei clay or higher is observecl in the first two quadrants where t l i ~  

ainpiitiide is small ancl in t h e  large arnplitiidc sccond half of tlic fi rst qitatliant. A 

slowcr westward rotation is dctected in other areas cxccpt tlir high arriplitiidr f i r s~  

half of the fourtti quadrant whrri. the westwarcl pliase s p a d  of orclcr of 10 dtlgrws 

per day. Figure 4.1Sb shows the constructed horizontal QCPV striictiirr hasctl o n  

the centre of the probability derisity in Fig. a WC notice tliat the aiiiplittidr of 

the empirical mode is about one-lialf of tliat for t.hc wave numbcr 1 growing modes. 

The probability dcnsity and the tendency vrctors for tlir cooling stagtB of tlic first 

empirical mode of wavc nurnber 2 arc shown i i i  Fig. -1.1%. 'Tlic am pli t iick recliictiori 

is clearly exhibitecl in the sccond quadrant duc to large inward radial coniponents of 

t lie tendency vectors. especially for the largest amplitudes. :\ feiv not iccablc oii t ward 

vector components are foiind in t lie large amplit ilde second hall of t lie first qiiadraiit. 

Radial vector components in other areas ol the figure are srnall and ncgligi ble. .+\ r d -  

atively fast eastwarcl wave propagation is founcl i n  the first half of the t hir0 qiiadraiit. 

There are also some moderate eastward phase speeds in the large amplitilde second 

half of the first quadrant. Some negligible westward phase speeds also appear in this 

figure. The constructed horizontal QGPV is shown in Fig. 4.19b. Its amplitude is 



slightly less than that of the growing mode (Fig. 4. ldh).  

As seen in Fig. 4. i la, the second empirical mode of zonal wave niimber 2 has no 

significant amplitiide in the middle stratosphere and so we do not disciiss in dctail 

this mode here. However. we present the  coiistriicted horizontal QCPV of tlic E N W  

for the growing ancl clecayiiig stages in  Figs. 4.2Oa and h. respectivcly. i i i  ordw 

to discuss the phase tilt in these cliagrams. Basecl on a harotropiî niodel witli a 

constant wind shear ( U  = Sy. wtiere C r  is the zona1 i m a n  wind. S is a constarit and 

y is the northward distance). Farrell (1987) has  shown that disturbances grow ( \>y 

extracting energy lrom the zonal flocv) if  their lines of constant phaw slopc opposi t c  

to that of  the shear. Figurc -1.10a clcarly exliihits a westward phase tilt (against tIio 

wind shear ) duri rig t hc growing stage of t hc wariniiig. Tlw cmpiriral irioclr amplifies 

during tliis pcriotl. accoiding t o  Farrell. by extracting encrgy froiii tIw zoiial flow. 111 

constrast to thr  growirig stage. tlic clacaying s t q y  liorizontal QGPV sliown in  Fig. 

4.20b has an oppositc (eastward) pliase tilt. 'i'liis nieans tliat tlic clistiirl>aricc giws 

back its energy CO the zonal flow arid its aniplitiide will I>c reclticcd. The phase tilts 

in Figs. -!.%a and b arc resulted t'rom the diffrrrnt striictiir~s at LO iiPa (src also 

Figs. 4.1 la  (cosine striictiirc) and -I.lZa (sine striictiirr)) arid tlic phaw (of thc most 

probable position) di ffercnce hctwecn t lie growing ancl clecnying rnodcs. -4s mrnt ioiicd 

above, the amplitude of the zonal wave nurnbci 2 EN bl'> is miich sniallcr t han tliat 

of the E N M l  of the wave niirnber 2 or of thc ottier two empirical niodal structures of 

zonal wave number 1, so that the phase tilt discussion rnakes its role soniewliat less 

important iii cornparison to the otlier. Since tlic second empirical mode has a highcr 

amplitude in the lower stratosphcrc (see Fig. 4.1 la). we have also roiistrtictrcl t tir 

horizontal QGPV at  this level (70 hPa. not sliown) iristead of 10 hPa and the resiilt 

showed no pliase tilt at tliis level. 



Figure 4.20: The constructed quasi-geostrophic potential vorticity ai the 10 IiPa 
pressure level (contour interval 5x10-' s- ' )  of second empirical mode (ENMu22) of 
wave number 2 for the (a) growing stage and (b) decaying stage. 



Chapter 5 

Summary and Conclusions 

In  this thcsis WC have iiscd the Einpiricnl Normal Mode :\nalysis tcdiiiiqii<* to arlalyzc 

data t'rom a Sliallow CVater Modcl as well as 3-cl irnwisioid at riiosplirrir data. wi t li ;i 

focus on stratospheric siiddcn warniing cbvents. 

The Empirical Normal Mode Analpis is an rxtcrision of t hc Empiriral Ort hogoiial 

Rinction t'nalysis. This method iiscs both a statisticnl technique froni ttir Enipir- 

ical Orthogonal Fiinction .+\rialysis arid a dyiiariiical constraini. frotn tlic gcwxalixcd 

Eliassen- Palm t licorcm to rnsiire t liat rnodcs ( from t lie arialysis) arc> o r t  liogonal t o 

each ot her  and are t hr solutions of ~Iynarnicnl liriravizt4 iyiiat ions. 

CVe have calciilated tlie normal modes ( EX 11s)  aiid ~lieir associatcd frrq uriicit~s 

from the data generated by a Sliallow Water .\loclrl (liiicarizrtl vcrsiori ivitti a basic 

state at rest ). The resiilts were tested against the t~hcorctical (nunicrical)  soliitioiis 

provided by Longuet-Higgins and showed tliat the ENM analysis tecliniqiir ran cap- 

ture the spatial st ruc t iires arid t lieir frequencies w i t  li a great degrrr of acciiracy. 

especially in long temporal records. The average crrors (in periocis) for the 2000 aiid 

100 day tirne series are foiind to be 1 % and 4.6%. respect ively. The error grows. as 

expected, when the t i m e  series is sliortened since the number of oscillations in the 

period is smaller. The meridional normal mode structures of the perturbation height 



and also zonal wind (not shown in the thesis) cnlculated from the ENM analysis are 

in good agreement nith ttieoretical results from Longuet-Higgins iii al1 aspects. e g . .  

location of the peaks, the zero line intersection(s) as well as the way t liy approach 

the  pole and the equator. 

It has been known from observations that the stratospheric polar vortex I from t l i ~  

climatological data) in tlie Southcrn Hemisphere diiring winter ( J J . 4 )  is fairly zonaliy 

symmetric while t h e  Xorthern Clerriispliere winter (DJF)  tlic vortex is distorted aiid 

off the pole [sec Fig. l.:)a-dl. This siiggests that sonir wavc activit.~ propagatrs 

iipward from the tropospherc into the stratosphere cliic to the occari-coritirirnt thcrrtial 

contrast and orography ( more high rrioiintains iri  ~ l i r  Nort liern Hcmisplicw t lian in t h r  

soiithern one) .  St ratos phcric siickleii warriiiiig cvcnts arc sprctaciilai worits diiriiig 

some winters in t h e  Yorthern Hcrnisplicrc. Dtiririg t I IC  warniing prriod t tic zonal 

mean tcmperat lire i i i  the rniddle st ratospherc~ near t h  pole rises drarilat ically nrid 

produces a meridional tcniperatiirc gradiciit rcversal. Fo:ollowing tlic ahrupl cliaitgi* 

in temperature. t t i c  normal w~sterly zonal ivincl decelcratcs and sonicatirnrs rcvcrsia 

and becornes easterly. Not only do the zonal nican temperature and wind cliangv 

but so do the wavr clistiirbances (niainly zona1 wave nilrnbers 1 and 2).  ('oniniori 

features observed in the rniddle stiatosphere (10 IiPa) are the :\leiiti.zn Higli (Iiigh 

value of geopotential heigtit near LSOO W )  rnoving northward. pushing tlir polar vortrs 

off the pole along the Greenwich mcridian (strengthening of wave niinit~cr 1 ) and tlir 

development of wave number 2 splitting the polar vortex into two scparate parts. 

It is also rioticed tliat the evoliition of zonal wave niimber 1 lins a p r c f ~ r r d  pliasc 

(approximately along the 0- lYOO longitude li  ne )  and t imc ( iisually at t lic hegi nning 

of the warming) while the occurrence of wave niimlwr 2 tloes not. Anot hcr important 

observed feature that might lead to the stratosplicre ivarming is the position of t t i t b  

polar night jet at t h e  beginning of the warming. The averaged onset polar night jrt 



l l t  

in Fig. 4.2 is quite different from the 11 year climatological data in Fig. 1.2. The pre- 

warming polar night jet rnoves northward and clownward to around (66" N .'.5 hPa) 

from its climatologicai location in the vicinity of (4-!i0N,0. 1 hPa). 'This position of 

the polar night jet is beiieved to guide the (winter) iiorinal upward propagation wavr 

activity to the polar region insteaci of propagating toward the ecptor .  The "caiise" 

of the polar niglit jet anormaly is still not quite well iinderstood. 

The Empirical Normal Mode analysis was iisetl to characterim the stratosplieric 

warming events. First. we partitionecl the winter data set into two parts. iianiely. tlir 

rvarming events and ttie rest of the chta set. The piirpose of this stiicly was to idcntify 

the clifference in t h r  structiirrs of the quasi-poteiitial vorticity ancl t liiis t lie wavv 

activity by coniparing the rnoclcs tliiring the warniirig ci.ciits with tliosix for t hc rest O S  

the data. A s  expectecl. the w a w  activity in the stratosphcw during warniing rvctits 

is much st ronger t han t liat of t hc non- warming prriods, csperially for wavr iiunibrr 

1 (both ENMl  and EN4I2) [sec Figs. -4.7 and -\.SI. For wavc numbrr  2.  Iiowevw. 

only the first normal rnoclc clearly cxhibits (thoiigh t h  diffcrcncc is tiot aï largc as in 

wave niiniber 1) this fcature [Fig. -1.101. If the *'causr" of t hc stïatospiirric warniirig 

is the propagation of wavr activity froiri bclow. ttim tlic troposphrric s t rur t i i rc  or 

quasi-potcntial vorticity rnight be a preclirsor for warmiiig cvcnts. C\+ lirst iiotirv 

that the main tropospheric striirttirc for the  I:NXI 1 wavr numbcr I (aroiind üOON) 

for warming events is about 28.6% (36 vs. 23 units) Iarger tlian sarntB striictiirr i i i  

the non-warming periods. There is also a srnaller strticture in high Iatituclcs i i i  t h e  

warming ewnts while tliis structure is absent in  t he  non-warming data set. For tlie 

second normal mode of wave nuniber 1, the tropospheric structures arc the same ( i n  

magnitude and position) in hoth prriods. This suggests that tliis mode <tocs not play 

a significant role in a upwarcl propagation of rvave energy. 

The tropospheric main structures (around 50-60" N ) for wave iiumber 2 ( EN XI  1 ) 

are the same in magnitude for both warming and non-warming periods. but the 



positions and shapes are different [Fig. 4.101. Again, a small structiire in the high 

latitude troposphere appears during warming events but not in the non-warmirig 

periods. By comparing structures hetween the warming and non-warming periods. 

we observed that tlie large stratospheric wnve activity during the warining evrrits 

might be related to tlie upwarci propagation of wave activity Ironi the troposplicrtl 

which appears in t h e  Arst normal niode ( the most important ). This woiild Iw reflectrd 

in their differences in tropospiieric structures. 

We a h  investigated the forcing terni [cquatiori (4.2 1 )] which is rrsponsi blc for t1iv 

zonal mean wind cl~c~lerat ion diiring t hc growing stage of t lir wariiiing werits froiii 

empirical modes and found that the negativc forcing is riiainly contril>iitd by waw 

nimber 1 and is located near the pre-warmirig polar night jet as secri in Fig. -1. Ha. 

The much smaller forcing coritribu~ion frorn zonal wavc ncirnl~er 2 is iiot surprisirig 

sincc wave number 2 does riot penetrate higli irito the stratospherc. 

We have i d  the kcrnel densi ty estirnat ion rnrt hocl to calcillate t Iic probahili t y  

density of normal niocles and tlicir tcndericies w hicli wrrc displayrd i i l  pliasr spiictl 

diagrarns. The results show that ciiiring the growing stage. the tnoclal aniplit~idrs 

of wave ntimber 1 arc growitig witli eastward ptiasc s p d s .  In contrast. tlir riioclal 

amplit ildes are reduced duri ng t hc dccaying stage witli an cnîtwarct pliase sprccl 

foiind in ENbll and n more cornplex pliase propagation in ENkl7. Scitlicr wavc 

number I nor 2 was found to have a meridional phase tilt in tlic stratospheric high 

wave activity regions. This implies that the dist iirbance devclopnient chring t lir 

stratospheric warrning periods is not due to barotropir instability. By combinirig the 

phase and structure of cadi empirical mode ive constructecl 10 hPa maps of t h e  quasi- 

geopotential vorticity. These charts clearly exhibit the polar vortex pushed off alorig 

the Greenwich meridian by the northward movement of the  Aleiitian Higli cluring the 

growing stage of the warming events. This polar vortex is restored wlien the zonal 

mean terriperature returns to normal winter conditions. 



The ENM analysis, as expected. recovered the Hough modes and t heir Irequencies 

from the data set generated by the shallow water mode1 because the niethod itself was 

detived from the linearized dynamical equations [Section 2.91 and the data set was 

generated by the same set of' equations. The technique accomplished t lie tas k reniark- 

ably well. In  the real 3D atrnosphere. the dynamics are not linear. especially during 

warming events. hiit tlic (linearized) E N M  aiialysis rnethod derived ii ,  Section ?.:I 

yielded informative resiilts. The incthod capt iired the major fcaturrs of s t  ratosphrric 

warming events wi th  vcry lew empirical modes. 



Appendix A 

The proof of 3D primitive 

equat ions wave act ivity 

conservation 

We begin w i t h  the perttirbation zoiial wind arid tlimnoclyiiamic ccliiat ions linearirrd 

about the zona1 tinic rneen basic state on a sphrr<b for an inviscid. arlialmtic systmi 

as 

41 D t  u' - iiu' + ii, ic' + - = O 
(1 cos O 

where 
a û d D, = - +  -- 
at (1 cos 0 a,\ ' 

the basic state absolute vorticity. ii. is 

- (ü cos Q), v = f -  
a cos 4 ' 



@ is the geopotential height, 0 is the potential temperature. w is the vertical wind 

component. The overbar and prime denote the basic state (zona1 and time mean) 

and deviation from the basic state of the variable. The subscript ( A .  m. z .  t ) denote 

the derivative with respect to longitude, latitude. height and timc rrsprrtively. 'i'lit. 

Ertel's potential vorticity P is clefined as 

( u  cos O ) @  O., L'. O# 11 2 

pP = O :  [[ - +-  (xi) 
u 

w here the density profile. p ( z ) .  is 

with p ,  being the rdcrcnci. clcnsity whicli is iisiially taken at 1000 Iil'a. II ( 5 7  k m )  is 

the  scale height a n d  z is t lic log-prt~swrr heiglit aiid is dcfiricd in ( 1 .t ). ' h c  equat ion 

(A.6) shows that the atmospherir drnsity dccrcases by a factor r cvery 7 k i i i .  \Vr ciiii 

separate (11.5) into t tic basic state ( zcro t  h orclcr ) and the pertiirhatioii ( first ordrr ) 

as follows: 

- - - 
0: u:u; 0,ii; = - [ - ( t i ' c 0 s 0 ) ~  + v; ]  +ip; + - + -. 

u cos qi a CL 

For a conservative systern (no source or  s ink) Ertel's potential vortici~y is ronservrd 

following the material flow (.Andrews el  al. 1987 sectioti 3.1 ), that is. 

where D/Dt is the material derivative. The linearized form of the abow cquation ran 

be writt.cn as 



Eliminating w' in (A.2) and (A.10) by operating [ 8 , x  (A.10) - P,x (A.?)]  we obtain 

The above equation can be rearranged as 

w here 

and 

blultiplying ( A .  12) hy II' aricl taking zorial avcxragc. aftcr rrarranging WC. gt-t 

( A .  13) 

( A .  1 4 )  

- 
Notice t hat overbais above rlic qiiadratic prrt tirbat ion tcrrtis. e.g.. 11''. 27. ctc.. <ICI- 

note zonal means wliicli arc tirnr cIcpeii<icnt whilr ovrrl>ars abovr siiiglr variahlrs. ia.g.. 
- 
B .  Ti. etc.. denotc zotial and tinie nlcaris wliich arc1 iiiclepcndent of tinw. Siil>stitiitiiig 

thc tlefinition of KI1 in ( A .  13) into the Iast trrrn of ( A .  1.5) IW Iiavc 

Taking zonal mean of the operation (Y x (A .? )  and niultiplying tlic. rrsiiit I>J. 

p ( ~ i / p ) t ~ - 2  y ields 

The hydrostatic equation is 

( A .  17) 



wliere R is the gas constant and c=?/7 is the ratio of the  gas constant and the spccific 

heat at a constant pressure. To eliminate the geopotential term in the zona1 wincl 

equation (A . l )  we  take [il/Br(A.l) - ( a  cos d)-' i)/ i)X (A .  l8)] and obtain 

- 
II: , - , - ,  DtU; f - , n i  

IL\ - f l : u  - i ) P ,  + ~ i ? ~ l o '  + Ti:u*, + ---O\ = 0. 
a cos O H CL COS O 

Ry using the mass continuity equatiori 

1 1 [d, + ( c i f  COS m),] + - ( p e t ) '  = O 
Cl cos 0 P 

to elimiiiatr the terni  (rj in ( A .  19) we obtain 

- 
I l :  

Dt u i  - - ( P I  COS O ) @  - 
n cas d P 

R 1 
f -- csp( -~- . /H)O:  = 0. 

I - Ia  cos O 

Xotice that the idcnti ties 

arid 

have been itsed in ttie derivation of (A.21). Operating 

8;'[ut x ('4.21) + u\ x (.4.2)] and iising the periodic condition i r i  lotigitiidc w~ obtaiii 

Adding (.A. 16) to (A.  17)  and su htracting (A.%) ive ohtain 



w here 

We now convcrt the right hand sitle ( R H S )  of (.4.25) into a Riix form. Siibstitiitiiig 

the  definition of P' iri (A.8) into tlic first terni ori tlir RHS of (A.25) w ohtain 

The coefficient of in (A.%) cari be written as 

If we use the identity 

- - 1 t l :  COS 0 ijo:: u:&: - cos tp [(-& ),+ (y)] = -7 - - 
O; (1 zi: 

in (X.28) we have 

Substituting (r1.2'7) and (A.30) into (r1.25) and rniiltiplying t hc result by ( a p  cos O ) .  

after simplification. we obtain 

- p u , c 0 s 2 q L -  ap cos 07&.- + -( cos 4) & u_ d0').(.4.31) 



Multiplying the mass continuity equation (A.%) by u' and taking zona1 average ancl 

then multiplying the result by -ap cos q yields 

-put(c+cos a)$ - a cos oii'(p~')~ = 0. 

Adding (A.32) to (:\.:Il) and simplifying we have 

-At = P [COS2 (?m - m)] a + . ,, . [p  ( ~ n  - 
cos @ 0, -11 : 

where 

Equation (A.33) is the inviscid. lincarizecl forni of tlir gciicralized Eliasscn-Paltu the- 

orem ( 1.96) wherr 

and the EP flux latitiidinal and vcrtical coiripoticnts arc: 

The divergence of the EP Rtix is 

Integrating (A.33) over the domaiii. the wave activity A is conservecl provicliiig tlw 

vertical EP fiux, F(? vanishes on the iippcr and lower boundaries or. less strirtly. 

there is cancelation of the vertical EP flux on tlir iipper and lower bounclary. 
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